MANY AVERAGE PARTIAL EFFECTS:
WITH AN APPLICATION TO TEXT REGRESSION

HAROLD D. CHIANG

ABSTRACT. We study estimation, pointwise and simultaneous inference, and confidence
intervals for many average partial effects of lasso Logit. Focusing on high-dimensional
cluster-sampling environments, we propose a new average partial effect estimator and
explore its asymptotic properties. Practical penalty choices compatible with our asymp-
totic theory are also provided. The proposed estimator allow for valid inference without
requiring oracle property. We provide easy-to-implement algorithms for cluster-robust
high-dimensional hypothesis testing and construction of simultaneously valid confidence
intervals using a multiplier cluster bootstrap. We apply the proposed algorithms to the
text regression model of Wu (2018) to examine the presence of gendered language on the

internet.

1. INTRODUCTION

Binary response models are some of the most commonly used nonlinear econometric
models. When studying such models, the average partial effect, henceforth APE, is a
popular target parameter of interest. Under big data environments, as often happens in text
analysis, dimension reduction via lasso, or other type of machine learning algorithms, is often
unavoidable. Failure to account for the model selection step often leads to severely biased
estimates, which invalidate the usual inference procedures (see Figure 1 for an illustration).
Few results are available for valid post-selection inference for a single nonlinear functional
of high-dimensional nuisance parameters, such as APE, let alone simultaneous inference for

potentially many of such parameters. To fill this void, this paper considers simultaneous

Key words and phrases. average partial effect, post-selection inference, machine learning, text analysis,

text regression, cluster-robust inference, lasso Logit.
Job market paper. I am indebted to Alex Belloni, Otilia Boldea, Irene Botosaru, Mehmet Caner, Atsushi

Inoue, Hugo Jales, Kengo Kato, Frank Kleibergen, Tong Li, Pedro Sant’Anna, Yuya Sasaki, Takuya Ura,
Matt Webb, and the participants at AMES 2019, Bristol Econometrics Study Group 2019, Canadian Econo-
metric Study Group 2019, ESEM 2019, International PhD Conference at Erasmus University Rotterdam,
NY Camp Econometrics XIV, TER 2019 for their insightful comments and discussions. I also benefited from

the programming discussions with Terry Kim and Bin Yang Tan.
1



2 CHIANG

inference and confidence intervals for lasso Logit APEs. All results stay valid for cluster-

sampled data.

To our knowledge, this is the first paper handling multiple testing and simultaneous con-
fidence interval problems for more than a single APE under high-dimensional or big-data
environments. In addition, cluster sampling with heterogeneous cluster sizes is allowed.
Using the Neyman orthogonalization technique, we propose a new lasso-based post-double
selection APE estimator. To accompany the main theoretical results, we propose valid nui-
sance parameter estimators as well as their practical tuning parameter selection algorithms
that are compatible with our theory. To address the multiple-testing problem, we develop
a new, simple-to-implement, multiplier cluster bootstrap. We provide simple algorithms
for testing high-dimensional hypotheses and constructing simultaneously valid confidence
intervals. Simulation studies suggest the proposed methods have favorable finite-sample
performance. We illustrate the applicability of our theoretical results through examining a
claim of Wu (2018) on the presence of genderally biased use of language following Wu’s text
regression model using internet forum textual data from Economics Job Market Rumors

(EJMR) forum - see the following section.

2. MOTIVATION: TEXT ANALYSIS AND GENDERED LANGUAGE ON THE INTERNET

Text analysis using machine learning algorithms has become a useful alternative to the
more traditional data analysis used in economics and other social sciences. Popular cate-
gories of text analysis models include text regression models, generative models, dictionary-
based methods and word embeddings. The first two categories link attributes and word
counts through conditional probabilities' and, therefore, naturally relate to common econo-
metric models. Notable examples of applications using text regression include stock prices
prediction (e.g. Jegadeesh and Wu (2013)) and the Google Flu Trends, which is summa-
rized in Ginsberg, Mohebbi, Patel, Brammer, Smolinski and Brilliant (2009), among others.
Gentzkow, Shapiro and Taddy (2019) is a representative recent example for generative mod-
els applied to economics. For more details and applications, see Gentzkow, Kelly and Taddy

(2019) for an up-to-date review.

1Roughly speaking, given attributes v; and word counts ¢;, a text regression model considers P(v;|c;) and

a generative model considers P(c;|v;).
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FIGURE 1. Simulations for low-dimensional lasso Logit APE estimation based on
2,000 iterations. Each iteration has sample size n = 200. The dimensionality of co-
variates is set to be p = 10. We set true parameter vector as 8° = [.1,—1,1,0, ..., 0].
Covariates X are generated as i.i.d. zero-mean multivariate normal random vec-
tors with Toeplitz covariance matrix ¥ with ¥;; = 0.5/"=7!. Outcome variables are
generated following Y = 1{X’B" + U} with i.i.d. U following standard logistic
distribution. The lasso estimations are implemented using R package glmnet with

penalty selection algorithms discussed in Section 6.
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TABLE 1. Top 10 most predictive words for female/male from Wu (2018)

Female Male
Word APE Word APE
Pregnancy 0.292  Knocking  —0.329
Hotter 0.289 Testosterone —0.204

Pregnant 0.258 Blog —0.183
Hp 0.238 Hateukbro —0.176
Vagina  0.228 Adviser —0.175
Breast 0.220 Hero —0.174
Plow 0.219 Cuny —0.173
Shopping 0.207 Handsome —0.166
Marry 0.207 Mod —0.166
Gorgeous  0.201 Homo —0.160

(pronoun sample; a replication of Table 2 in Wu (2018))

Using a text regression model, Wu (2018) examines how women and men are discussed
and depicted in the anonymous Economics Job Market Rumors forum. The author first
extracted a list of female/male classifier vocabularies. According to Wu, a post is considered
to be female if it contains any female classifier and male if it contains any male classifier?.
Let Female; be an indicator of whether post ¢ is female. X; denotes a vector of counts for
each of the top 10,000 most common words? (excluding all gender classifiers) that are present

in gendered post i. Wu considers the text regression model with the logistic* specification,
P(Female;| X;) = A(X]3)

where A is the logistic function, using a lasso Logit procedure. The Male counterpart is
estimated analogously. For interpretability, Wu computes estimates for the APE for each
of the 9,540 words, where the APE for the word count of the k-th word is defined as

APE}, = E[B A (X;B)]-

2Wu makes use of a classification procedure to decide the posts that contains both female and male
classifiers. See Section II A of Wu (2018) for more details

3It is also possible to use frequency and n-grams in place of word count and words, respectively, as
suggested in Gentzkow, Kelly and Taddy (2019).

AFor text regression models with binary attributes, a penalized logistic model is recommended by
Gentzkow, Kelly and Taddy (2019); see their Section 3.1.1 for more details.
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Based on these estimates, Wu concludes the words that predict a post about a woman are
typically about physical appearance or personal information, whereas those most predictive

of a post about a man tend to focus on academic or professional characteristics.

Wu (2018) focuses on estimation. To further investigate magnitude and statistical signif-
icance of these estimates, the researcher may be interested in conducting hypotheses testing
or constructing confidence intervals. To do so, several issues need to be carefully accounted
for. First, as posts in EJMR data of Wu (2018) are sampled from different threads of
various discussion topics, it is likely that posts coming from the same thread are highly cor-
related. Therefore, statistical testing should be conducted using a cluster robust inference
method. Secondly, Wu (2018) highlights that females are often described with words about
appearance or personal information. To formally examine such statements, one may want
to conduct multiple testing for APEs of a (potentially large) set of vocabularies related to
appearance or personal information. Furthermore, in many cases, words with the same or
close meaning are double-counted in this data set, e.g. “attractive” and “attractiveness” or
“homo”, “homosexual,” and “gay.”® Thus, the researcher may want to consider a joint test
that controls family-wise error rates for APEs of these words. This results in a multiple
testing problem. Therefore, the testing procedure needs to be able to control the family-wise
error rate while testing potentially many variables. To our best knowledge, no method in
the literature is capable of addressing all these issues simultaneously. This paper attempts

to provide a useful and easy-to-implement method that can be applied to such problems.

3. BACKGROUND AND LITERATURE REVIEW

3.1. Contributions. Our main contribution is to provide a theory for high-dimensional
multiple-testing and simultaneous confidence intervals for APEs of binomial and fractional
response regression models under clustered data. To our best knowledge, no results were
previously available for this purpose. As a by-product, this paper also complements existing
papers by proposing a practical method for studying low-dimensional APEs of interest under
high-dimensional settings. Furthermore, cluster sizes are allowed to be heterogeneous - this
is essential to our application as number of posts varies from thread to thread. Inference and
construction of confidence intervals for such models are practically challenging; despite that
methods are proposed in the literature, no simulation evidence for inference of even a single

APE under lasso-regularization with these methods is available. In addition, we present

5If the researcher is only concerned about joint testing, an easy alternative is to combine these words.

However, this is not desirable when one wants to obtain separate estimates.
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practical and theoretically justified penalty choices for all the lasso estimators. Furthermore,
easy-to-implement bootstrap procedures are also provided for inference/confidence intervals

that hold valid, regardless of whether the researcher is interested in one or multiple APEs.

3.2. Relations to the Literature. The past decade has seen an explosive development
in the literature of post-selection inference for lasso-based high-dimensional methods. This
includes Belloni, Chernozhukov, Chen and Hansen (2012) for instrumental variable models,
Belloni, Chernozhukov and Hansen (2014), Javanmard and Montanari (2014), Zhang and
Zhang (2014), Farrell (2015), Caner and Kock (2018) and Athey, Imbens and Wager (2018)
for linear regression/treatment effects models. Post-selection inference for generalized linear
models such as Logit has been studied by van de Geer, Bithlmann, Ritov and Dezeure (2014),
Belloni, Chernozhukov and Kato (2015), Belloni, Chernozhukov and Wei (2016), Belloni,
Chernozhukov, Ferndndez-Val and Hansen (2017) and Belloni, Chernozhukov, Chetverikov
and Wei (2018), to list a few. This line of research predominately focuses on regression
coefficients of the generalized linear models rather than nonlinear functionals such as an
APE. Recently, Chernozhukov, Newey and Singh (2018) study Ls-continuous functionals
using lasso and Dantzig selector. While focusing on affine-functionals, they provide an
extension of their method to nonlinear functionals. Their method makes use of a linear
Riesz representer to approximate the linearization of a nonlinear functional, which differs
from our approach. In addition, all of the aforementioned papers are based on i.i.d. or
independent sampling assumptions. On the other hand, there are some results available
for high-dimensional linear panel data. This includes Belloni, Chernozhukov, Hansen and
Kozbur (2016), Kock (2016) and Kock and Tang (2018).

Cluster-robust inference under various fixed-dimensional parametric settings has been
well-studied and widely applied in the literature. See Wooldridge (2010) and Cameron and
Miller (2015) for textbook treatment and comprehensive reviews. There has been recent
literary focus on cluster-robust bootstrap inference. This includes Kline and Santos (2012),
Hagemann (2017), MacKinnon and Webb (2017) and Djogbenou, MacKinnon and Nielsen
(2018), among others. These results cannot be generalized in a straightforward manner to
high-dimensional settings as the delta-method does not, in general, hold in an asymptotic

framework with increasing dimensionality, see Caner (2017) for more details.

APE for binomial/fractional regression models has been discussed extensively in the lit-
erature (cf Chamberlain (1984), Wooldridge (2005) and Wooldridge (2018), etc). Inference
for APEs of lasso-based binomial regression models are first studied by Wooldridge and Zhu
(2017) under a short (balanced) panel data setting. They make use of a single-selection step
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with a lasso Probit estimator and propose a de-biased estimator for a single APE and obtain
asymptotic normality. More recently, Hirshberg and Wager (2018) highlight the estimator
of Wooldridge and Zhu (2017) for its requirement of a “soft” beta-min assumption that rules
out regularization bias asymptotically®. For i.i.d. data, Hirshberg and Wager (2018) pro-
vide an alternative augmented minimax estimator based on the novel framework for linear
functionals developed in Hirshberg and Wager (2017). However, no variance estimator for
this approach is proposed. Also, the aforementioned results are available only for a single
APE; multiple testing and simultaneous confidence intervals for more than one APE remain
unavailable. In addition, implementing inference for even a single APE under such settings
presents practical challenges; to our best knowledge, there has been no simulation evidence

presented for the proposed estimators in the aforementioned papers.

This paper aims to address all the aforementioned issues simultaneously. To do so, we
extend the general framework for i.i.d. data developed in the important works of Belloni,
Chernozhukov and Kato (2015) and Belloni, Chernozhukov, Chetverikov and Wei (2018) to
allow for cluster sampling and adapt it to the studies of APEs. The pointwise/simultaneous
inference and confidence intervals are based on a multiplier cluster bootstrap which is built
upon the high-dimensional central limit theorem of Chernozhukov, Chetverikov and Kato
(2013).

3.3. Notations. Denote (£2,.4) the underlying measurable space and for each G € N, Pg
is a set of probability measures P € Pg defined on A. Consider triangular array data
{WgG :9=1,...,G,G =1,2,3,...} defined on probability space (2, .4, P), where P depends
on G through Pg. Each WgG = {I/Vfg; :1 <i<mngy}, is a random vector that is independent
across g, but not necessarily identically distributed. All parameters that characterize the
distribution of {WgG ;9 = 1,...,G} are implicitly indexed by Pg and thus by G. This
dependence is henceforth omitted for simplicity. Wi, = (Yig, Xj,)" takes values in RP*!. For
each ¢ < G, G € N, the deterministic size of cluster n, satisfies 1 < n, < n for a constant n
independent of GG. Therefore, for ¢ such that n, <i < n, we can set W;, = 0 and thus each
W, can be represented as a n(p+ 1)-dimensional random vector. Let Ep be the expectation

with respect to law P.

For a vector 3, the k-th component is denoted as 8i. For vectors, denote the f1-norm as

| - [|1, lo-norm as || - ||, foo-norm as || - ||, and the “/p-norm” as || - ||o to denote the number

6Such post model selection inference issues are widely discussed in the literature (see e.g. Potscher and
Leeb (2009) and the reference within).
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of non-zero components. For a matrix A, let A’ be the transpose of A. For 1 < q < oo,
| Allq denotes the induced l;-norm and ||Aljcc = maxi<;r<p|A;jk|. For a vector § € RP and
given data, || X/ d|c = \/é 25:1 Z?:gl(ngé)Q denotes the prediction norm of §. Let e; be
the j-th vector of the standard basis for RP. Given a vector § € RP, and a set of indices
T C {1,...,p}, denote 7 € RP the vector such that (d7); = 0; if j € T and (d7); = 0 if
j ¢ T. The support of § is defined as support(d) = {j € {1,...,p} : §; # 0}. We denote
aVb =max{a,b}, and a Ab = min{a, b}. The notaion [k] = {1, ..., k} is used for k € N. We
use ¢, C to denote strictly positive constants that is independent of G and P € Pg. Their

values may change at each presence. The notation ag < bg denotes ag < Cbg for all G
and some C' > 0 that does not depend on G. ag = o(1) means that there exists a sequence
(bg)G>1 of positive numbers that do not depend on P € P¢ for all G such that |ag| < bg
for all G and bg = o(1) as G converges to zero. ag Sp bg means that for any € > 0, there
exists C' such that Pp(ag > Cbg) < € for all G. Throughout the paper we assume G > 3.
Let (T,d) be a pseudomaetric space. For any ¢ > 0, denote N(T,d,¢) for the e-covering

number of T'.

3.4. Outline. The rest of the paper is structured as follows. In Section 4, an overview
of the method and algorithms are given. Section 5 contains the main asymptotic results.
Section 6 covers algorithms for penalty choices and the auxiliary results for theoretical
performance of nuisance parameters. Results of simulation studies are demonstrated in
Section 7. In Section 8, we apply the proposed method to conduct simultaneous testing to
verify a statement about gendered language in Wu (2018). We concludes in Section 9. All

the mathematical proofs and additional details are delegated to the appendix.

4. AN OVERVIEW

Recall Wi, = (Yi4, X],)'. Suppose that the researcher observes data sampled from G
clusters, {Wjy : i =1,...,ng, g = 1,...,G}. Each cluster size n, is considered non-random,
and 1 < ny, <7 < oo for a constant n that does not depend on G. Denote n = 25:1 Ng.
Throughout the paper, we assume that the conditional expectation of Y given X follows

the following single-index structure
EP(Yig|Xig) - A(Xz{gﬁ())'
for each cluster g. Any W; 4, Wj,4 can be arbitrarily correlated while any W;,4,, Wi,g, are

independent if g; # g2. The dimensionality of 3° is allowed to increase with G. This is

the population-averaged approach as 3° represents an averaged parameter after integrating
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out heterogeneity. The target parameter is the APE with respect to the k-th continuous
covariate of interest,
G ng

APE,, = Ep [ 3OS BN (x }

g=11i=1
where A’ stands for the derivative of A. As n, < n, it suffices to consider oy, the rescaled

APE" defined as
G ng

an _Ep[ SN BIN (X8 }

g=1i=1

4.1. Estimation and Inference Procedures. We now summarize the estimation, infer-
ence and construction of simultaneous confidence intervals procedures based on the theo-
retical results to be presented in Section 5 and 6 ahead. First, we describe the procedures
for computing the proposed APE estimators. Set aj as the parameter of interest. The
post-double-selection estimator for «y, is defined as

G nyg

Z Y HBN(X (4.1)

glzl

where ¥ is the pooled Logit estimate with its support restricted to the set of covariates

T), = {k} U support(3) U support(¢*) U support(3*), (4.2)

and B , 8‘3 and A% are nuisance parameter estimators to be defined below. Therefore, once

T, . is obtained, estimation of &y, becomes a standard pooled Logit problem.

Suppose that we have some generic penalty tuning parameters A, )\Z and )\i and, in addi-
tion, \f/, \flg, \Tli, diagonal normalization matrices of dimensions p, p— 1 and p, respectively.

Formal and theoretically justified choices of these objects are delayed to Section 6.

First, B and its two post-lasso counterparts are defined as

G ng
Be a;glﬂgm—ZZ{ YigXi,0 +log(1 +exp(X;,8) )} + *H\IjﬂHl, (4.3)
cRP
g=1i=1
- 1 G
Be argmin A 52 {~YigX[,B + log(1 + exp(X/,8))}, (4.4)
BERP:support(3)Csupport () g=1i=1
~ G g
CARS argmin — Z Z{ YigX},8 +log(1 + exp(X], ) )}. (4.5)

BER”:support(ﬁ)Csupport(@k) g=1i=1

"The original APE can be simply recovered by APE;, = (G/n) - ay.
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Using the above post-lasso estimates, we compute ﬁ-g = A/(Xégg) and §zkg = E’,j A1 —
2A(X;gﬁ)}. Throughout the rest of this paper, denote Df-g = Xig,j, the j-th component of
Xig, and X J Xz/g —j» the remaining p — 1 variables. Using these quantities, the remaining
two nuisance parameter estimates can be obtained as

G ng
FF = argmlanZfzg — Xy +2 ’“H\I’ Y, (4.6)
YERPTL 11
. ¢ A6
k= argmln—zz gC) 25“”@%(”1 (4.7)
CERP g=11=1

Now T}, can be calculated following (4.2) and thus

G ng

B = argmin — Z Z{ YigXi,8 + log(1 + exp(X],53) )}, (4.8)

BeRP:5;=0 for all jETC g=1i=1

and ay, can be obtained following equation (4.1).

Suppose that the researcher is interested in «j for a set of continuous covariates with
k € A for an index set A C [p]8. We present a concrete estimation procedure as the following

algorithm.

Algorithm 4.1 (Post-Double-Selection Estimator). For each k € A,

(1) Run lasso and post-lasso Logit to compute gfollowing (4.3) and (4.4).

(2) Define generated weights j?g = A’(ngg).

(3) Run lasso to compute A* following (4.6).

(4) Run lasso to compute a“ following (4.7).

(5) Let Ty = {k} Usupport(g) Usupport(a“) Usupport(Y*) and compute £* following (4.8).
(6) Compute plug-in estimator &y, following (4.1).

Remark 4.1. The post-double-selection estimator is theoretically related to the post-
double-selection estimators for linear models in Belloni, Chernozhukov and Hansen (2014)
and for Logit regression coefficients in Belloni, Chernozhukov and Wei (2016) and Belloni,
Chernozhukov, Chetverikov and Wei (2018). However, because our target parameters of
interest are APEs, the nonlinear transformations of high-dimensional nuisance parameters,

rather than regression coefficients themselves, the structure of our nuisance parameters are

8There is no restriction on the cardinality of A. A = [p] is also allowed.
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fundamentally different. Estimation of these nuisance parameters requires different strate-

gies and therefore presents extra challenges. We discuss the theory of nuisance parameters

estimation in Section 6.

For inference, let us define the post-lasso counterparts of 3% and 67“

G ng
= argmin < Z > Ja(Dly - Xk,
support(y)Csupport(F*) g 1i=1
- 1 G e ~
k= argmin — Z Z J%(ng — Xl(gC)Q,

support(()Csupport(Z’“) g=1i=1
and the nuisance parameter estimate

g

G
- 1
% ~k ~k ~k E : 2
9 = [—’}/17 ceey —’yk_l, ]., —’}/k, ’yp 1 . {GT fzg

g:l =1

where each ?,g is calculated using

G ng
1 - _
LSS - g
g=11i=1

Define the additional nuisance parameter estimate
7= k4 gk,

Finally, define the variance estimate as

ak—GZ{Z( f(9) = Bl (X0, B) + X (Y — AL}

(4.11)

(4.12)

(4.13)

(4.14)

We are now ready to introduce a procedure for simultaneous inference. Suppose that the

null hypothesis of interest is

Hozak:agforallk‘eA

for some values (ag)ke A. We present a concrete simultaneous inference procedure as the

following algorithm.

Algorithm 4.2 (Simultaneous Inference via Multiplier Cluster Bootstrap). For each k € A,

(1) Compute o) for k € A following (4.14).
(2) Compute the test statistic T = maxyc[y) VGE ag — ol
(3) For each k € A, compute fi* following (4.13).
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(4) Set the number of bootstrap iterations to B. For each b € [B], generate i.i.d. standard

normal random variables {53}90:1 independently from data.
(5) For each k € A and b € [B], compute

g
keA
S -1

G

1 G ~ ~ ~

b b ~ kAt ! ~kl 5. - !

W _maxlm;:l:fg § :(ak(g) — BEN(XL,B) + B Xig (Vi A(Xigﬁ)})‘ (4.15)
and cq, the (1 — a)-th quantile of {W°}E_.

(6) If T > c,, reject Hy. Otherwise do not reject Hy.

Finally, we illustrate the procedure for constructing simultaneously valid confidence in-

tervals with (1 — a) coverage probability for ay, k € A.

Algorithm 4.3 (Simultaneous Confidence Intervals via Multiplier Cluster Bootstrap). For
each k € A,

(1) Compute 53 for k € A following (4.14).

(2) Set the number of bootstrap iterations to B. For each b € [B], generate i.i.d. standard
normal random variables {52 ngl independently from data.

(3) For each k € A and b € [B], compute W following (4.15) and cq, the (1 —a)-th quantile

of {Wb}bB:I'
(4) Compute simultaneous confidence intervals I = X e aly, where I, = ay £ 7, - ca/VG.

Remark 4.2. Note that it is also possible to conduct multiple testing and simultaneous
confidence intervals without normalization (studentization). To do so, one simply follows

every step in Algorithms 4.2 and 4.3 with 1 in place of o) for all k.

5. MAIN THEORETICAL RESULTS

In this section, we present our main theoretical results for simultaneous inference and
construction of confidence intervals. These results justify the validity of the algorithms

proposed in Section 4. First, we introduce some notations. Recall
EP(Yig|Xg) = EP(Yig|Xig) = A(Xz{gﬁo)'
Define the Neyman orthogonal score for aj by
”‘Ek(Wiga a,n) =a- % - BkA/(X'L{gﬂ) + M/Xig{Y;g - A(Xz(gﬁ)} (5.16)

G
=a - E - wk‘(Wigan)v
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where 1 (Wig,n) = BN (X],8) — 1/ Xig{Yig — A(X[,8)}. In addition, let the “ideal” popu-

lation nuisance parameters? for ay be n* = (%, u*) € R?? with

=gt et (5.17)
{ [ iifnging{gH [ iifngigng}, (5.18)
g=11i=1 g=11i=1
g G ng
LS S S 3 ot A I

where ng = B2(1 - 2A(X£gﬁo)) is an auxiliary regressor and % =N (X{gﬁo) is a regression
weight. Also denote the population nodewise regression coefficients for the j-th covariate
as 7/. We can also rewrite the population nuisance parameter regression coefficients ¢/ as

a weighted projection of Sgg on X;,. Thus, we have the following

G ng
~7 —argmmEp{ ZZ 2 D] 197)2}, (5.20)
vyERP~T g=1i=1
A 1 G Qe .
= argminy [5 DDA A Xigg)ﬂ . (5.21)
g=1i=1

Denote the projection errors by ZZq = D] ngy] and 6] = SJ Z-ng. Let ¢ > 4 be a
constant independent of GG. Let ¢; and Cy be some strictly positive constants independent of
G. Furthermore, let ag = pV G and ¢ be a sequence of positive constants that converge to
zero. Mg > 1 and Mg2 > 1 be some sequence of positive constants possibly diverging to

infinity. s = s¢ is a non-decreasing sequence of constants. We make the follow assumptions.
Assumption 1 (Parameters).

18°l12 + max I 112 + max Iz < C1.

Also, for all k € [p], Hy contains a ball of radius (slogag)/G'? centered at n*.

Assumption 2 (Sparsity). There exist vectors 79 € RP~! and ¢ € RP for all j, k € [p]
such that

0 ~k
+ max + max <s
15" lo ma 197110 max 1< ]o

9See Section A in the Appendix for derivation of this moment condition.
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and

D]gaﬁ](lh = Vl2 v 118° = 0|2 + 5217 =471 V(I = ¢Fllh) < Cu(slogag/G)'2.

Remark 5.1. Assumption 1 requires bounded ¢2 norm of nuisance parameters, which is
mild and standard in the lasso literature. The #; norm of the nuisance parameters are
allowed to be growing with G. Note that we do not require exact sparsity of 47 and ¢* in
Assumption 2 since the exact sparsity of nodewise lasso coefficients could be more difficult
to justify in many applications. Also, note that for each j € [p], we can without loss of

generality assume 77 = 'ygp, where T' = support(7?). The same applies to (¥ and ¢*.

For the following assumption, define Uy = 7 - maXicp,) [Xigkl, Uy = [Ugklrep) and

ng = IMaX;e ng](| ig’ v ’51‘9’)'

Assumption 3 (Covariates). At least one coordinate of X4 is continuously distributed.
There exist finite positive constants c1, C1 such that the following moment conditions hold
for all G,

(1) inf g1 Bp(& S5 S0 (Fig X [y€)PIAin ¢,y Ep[& 05 (010 {Vig— A (X[, 8°) } X
Cq.

(2) min;x Ep[& S0 (S0 £2.2] Xigw)?] A ming i Ep[E 30 (S0 £2 Xigj Xigk)?] >
Cq.

(3) max;k{Ee (& S0, Vi Uk} /3 10" ag < 66GY/°.

(4) supjej,1 Bplg S0 (Ug)Y] + maxep Ep[g Yoy (Vi) < C1.
(5) Mg, > {EP[é 25:1 MaXe|p] ’VJ‘Zq]}1/2q

(6) M&lslogag < 5gG1/2 1/q,

(7) Mg > {Ep[E S0, 1U, 12231/,

(8) M(Z;Qslogag < oG/,

(9) (M(2;1 V slog? ag)MéQs < 6aG13/4,

Assumption 4 (Sparse Eigenvalues). Let A(m) = {6 € RP : [|§]jo < m, ||0|]2 = 1}. With
probability at least 1 — C(log G)~!, we have

G ng

G
1 ,
1< mm mm ZJ X’ 2 < max max — 7 X! 52 <1,

g

G ng G nNg

LS i ZZ < e Do (X!

g=11i=1

167 >
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Remark 5.2. Assumptions 1, 2, 3 are the cluster sampling counterpart of the Assumptions
3.1, 3.2, 3.4 and 3.5 of Belloni, Chernozhukov, Chetverikov and Wei (2018). To deal with
APEs, however, we do need extra conditions on the growth of some moments that are listed
below in the statement of Theorem 1. These growth conditions are satisfied when, for
example, the covariates are sub-gaussian and/or uniformly bounded. When regressors are
uniformly bounded, which is assumed in both Wooldridge and Zhu (2017) and Hirshberg
and Wager (2018), the rate requirement would be slog p/G'/? = o(1) (s*/?log p/G*/? = o(1)
is required by Wooldridge and Zhu (2017)). Assumption 4 is analogous to condition SE in
Belloni, Chernozhukov, Hansen and Kozbur (2016) for the linear panel data model.

Theorem 1 (Main Result). Suppose that Assumptions 1, 2, 3, 4 hold and (Mg 1V Mg 2)*(logag)” <
G'=2/a=1 for some ¢; € (0,1 —2/q),

(1) The following uniform Bahadur representation holds with probability at least 1 —

C(log G)~!
G ng
sup max |V Gop Hay — ag) or(Wig, ar,n")| S das

where ok (Wig, @, 1) = = (Wig, a, ) /oy, and n* = (8, p*')".
(2) Let ey (a) be the a-th quantile of W, we have, with probability at least 1—C(log G) 7!,

sup  sup ‘Pp( max |\/éak (ar — ar)| < cewl(a )) —a‘ =o(1).
PEPg ac(0,1) 1<k<p

That is to say, the algorithms in Section 4 provide valid simultaneous inference and

confidence intervals asymptotically.

A proof can be found in Section D.1 in the Appendix. Now, it remains to find a valid

variance estimator. Recall the variance estimator 57 defined in (4.14). Denote &), = {52 }1/2.

Lemma 1 (Variance Estimator). Suppose that the conditions for Theorem 1 hold. Then

max\ak — o] < (logag)™?

ke(p]

with probability at least 1 — C(log G) ™1

A proof can be found in Section D.2 in the Appendix.
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6. NUISANCE PARAMETERS

Recall that the “ideal” nuisance parameter vector n* = (8%, u¥')’, where

s :{Ep [é ZG: i fngingg} }_1 - Ep [é ZG: i <6£A"(X{QBO)X,~9 + A'(X{gﬁo)ek)} =k 40",
g=1i=1 g=1i=1

In this section, we propose estimators for these nuisance parameters as well as some the-
oretically justified choices of penalty tuning parameters. The choices here are based on
the moderate deviation theory of self-normalized sums, which is first adapted for penalty
selection of lasso by Belloni, Chernozhukov, Chen and Hansen (2012). Throughout this
section, we fix a positive integer m > 1 as the number of iterations used in the algorithms

for choosing penalty tuning parameters.

6.1. Post-Lasso Logit and Estimation of 3°. We now establish an asymptotic theory
for estimation of 8%, which plays a central role in estimation of APE. The identification
of 89 follows from quasi-maximum likelihood and the assumption of population-averaged

approach E[Yj4|X;g] = A(Xz(gﬂo). Define the negative partial log-likelihood function by

M (Yig, Xig, B) = —{Yig X, — log(1 + exp(X;,3))}. (6.22)
Then, one has
1~
ﬁozargminEp[— MY-,X-,B].
ramin Ep | - ; 2 (Yig, Xig, B)

We propose the following algorithm for the choice of 0.

Algorithm 6.1 (Penalty Choice: Clustered Lasso Logit 3°). Define A = cv/G®~1(1—~/2p)
and set c=1.1 and v =0.1/logG. For m =0, let

G n
= sla g (gl

and for 1 <m <m,

lAj,m = {ég (i{yig - A(Xigg)}Xing}l/Q

with B coming from iteration m — 1. Let U = diag{z;m 17 € [pl}

The following result provides convergence rates of 5 and g’“ .
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Theorem 2. Suppose that the Assumption 1, 2, 8 and 4 are satisfied. If (% logag = o(1),
then with penalty chosen according to Algorithm (6.1), with probability 1 —~, v = O(@),

~ ~ log ag ~ ~ slogag
a0 k_ 00y, < d a0 k_ g0y, < .
18— 8 ||1mGea[ﬁllﬁ Bl < sy o m 18 —5 ||2mG6?§\|6 B2 S c

A proof can be found in Section E.1 in the Appendix.

6.2. Weighted Post-Lasso with Estimated Weights. We now establish asymptotic
theory for weighted post-lasso with estimated weights that will be essential for Sections 6.3

and 6.4. We propose the following algorithm for the choices of penalty tuning parameters.

Algorithm 6.2 (Penalty Choice: Weighted Clustered Lasso 77). Define \Y = c¢v/G®~1(1 —
v/2p(p — 1)) and set c=1.1 and v = 0.1/log G. For each j € [p], for m =0, set

ljk0—2maxmax\fzg zgk|{ Z(Zflg >}1/2

g9€(Gli€[ng]

and 1 <m < m,

g

1 G . 1/2
Likm —2{52 (Zfzg = X0 Xy ) }

=1 =1

«Q

and \ff; = diag{lAjkm ckelp—1]}.

The following result provides convergence rates of 37, which plays an important role in
Section 6.3.

Theorem 3. Suppose that Assumption 1, 2, 3, 4 are satisfied and if c% logag = o(1), then

with penalty chosen according to Algorithm (6.2), with probability 1 — ~y, v = O(logl;G’)

SR ] o 1
max |7 — 7|1 < s 28de and max ||[77 — 7|2 < slogag
J€lp] G JEP] G

A proof can be found in Section E.2 in the Appendix.

6.3. Nodewise Post-Lasso and Estimation of 6*. Now we provide estimators for 6%
that are built upon the method of cluster nodewise post-lasso estimator for approximately
inverting a singular matrix. The theory developed here is based on applying the weighted

post-lasso with estimated weights from Belloni, Chernozhukov, Chetverikov and Wei (2018)
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to the panel nodewise regressions of Kock (2016). Recall that each nuisance parameter

vector 0% contains the matrix

G ng

ol 5 Ay
g=1i=1
Its sample counterpart is not invertible if p > n and could be very unstable if p is only
moderately larger than n. Here, we take advantage of Assumption 2 to construct a high
quality approximate inverse estimate. Denote ©; for the j-th row written as a column
vector. If we can find some reasonable estimator (:)/z€ for ©, then intuitively an estimator

for 6% can be defined as

g

~ o~ 1
k 2
0" =06 - G Z fig-
g=1i=1
We propose a cluster nodewise post-lasso procedure to estimate ©. Recall that the error
szg = ng—Xijgvj which satisﬁes Ep[} 25:1 S ngingijg] = 0. Define the error variance
7']-2 =Ep[} 25:1 S %(ng)z]. Some properties of 7']-2 can be found in Section F.1. Note
that +7 has a sparse approximation 47 under Assumption 1. Then, we can use post-lasso

estimate 37 for 47 from Section 6.2 and construct a p x p matrix C by

]. _§11 .. _&}1’71
a _ _:?12 1 T _?;2)71
I AN

That is, the off-diagonal spots of the j-th row of C consist of components of —3/ and the

diagonal entries are set to 1. Also, denote
T? = diag{7Z, ...,?}3},

where /7}2 is defined in (4.12). Now, the cluster nodewise post-lasso estimator for © is defined

as

~

0=T7"72C,

which in turn gives the expression of (4.11). The following results provide validity of O and
o
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Lemma 2. Suppose that the Assumption 1, 2, 3, 4 are satisfied. If (% logag = o(1), then
with penalty chosen according to Algorithm 6.2, with probability 1 — v, v = O(@),

N log ac; ~ slogag
max [|©; — 0,1 < s/ and max ||©; — 0,2 < .
el 16; il G el 19; ill2 a

Theorem 4. Suppose that all assumptions required by Lemma 2 are satisfied. Then, with

probability 1 —~, v = O(@), we have

max 0% — 01 < 51/ =225 4nd max |0F — 0F|ls < 1/ 289G
kel G kelp] G

Proofs for the above two results can be found in Sections E.4 and E.5 in the Appendix.

6.4. Weighted Post-Lasso and Estimation of ¢*. Recall that the nuisance parameters
¢* is identified by

G ng
1
Ck:argminEp[— 2(Sk — X! ¢)?.

We propose the following algorithm for choice of the penalty tuning parameters.

Algorithm 6.3 (Penalty Choice: Weighted Clustered Lasso ¢¥). Define )\§ = /GO (1 -
v/2p?) and set c = 1.1 and v = 0.1/log G. For each k € [p], for m =0, set

oo =2 o {3 (35 705) )
kj,0 — ;IGH[%G)? z‘rél[%?] ’fzg zg,j‘ a A\ fzg ig
and 1 <m < m,
'I’Lg _
i =2{ &3 (D0 RSk — x1,8%35) 1
g=1 =1

and ‘/I}i = diag{lAkj’m 17 € [pl}
The following result provides convergence rates of Zk

Corollary 1. Suppose that Assumptions 1, 2, 3, 4 hold. If (% logag = o(1), then with
penalty chosen according to Algorithm 6.3, with probability 1 — v, v = O(@),

~ log ag ~ slogag
k_ ok, < d k_ckp, <2222
gﬁl\( Cllis sy —g— an inea[ﬁnc Cllz G

A proof can be found in Section E.3 in the Appendix.
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7. SIMULATION STUDIES

In this section, we conduct simulation studies to examine the finite-sample performance of
the proposed procedures. We set the number of total observations to n, and each observation
is then randomly assigned into Gq clusters. The empty clusters, if they exist, are then
discarded and thus G < Gy. For DGP1, let the number of covariates for each observation
be p =1.5- Gy and

BY =[1,062,1/3,1/4,1/5,..,1/19,1/20,0, ...,0]" € RP.

The first component of each covariate vector is set to 1 and the rest of the subvector, X;, _1,

can be decomposed into an idiosyncratic part Xilg and a cluster-wise component X 3 as
_ 3yl 2
Xig—1=X;g + X,

and both Xilg and X g2 are i.i.d. following a multivariate normal distribution with mean 0

and a Toeplitz covariance matrix:
Sii(p) = pl7l p=0.1,0.3, 0.5, 0.7, 0.9, ,j,€ [p— 1].

So the larger p is, the more correlated the covariates are. The outcome variable is generated
by

Y, = H{X{gﬁo + Uiy > 0},
where the error term can also be decomposed into an idiosyncratic term and a cluster-wise

term as

Uip = A(@71 (UL + U2)),
where both Uilg and Ug2 are i.i.d. following the normal N(0,1/2) distribution. Thus, U, is
a standard logistic distribution. Thus both covariates and errors are correlated within each
cluster. To consider “outliers” and substantial skew and kurtosis in marginal distribution
of independent variables, we also consider alternative DGPs inspired by Kline and Santos

(2012) by setting Xilg and X2 to follow a mixture between two distributions, N(0,%(p))
with probability 0.9 and a N(0,X(p)) — 1.5 x N(1,3(p)) with probability 0.1.
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TABLE 2. List of DGPs in Simulation Studies.

Model DGP Descriptions

M1 Xig X7~ N(0,%(p)) with p = 0.1
M2 Same as M1 except p = 0.3
M3 Same as M1 except p = 0.5
M4 Same as M1 except p = 0.7
M5 Same as M1 except p = 0.9
M6 XL, X2~ <N(0, S(p)) — 1.5 % B(1,0.1) % N(1, 2(;;))) with p = 0.1
M7 Same as M6 except p = 0.3
M8 Same as M6 except p = 0.5
M9 Same as M6 except p = 0.7
M10 Same as M6 except p = 0.9

Note that for the DGPs with high p, such as M4, M5, M9 and M10, the approximate
sparsity conditions in Assumption 1 are violated. We conduct three sets of simulations.
First we examine one-dimensional confidence interval coverage for ag with true underlying
B2 € {0,0.25,0.5,0.75,1}. Our second goal is to construct simultaneous confidence intervals

that control the family-wise error rate for oy for k € A, A is set to be

Ay = {2}, Ay = {2,3}, A3 = {2,3,4}, A5 = {2,3,...,6}, Ay = {2,3,...,10}, Aoy = {2,3,...,20},
Agg = {2,3,...,31}, Ago = {2,3,...,41}, Aso = {2,3,...,51}, A1g0 = {2,3, ..., 101},

where the APE with respect to the intercept is always omitted. In this group of simulations,
we set B = 0.5. Finally, we examine the asymptotic behaviors of coverage probabilities of

simultaneous intervals for Ajg.

The estimation of all lasso and lasso Logit are conducted using R package glmnet and
the penalty choices follow Algorithms 6.1, 6.2 and 6.3 in Section 6 with m = 1. For each
iteration of the simulation, we set the number of bootstrap iterations to B = 600. We then
simulate 1,000 times for each DGP. The simultaneous confidence intervals are constructed
following Algorithm 4.3 and without normalization by o for simplicity. The true «y are
computed using 3,000,000 additional observations generated independently from data fol-
lowing the same marginal distribution as X;,. The nominal coverage probability is set to be

0.95. The results for one-dimensional confidence intervals are presented in the tables below.



22 CHIANG

TABLE 3. Coverage probability for one-dimensional 95% confidence intervals
for as under each DGP with Gy = 200, n = 500 and p = 300:

Model DGP BQZO 52:.25 ﬁ2:.5 52:.75 62:1

M1 0.953 0.935 0.943 0.959 0.972
M2 0.949 0.944 0.937 0.956 0.969
M3 0.939 0.938 0.941 0.951 0.968
M4 0.938 0.944 0.937 0.944 0.954
M5 0.928 0.931 0.928 0.940 0.923
M6 0.928 0.919 0.920 0.946 0.970
\Y g 0.921 0.920 0.912 0.926 0.957
M8 0.934 0.925 0.929 0.954 0.956
M9 0.926 0.929 0.933 0.941 0.958
M10 0.938 0.935 0.944 0.938 0.947

We now present the coverage probabilities for simultaneous confidence intervals for different

sets of covariates. For this part, we focus on models M1 to M5 with 2 = 0.5.

TABLE 4. Coverage probability for 95% simultaneous confidence intervals
for ay, k € A under each DGP with Gy = 200, n = 500 and p = 300:

Model DGP Al A2 A3 A5 AlO A20 A30 A40 A50 A100

M1 0.943 0.941 0.933 0.926 0.920 0.940 0.951 0.959 0.957 0.943
M2 0.937 0.945 0.932 0.930 0.907 0.927 0917 0.920 0.940 0.950
M3 0.941 0.943 0.956 0.914 0.882 0.900 0.901 0.914 0.920 0.930
M4 0.937 0.928 0.925 0.876 0.865 0.863 0.865 0.891 0.897 0.925
M5 0.928 0.926 0.930 0.891 0.865 0.861 0.874 0.898 0.894 0.904

Finally, we investigate the asymptotic behaviors of the case with Aj1g, one of the worst-
performing cases in the above simulations for simultaneous confidence intervals, to examine
whether the performance improves as sample size increases. In this set of simulations, set
B2 = 0.5 for number of nominal clusters Gy = 200, 400, 600 and 800, p = 1.5 - Gy, and
n=2.5-Gy.
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TABLE 5. Asymptotic behaviors of coverage probability for 95% simultane-

ous confidence intervals for oy, k € A1g under each DGP:

Model DGP Gy =200 Gp =400 Gy =600 Gy =800

M1 0.920 0.914 0.930 0.945
M2 0.907 0.917 0.920 0.921
M3 0.882 0.894 0.898 0.903
M4 0.865 0.856 0.864 0.876
M5 0.865 0.859 0.847 0.857

In all of the three sets of simulations, the coverage probabilities are mostly fairly close
to the nominal coverage rate when p is not very high. When p is high, the approximate
sparsity of nuisance parameters in Assumption 1 is violated. Thus some of the coverage
probabilities are not close to the nominal rate. In addition, the coverage probabilities
improve as sample size increases. In summary, the outcomes of the simulations are consistent

with our theoretical results.

8. APPLICATION: TESTING GENDERED LANGUAGE ON THE INTERNET

In this section, we apply our method of simultaneous inference for APEs in the text
regression model of Wu (2018) introduced in Section 2. We make use of the pronoun sample
(gendered posts including either female or male pronouns) from Wu (2018). Following Wu,
using the EJMR dataset!®, we exclude the same list of words from the 10,000, including
all gender classifiers, plus names of non-economist celebrities. We conduct our analysis
based on the subset of non-duplicate posts that are used as the test sample for selecting
optimal probability threshold in the original paper (the posts with index labelled as test0)
for classification of posts that contains both female and male classifiers. We consider only
pronoun sample. This leaves 46,502 posts sampled from 31,739 threads and 9541 covariates'!

that consists of an intercept and the word counts of 9,540 non-excluded vocabularies.

10The dataset is publicly available at url:https://www.acaweb.org/articles?id=10.1257 /pandp.20181101
Hgince the number of observations is larger than dimensionality of parameters, regular Logit and even
OLS can be applied here. We have attempted to implement Logit using glm package in R. However, it did
not finish after 70 minutes. OLS on the other hand takes 55 minutes to complete. In contrast, the proposed
estimation and inference algorithms, when applied to the testing problem in this section, takes about two

minutes to complete.
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Wu (2018) highlights that posts about males include more academically and profession-

by AN43

ally oriented vocabularies, such as “adviser,” “supervisor,” and “Nobel.” To see the joint

significance of these words’ APE in terms of predicting female, we test

Ho : cdadviser = Qsupervisor = (nobel = 0.

Following the penalty choices of Algorithms 6.1, 6.2 and 6.3, the estimates of APEs of these

words calculated using Algorithm 4.1 are listed as follows:

TABLE 6. APE estimates for “adviser,” “supervisor,” and “Nobel.”

adviser supervisor Nobel

APE estimate —0.1414 —0.1214 —0.1214

These estimates are qualitatively similar to the corresponding estimates in Wu (2018).
Using multiplier cluster bootstrap with 10,000 bootstrap iterations, we obtain the follow

test results

TABLE 7. Multiple Testing Results under 1 — a% Confidence level.

«  MCB critical value test statistic

10% 16.0889 25.1867
5% 18.2870 25.1867
1% 22.2930 25.1867

Thus, under all three confidence levels, we reject the null hypothesis and the statistical

evidence supports Wu'’s statement 2.

9. CONCLUSION

In this paper, we study logistic average partial effects with lasso regularization when data
is sampled under clustering. We proposed two valid estimators along with their theoretically
justified lasso penalty choices. Based on these estimators, we provide easy-to-implement al-
gorithms for simultaneous inference and confidence intervals and establish their asymptotic
validity. Simulation studies demonstrate that the proposed procedures work as predicted
by the theory in finite sample. We then apply the proposed method to conduct analysis of

textual data to examine the presence of gendered language on the EJMR forum following

120ne may be concerned about the high-correlation between ”supervisor” and ”adviser.” However, re-

moving either one of them does not change the significance of the tests at 99% confidence level.
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the text regression model of Wu (2018). Our analysis provides further statistical evidence

to support Wu’s finding.
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APPENDIX A. ORTHOGONALIZATION OF THE SCORE

In this Section, we derive the Neyman orthogonal score for ay, as defined in (5.16), following
the methodology in Section 2.2 of Belloni, Chernozhukov, Chetverikov and Wei (2018) (see
also Section 2 of Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey and Robins
(2018)). The first order condition of the population quasi-maximal likelihood and definition
of the k-th APE give Ep[& Zg L3 m(Wig, o, °)] = 0, where

-G BN (X, ﬁ)]
( b

0al(Wig, a,
mk(VI/ig,Oé,ﬁ) = [ ( I “ /8)] = Y. X/ )X
19 g

aﬂZ(ngy a, ﬁ)

where £(a,b) = alog A(b) + (1 — a)log(1 — A(b)), ¢'(a,b) = 5(a,b), £"(a,b) = ngK(a b).

Note that the order of integral and derivative are interchangeable in this case. Let us define

G ng

J = a,B’ /Ep[ szk Wzg,a 5:“@ g, 3=00
g=1i=1
1 -Eeld zgzlz (BN (X[, B) X1, + N (X, B)e})]
_0 EP[% Zg 1an 6//(1/197X/ B)Xngz/g] a:ak,ﬁ:ﬁo
. _Jaoz Jaﬂ]
| S s
Now define population nuisance parameter
“k:_Jﬂ_/alJéﬁ
_ G 7y
(e [ 23 i x4 ) e [ S ¢ M )
g=11i=1
G nyg G nyg G nyg G ng
~{er[a o3 mxaxi]} e [ o3 st] + {Be g N X)) Br [ 303 s

=C" + 0",

where ng = Br(1 — 2A(X£gﬂo)). Here we have used the property of the logistic function
0y _ 0 0 0

BN (X[,8%) = f280(1 — 2A(X[,B°) = f2,Sk.
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We now define Neyman orthogonal score for oy, as
d;k(Wig7 «, 77) :aaz(Wigy «, B) - /jaﬁz(Wzgv «, ﬁ)

- BkA/(Xz,gﬂ) + N/Xig{Y;g - A(Xz/gﬁ)}

= -

G
n
G

= - - Wiav
an Vr( g77)

where f3, is the k-th coordinate of 3 and n = (8, 1/) € R?P. It is straightforward to verify
the followings,

G ng
1 _
Ep [a Z Z U (Wig, a, 77’“)} =0, (existance condition)
g=11i=1
G ng

1 _
OyEp [5 Z Z U (Wig, o, nk)} =0, (Neyman orthogonality condition)

g=11i=1
G ng

1 _
O Ep [5 Z E U (Wig, ag, 77’“)} =1# 0. (uniqueness condition)
g=1i=1

APPENDIX B. MAIN RESULTS UNDER HIGH-LEVEL ASSUMPTIONS

In this section we introduce a version of our asymptotic results under high-level condi-
tions. They serve as building blocks for results in Section 5. Suppose that we have some
generic nuisance parameter estimators 7* such that 7* € H;, for G large enough. Denote
Aj, a bounded interval of aj shrinking with G, and Hy C Hy, a sparse neighborhood of
n* shrinking with G, where H;, C R? a compact and convex set that contains n¥. Write
Big and By as some positive sequences of constants that can possibly diverge to infinity.
Let ag, vg, Kg be some positive sequences of constants that can possibly grow to infinity,
where ag > GV Kg and vg > 1 for all G > 1. Let ¢ > 2 be some constant. Further, let

T, 0¢ and Ag be some positive sequences of constants that converge to zero and Ag < 1.

Assumption 5. For each G € N, G > Go, P € Pg and 1 < k < p, define sequences of
positive constants 6¢ = o(1), and 7¢ = o(1). The true parameters (ag,n") € Ay x Hy, for
some Ay and Hy and the following are satisfied:

(i) n— Ep[& 25:1 S be(Wig,m)] is twice continuously differentiable.

(ii) It holds that
(a) suppery, Belds Sogm: (Sr (e (Wigs m) — ¥(Wig,n*) 1)?] < Colln — 7¥3,
(b) supyes, 1|0y OER[E iy iy 0(Wig, m]ll2 < Bic
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Assumption 6. At least one coordinate of X;q is continuously distributed. Furthermore,
there exists sequences of positive constants Ag = o(1), 7¢ = o(1) such that for the same Hy,

from Assumption 5, the following holds uniformly in k.

(i) T € Hy with probability at least 1 — Agand Suppepy, 1M — e <16 .

(i) The collection of functions
Fo = {vu(, o, m)  k € [p], n € Hi} U{0}
is pointwise measurable and satisfies that for all 0 < e <1,

sgplog N(Fo, L2(Q), e[| Foll.2) < vglog(ag/e)

where the supremum is taken over the set of all finite measures and Fy is a measurable
envelope of Fy such that {Ep[é ZQGZI | Z:L:gl Fo(VVig)|q]}1/q < Kg.

(iii) For all f € Fo, we have cg < {Ep[} ZQGZI(Z?L (Wig)2}/? < C.

(iv) Tgv/vglogag V G2tV i1Kquglogag < dg and VGBigTé < dq.

Remark B.1. While been adapted to our cluster sampling setting, Assumptions 5, 6 are
similar to Condition 2, 3 of Belloni, Chernozhukov and Kato (2015) and Assumption 2.1,
2.2 of Belloni, Chernozhukov, Chetverikov and Wei (2018). However, due to the additive
separability of @y, we do not need to assume Assumption 2.1(b) of Belloni, Chernozhukov,
Chetverikov and Wei (2018). Also, differentiability of the orthogonal score comes directly

from smoothness of logistic function.

The following result builds upon the ideas of the main results in Belloni, Chernozhukov
and Kato (2015) and Belloni, Chernozhukov, Chetverikov and Wei (2018) while allowing
for cluster sampling. Given some generic nuisance parameters estimate 7%, we define the

generic APE estimator for the k-th continuous covariate as

G ng

- 1
ay = azzzpk(w@g,ﬁk). (B.23)
g=1i=1
It is easy to verify the fact that the post-double-section estimator ay, as defined in (4.1),
satisfies (B.23) for 7* = (8% i*")’ following the first order condition of (4.8), the definition
of Ty, and the definition of V.

Theorem 5 (Uniform Bahadur Representation).

Suppose that we have nuisance parameter estimates (ﬁk)ke[p] such that Assumptions 5 and
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6 are satisfied. For the generic (Qk)kelp defined based on (nAk)ke[p] following (B.23), with
probability at least 1 — Ag — (log G)~!

G ng
sup max |VGo, '@y — ZZ% Wig, a, )| < da,
PePg 1<k<p g 1i=1

where o (Wig, a,n) = = (Wig, ., n) o and n* = (8, u¥)'.

A proof can be found in Appendix C.1.

Let {gg}le be independent standard normal random variables generated independently

from data. Define

G Ng
1 ‘ k
W= max —— f ng ZS‘% Wig, @, ) and Wo = max —— ;sg 2 ok (Wig, o, 1").
We also denote Ag > G and pg > log G be sequences of positive constants that grow to
infinity.
Assumption 7. For all G > Gg and P € Pg, the following holds.

(i) There exists Bg > 1 such that BX(log(p - G))7/G < C1G™ for positive constants c1,
Cy and for all1 < g < G and k € [p]

mapr[ Z‘ngk Wig, e, )‘2%/31)@} —I—Ep[( max ‘Zg@k Wig, e, m ‘/Bg> ] < 4.

1<k<

(i) The collection

Fo={Wig > 3 (Wig,n 1) = Bu(Wig, @1, 7)) - 1[I Wiglloo > 0} : & € {1,.,9} }
=1

satisfies with probability at least 1 — Ag,
logN(]?o, Lo(Pg),€) < pglog(Ag/e), for all0 < e <1,
and {Ep[é 25:1 ch]}l/2 < 6q for all f € .7?0.
(i) 0% pclog Aclogp = o(1) and 62 logp = o(1).

Remark B.2. Assumption 7 (i) is required by the high-dimensional central limit theorem
of Chernozhukov, Chetverikov and Kato (2013) (see their Corollary 2.1). Assumption 7 (ii)
is discussed in the next remark. Assumption 7 (iii) is a technical assumption that turns out

to be mild, as shown in the sufficient conditions in Section 5.
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Remark B.3 (Double/debiased Machine Learning). One could potentially employ sample
splitting to eliminate the dependence between the orthogonal score and nuisance parame-
ters. This procedure is known as ”double/debiased machine learning” (cf Chernozhukov,
Chetverikov, Demirer, Duflo, Hansen, Newey and Robins (2018)). This would allow us to
relax Assumption 7 (ii). We did not make use of sample splitting due to the following
considerations. First, we do not assume each cluster is identically distributed since it is
not suitable for the sampling method used in the motivating example in Section 2. Sec-
ond, even if identical distribution is assumed, when we have binary outcome variable Y,
sample-splitting may results in subsamples with high percentages of outcomes equal to 1 or
0. In such case, the estimate for 7% could be very unreliable. Finally, relaxing Assumption
7 (ii) does not appear to allow us to relax any sufficient conditions presented in Secion 5.

Therefore, we do not consider sample splitting in this paper.

Corollary 2 (Multiplier Cluster Bootstrap of Maxima). Suppose that Assumptions 5, 6
and 7 are satisfied, then let cyy(a) be the a-th quantile of W, we have

sup  sup ‘Pp( max |\/§U,;1(@k —ag)| < cW(a)) - a‘ = o(1).
PePg ac(0,1) 1<k<p

A proof can be found in Section C.2 in the Appendix.

Remark B.4 (Uniform in DGP). Note that all the above results are valid uniformly over
Pq, the set of DGP’s such that Assumptions 5, 6, 7 are satisfied. This is due to the fact
that Lemma A.1 of Belloni, Chernozhukov, Fernandez-Val and Hansen (2017) implies that
it suffices to show that these results hold for any sequence P € Pg, which is satisfied since

all the bounds in this paper are established independently of DGP.

APPENDIX C. PROOFS FOR RESULTS IN SECTION B

C.1. Proof for Theorem 5.
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Proof. By (B.23), it holds that a = & Zg L3 (Wig, i) for an 7)* from Assumption

6. The fact that oy, = Ep[& Zg L5700 bk (Wig,m®)] implies
G ng
a — g =— ZZ% ig> ") —
g 1i=1
G ny G ny
*ZZ% ig> N Oék+< [ D> k(Wig, 7 }-%)
g=11i=1 g=1i=1
I
1 &
2 20D { Wiy 1) = 0 (Wig, 1) = Eelun (Wi, 7%) = (Wi, )]}
g=1i=1
1,

It suffices to show that |I;| and |II}| are of order op(1/v/G) uniformly over k € [p] and
uniformly in Pg.
Step 1: Bound for |I|

To upperbound ||, by applying the mean-value expansion and under Assumption 5 (i),

there exists a vector ¥ with each of its coordinates lies between those of n* and 7* such
that

G ng

Ik:EP[ D> ok (Wig, 1 }_ak
g=11i=1
( |: iid]k zgp }_ak)'i‘anEP[ézG:ng wk ig> 1] ] 77 _77)
g=1 =1 g=11i=1
G =Y {0,0Ee [ 32 W]} =
g=1i=1
:O+O+(ﬁk_nk)/{an/anEP[éiiwk zga :H _k}(ﬁk—ﬁk),
g=1i=1

where the last equality follows from existence condition and Neyman orthogonality condition
defined in the end of Section A of this Appendix. Hence by the definition of induced matrix

¢5-norm and Assumptions 5 (ii)(b) and 6 (i), one has

G ng

|Ii| < Ha /0 EP[ ZZW ig> 1 ” :ﬁkHJ(z;SBM;TCQ;

g=1i=1
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uniformly in k& with probability at least 1 — Ag. This, together with Assumption 6 (iv),
implies VGI;, < \/éBlgTé < dg with the same probability.
Step 2: Bound for |I]]

Next, we upper bound |II;|. Note that 1 < ny, < 7 and ng4 is predetermined. For each
g € {1,...,G}, recall that W, can be written as

(Wi, o WL ifng=n,
(Wigs s W,

Ngg’

W, =
0,..,0) if n, <.

We can assume without loss of generality that some coordinate of X, is a random variable
that is positive a.s. (otherwise replace L1{|[Wi4|loc > 0} by 1L{[||Wig|||cc > 0}). Our goal is

to find a uniform entropy bound for the class

n
F={Wy s 3 0uWigym) - UIWiglloo > 0} 5k =1,..p, n € H ).
i=1

It allows us to apply the maximal inequality of Corollary 3 to obtain the desired bound.
First, let us define

Gi = {W, = I{||Wjglloc > 0}}

For each j, such a class contains only one function. Thus each of them is a VC-subgraph
class with VC index equals unity and themselves as their envelopes. Thus for any 0 < € < 1,
it holds that

Sgp log N(ellGjllQ,2, G |l - [lg2) S 1+ log(1/e).
Now we define
]:j = {Wg — wk(ng,n) ck=1,...,p,n€ Hk}

Apply Lemma K1(2) of Belloni, Chernozhukov, Fernandez-Val and Hansen (2017) under
Assumption 6 (ii), we have for each 1 < j <, for all 0 < e < 1,

Sgp log N(ell - Gilla.2, Fi - Gjs |- l@2)

SsgplogN(E/QHFjHQ,%fj» I ll2) +SgP10gN(€/2||Gj| Q2,951 [lQ2)
Svalog(ag/€) +log(1/e) + C.

Also, we have F C F := (F1 - G1 + ... + Fr - Gr)-
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Define the transformation ¢(f1,..., fa) = Z?:l fj. By the triangle inequality, one has
lo(f1y ey f7) — &(g1, -y ga)| < Z;;l 1-|f; — gj|.- Applying Lemma K1(4) of Belloni, Cher-
nozhukov, Ferndndez-Val and Hansen (2017), for the envelope F(W,) = EJ L Fj(Wy) -
Gj(Wy) = Z?:l Fo(Wig) 1{[[Wjg|loc > 0} for F, we have

Sup log N(e[|[Fllg.2 F I - llg.2)

n
€
S swplog N(ZIF - Gilloa 7 Gy - o)
j=1

Siwglog(ag/e) + nlog(l/e) + C

Under Assumption 6 (ii), we have \/Ep [maxge[G] F2(Wg)] < GY1Kq. Now let

{ Zi:( Wig,n — (W, Jg> M )) 'MHngHoo>0} tk=1,....p, 7767'116}'

Observe that since F C F — F, it holds that supc 7 |f| < 2supsez [f| < 2F. Assumption

6 (i),(ii) now implies

l = 2 < 1 “ < : k 2
?EIEEP{G;JC (Wg)} nseungP[ ;(g{wk igsn) — Yr(Wig,m )}) }
<Colln — "5 < 7&

Under Assumptions 5 (ii)(a), 6 (ii), apply Lemma 8 (2) and Corollary 3, we have

G ng
f|ffkr<sup\f§jz Ef (W)
g=1i=1

Kgvglogaa
Nye UGIOQGG‘FWH%MN(SG

uniformly in & with probability at least 1 — C(log G)~! as long as G > 3, where the last
inequality follows from Assumption 6 (iv). Finally, the conclusion follows that 0 < o < 0o

uniformly from Assumptions 6 (i)(iii). [

C.2. Proof for Corollary 2.
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Proof. Throughout the proof, let us use the notations of @y := 3.2, 8;(Wig, Ok, I *) and
Pk = 212y 0j(Wig, g, ). Define

G ng
7= max [VGoy ' (@) — ay)l, and To—lglggp\ﬁgz;;@k Wigs e, ).

Step 1: In this step, we bound

p :=sup|Pp(Ty <t) —Pp(Zy < t).
teR

First invoke Corollary 2.1 of Chernozhukov, Chetverikov and Kato (2013) under Assump-
tion 7 (i) and obtain

p=sup|Pp(Ty <t)—Pp(Zy <t)| <CG*
teR

for Zp = maxi<p<p G 1/2 Z 1 Ygi, where {Y } , are independently distributed p-dimensional

centered Gaussian random vector such that G~1/2 Z g=1 Ygk has the same covariance matrix
as G1/2 Zg 1 Pgk-
Step 2: In this step, we show
Pp(|T —To| > 61) < 69 (C.24)
Pp(Pe(|W — Wo| > 601) > 02) < 0. (C.25)
for some appropriate 61, 2 = o(1). Set 6; = dg V CSG\/M > g and 0y = Ag +

(logG)~! > Ag + (log G)~!. By Theorem 5 (recall ¢ > 2 and G > 3), (C.24) holds. We
now claim (C.25). We first show that

1 G s -
|W — W <1r£]?§p’\/é;§g(wgk—sogk)‘ :OP(5cM/,0010gA(;> (C.26)

Call the event in Assumption 7 (ii) €;. Note that Pp(€2;) > 1 — Ag. Conditional on Qy,
G~1/? Zg | (@gi — @gi)&g is zero-mean Gaussian with variance Ep & Zg Bgk — ogr) < 6%
uniformly in & with probability at least 1 — A following Assumption 7 (iii). Therefore,
applying Corollary 2.2.8 of van der Vaart and Wellner (1996), conditional on €1, one has

G
1 = —_
- FoN _ < _
Fe [ 1?1?%(;) ’ VG gz:lgg(@gk ‘ng)H S 0/ palog Ag.

where the expectation is taken with respect to the law of {,’s (recall that {,’s are generated

independently from the data). By Corollary 3, conditional on €2, the left hand side of
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equation (C.26) is less than

2050\/ﬁgl0g1‘1@ + K&;logG 5 Sg\/ﬁglog;l(;

with probability at least 1 — (log G)~!. Thus for some constant C' large enough, conditional

on {21, one has

G
1 - = _ n -1 -1
P¢ ( e ‘ﬁ gz::lgg(@gk - ng)) > Cog\/ pa log AG) S (logG) ™" < (logG) ™ + Ag,

which means the left hand side is greater than (log G)™! 4+ Ag only if QF is true. Recall
that 01 > Cdg\/pglog Ag and 0y = (log G)~! + Ag, therefore

P (Pe( s \\}Ggwgk )| > 01) > 02) < Pp() < Ag < s

This verifies condition (C.25).

Step 3: Here we establish bootstrap validity based on the results from preceding steps.
Under Assumptions 5 (ii), 6 (ii), one can apply Theorem 3.2 of Chernozhukov, Chetverikov
and Kato (2013) and obtains that for every 9 > 0,
sup [Pp(T < cw (@) —al < ps +p,
a€e(0,1)

where

pe < 2(p+m(V) + Pp(A > 0)) + Cs61/1 V log(p/61) + 50,

m(9) = Cot/3(1 v log(p/9))** and A = maxi<ji<p | Zfﬂ([%j%l] — Ep[pgjpql)l- It
then suffices to show that each component on the right hand side goes to zero.

First, set ¥ = B%(logp)*?/v/G and note that Assumption 7 (i) implies B (logp)”/G =
o(1) and thus 9*/2logp = o(1). By 'Hospital’s rule, ¥ = o(1) implies 97/2log = o(1). So
7(¥) < 9/3(ogp — log¥)?/? = o(1). Similarly, #7logh; = o(1) as long as #; = o(1). By
Assumption 7 (iii), set 81 = dg Véq \/m, then 61+/Iogp = o(1) and we conclude that

614/ 1V log(p/61) = o(1). Secondly, we verify Pp(A > 9) = o(1). Under Assumption 7 (i),
Lemma C.1. of Chernozhukov, Chetverikov and Kato (2013) implies

Ep[A] S (B&(logp)/G)'/* v BE(logp) /VG.

Apply the Markov’s inequality, as long as B (logp)”/G = o(1), we have Pp(A > 9) = o(1)
and Y(logp)? = o(1). This concludes the proof. [
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APPENDIX D. PROOFS FOR RESULTS IN SECTION 5

D.1. Proof for Theorem 1.

Proof. For each k € [p], let us define H;, = ’H,?, the bounded and convex sparse subset in
R? shrinking with G, as follows

He = {1} U { @D 1) € B 0@ = 4@ 40 n o v 1@ o v [P0 < Cs,
9 = 8l v I = Ml v g™ — 64l < OV,
In® = 8> v 0@ = ¢Hll2 v 9 = 052 < Cra
where 7 = C'(slogag/ G)l/ 2 for some sufficiently large positive constants C' and C’. The

rest of this proof is divided into three steps corresponding to the verification of the three

high-level assumptions.

Step 1. In this step, we examine Assumption 5. Assumption 5 (i) is clear since A is
infinitely continuously differentiable. To verify Assumption 5 (ii)(a), since for all n¥ € Hy,

I7¥ — nll2 < 1, using a mean value expansion and the definition of the induced matrix /3

Bo[ 3= (3 400 = 40 11) |
—Ep [éé (;Zianwkmg, o)) |
=<n—nk>'Ep[ég§Gjl(ianwk zg,m)(zanwk Wig: ) | (1= ")
s||n—n’“||%HEp[ég§ijl(§janwk w,m)(zam o) ]|,

where each coordinate of 77 lies between the corresponding coordinate of n and n*. By

Assumption 1 and the definition of 7¢, we know [|77||2 < 1. Notice

B . 9
zanwk O m] 5

o L9tk (Wig, 1) i=1
_|Ag+ By +Cy
Dy

Bil\"(X!,B) X g + N (X[ B)er + ﬁ/XigA/(X;gB)Xig]
—{Yig — AMX],8)} Xig
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Thus, the sum of cross products can be denoted by

oo [ (S otm ) (S oncn )
=1

Ag+ By + Cg)(Ag + By + Cy)" (Ag + By + Cy)D
EPGZ

(Ag+ By + Cy)' Dy D,D,
To further bound the right-hand side, it suffices to bound the matrix ¢ norm for each of

2

the product terms. Under Assumption 3 (4) and |||z < 1, we have

e
!
HEPG;OgCg 2

G
1 - -
< HEPEE :(u’Ug)ZUgU;HQ < sup EpG § : (U2 U, U]
g=1

l€ll2=
z G
1 1/2 1 s
e " 4} {E G U 4} <C d
_{ P ;(M 9) [hax, PG;(f ) <0y an
1 ¢ 1 a . o )
Ep— A A \/HE— B. B’ vHEf D.D <H . 2H o
H PG; 9%, Png::1 9791, PG; 9|y ~ HES\EPIP 2:: <o

This shows Assumption 5 (ii)(a).

To verify Assumption 5 (ii)(b), note that we can write the matrix

26 8u¢k 1gam

—Z

So for n = [/, i']’, we have

QBQ
B, 0

Bl (X1, B) Xig X!y + A" (X1, Ben XLy + N (X[, B) Xige), + I XigA" (X[, B) Xig X1, N (X],B)XigX],
N(X[,B)Xig X, 0 '

G 7ng G ng
TR0F 5 SURACT ) SEITNES 0 oM AR

a
< o (5 P ZAB +28'Ep—~ z:: )

By Cauchy-Schwarz and the definition of induced matrix ¢ norm, /' Ep[é Zle Byln <
18'Ep(& gt Bolll2llnllz < lIBlI2Ep[& S5, Blllallnllz. Thus a bound can be obtained
similarly to 5 (ii)(a).

Step 2. In this step, we check Assumption 6. To verify Assumption 6 (i), note that set
Ag = C(log G)~! and 7¢ = (slogag/G)'/?, it follows from the convergence rate results of
Theorems 2, 4 and Corollary 1.
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To verify Assumption 6 (ii), recall that

Uk (Wig, ag,m) = — Bl (X, B) + 1/ {Yig — M Xy 8)} Xi
Pointwise measurability follows from its continuity. Let

gliT :{Wg — Y;g - A(Xégﬁ) : 6 € RP’T = Support(,@), HB - /BOHQ S CTG}?

Gosr ={ Wy = N(X/,8) : B € R”, T = support(8), |15 — 8°ll2 < Cra |,
Gair ={ Wy = 1/ Xiy : 1 € R, T = support(p), |1 p*|l2 < Cr |,
G :{Wg b b < C},
gs :{Wg = al < C},
Gei :{Wg = A/(Xz{gﬁo)}’
Grik :{Wg = ,U'k/Xig}v

Gsi :{Wg = Yig — A(Xz{gﬁo)}-
Then the following holds

Fo Cfé U ]'-6/ U {0},

Fb =G5 — (Ga) - > _(Urcpri<csGair) + Y (Unep) Ul ri<cs Gsir) - (Urcp,m<csGrir),
=1 i=1

Fo =G5 — (Ga) - Z Gei + Z(Uke[p]gm) - (Gsi)-
=1 =1

Note that all these classes are uniformly bounded with the exceptions of G3;rr and Gr;. To
obtain envelopes for them, note that all classes are uniformly bounded except for Gs;r7 and
Grix- To obtain an envelope for Gs;.r, notice for any ikT, ||1*|1 < /sCy since ||u*|l2 < Cy
following Assumption 1. Therefore, ||u|l1 < ||pF]l1 + | — p¥|l1 < /501 + /sCima < /5.
Set envelope G to be such that

G(W,) = maxmax sup |1 Xigl,
kelp] €[] pere:||p—pk|1<CVsTa

then for any p in the index set, one has

’,U/Xig| < ‘(M - Mk), z'g‘ + ‘,Uk/Xig| S C\/ETGHUQHOO + ‘:uk/Xig"
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Since p* = ¢* + 0% and 6F = [—7{‘“,...,—7{;71,1,—7,’§+1,...,—7£_1]/T,§ and 7'1;2 = 0()
following from Assumption 3 (1), we have
|1 Xig| |GV Xig| + 0% Xig|
SISk + el + D + ¥ X
ST+ Vlleo + 11Uglloe

where the last inequality is due to |[y* Xikg| < |ng| + \Zi];| and the definition of V,, U,. Now,
Assumption 3 (6) implies v/s7¢ = o(1), thus the above implies
|1 Xig| S IVglloo + 1Uglloc < 2([[Vglloo V [Uglloc)-

Under Assumption 3 (5)(7),

1< 1/q 1< 1/q 1< 1/2q
{Ee [ S )]} B[ & S Wl v 10 )] } ™ < LB [ S (Wi loe v 00100}
g=1 g=1 g=1
SMaaV M. (D.27)

Similar argument holds for Gr;. as well.

To obtain a bound for the uniform covering entropy number, first let us consider Gs;rr
for some fixed i,k € [p] and |T| < Cs. Applying Lemma 21 of Kato (2017), we have that
each Gs;pr is a VC-subgraph class of functions with VC-index Cs + 2 = O(s). Thus the
union of these p- (Cps) class of functions is a VC-type class and has uniform covering number

satisfying that for any 0 < e <1,

~ < Os+2 AN\Cs
Sgp N (el|Gll@,2; Unep) Yrcppl,mi<cs G3iks || - [l@2) S ag (g) .

Thus we have
logsgpN(EHGHQQ’UkG[p] Urcppl,ir<cs 93kt || - lg,2) S sloglag/e).

Similar entropy calculations hold for Gi;7 and Go;r as well since A is monotone and A’ =
A - (1 —A) and thus Lemma 22 of Kato (2017) and Lemma 8 can be applied.

To verify Assumption 6 (iii), note that the lower bound is implied by Assumption 3 (1). It
then suffices to bound Ep % Ef];:l(,u’Xig)Q <{Epr} E?Zl(u’Xig)‘l}l/? <1 for all ||ulls < C.
This follows directly from Assumption 3 (4).
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To verify Assumption 6 (iv), note that set vg = s, 7¢ = (slogag/G)Y?, Kg = MgV
Mg 2, then by Assumption 3 (6)(8) we have

slogag (MGl\/MG’Q)lOgaG< (MGlVMGQ)]OgaG<5
G2 G1/2-1/q ~ G1/2-1/q

for 6¢ = (logag) 2.

Step 3. In this step, we examine Assumption 7. To verify Assumption 7 (i), we need
to find Bg such that B¢ (log(pG))7/G < C1G~ for positive constants c1, Cy and for all
1<g<Gandk e [p]

max Ep[ Z ‘ Z o — B,gA ,30) + ,uk,Xig{Yig - A(Xz{gﬂo)})‘z /Uk%Bb}

g=1 1i=1

+Ep (| Z o — BRACXG %) + i Xiy {¥ig — A(XL, 80| o) < 4.

Assumption 6 (iii) implies that 1 < o, S 1. For the first term, note that it suffices to bound

G
SUD flp=1 BP g 2ogi1 (Ugh)*
first term is bounded by a constant. Now, for the second term, note that using (D.27),

, which is bounded under Assumption 3 (4). So the entire

max Ep( max ( Z g, — BIA(XL,B°) + ¥ Xig{Yig — A(X{gﬁo)})‘)4 <Ep [i G4(Wg)}
g=1

ge|G 1<k<p
<SG Mg,V Mg o).

So take Bg = C’GI/Q‘](MGl V Mg 2) for some C' large enough, we have

B(log(pG))" _ (Ma,a V Mg,)*(log ag)”

< —C
c = Gi-2/a SEE

under the rate condition in the statement of Theorem 1.

To verify Assumption 7 (ii), note that both

F={Wy = 3 ou(Wigs s )1 Wil oo > 0} : & € [p]},
=1

F={Wy > 3 onWig, G, )1 Wil oo > 0} : & € [p]}.

contains only at most p functions. Thus, for any 0 < e <1

log N(Fo, || - [ pe: ) < log(p/e) < plog(Ac/e)
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for p = log G and Ag = ag. Also, by Assumption 6 (i), with probability 1 — C(log G)~!,
we have n* € H;, and thus by Assumption 5 (ii)(a), for any f € .7?0, Epé 2521 f2<7E s0
Assumption 7 (ii) holds by setting g = 7¢ = (slogag/G)Y/2.

Finally, Assumption 7 (iii) is satisfied by setting g = 7¢ = (slogaq/G)"/?, vg = pa = s,
Ag = ag and dg = (log ag) ™2 under Assumption 3 (8). [

D.2. Proof for Lemma 1.

Proof. Notice that Assumption 3 (4) implies that o < 1. By the continuous mapping

~

theorem, it suffices to bound

g

o7 — Uk’<)G (ZW@ Wig, aik, k)Q_Ep[éi(Z&k(wig’ak’nk))QH
i= g=1 = i=1
Slag — il + SUP \%%\‘Giiwk Wig,n )‘
g=1 i=1
o [£5° (S ontig ) - a5 35 (3w
nseugk 59—1 2 ll/fk ig> M P 5921 1:1%( ig>1)
+nsggk\EP[ Z{(ZW ) - (;W o) ]|

=)+ UI)+{III)+(IV)

uniformly over k € [p]. First of all, (IV) = op(1) by the Lipschitzness of Ep[& Zngl(Z LUk (Wig, N2
and Assumption 5, which is verified in Theorem 1. To bound (I11), let the collection of

functions

F = {Wyrr 3 S kW Wi i VWil e A Wil > 0}k € gl € ).

i=1 j=1

Under Assumption 3 (1)(5)(6)(7), using a similar argument as in Theorem 1, we obtain
AN\Cs
sup N(el| Flloz, F |- o) S (£)
Q 9
with an envelope F' defined by

F(Wy) = max max sup 'ﬁQ\//Xig|2 + (s
kelp] i€[n] HERP:||u—pk |1 <CV/s1a
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for some constant C3. Furthermore, under Assumption 3 (5)-(8), it holds that

Ep[max F?(W,)] <Ep[max max su — 1V U,|Y 4 Ep|[max max max(p* X;
el F20,)) SEebumcmax s (0= iUl + Eelmas mcnax( Xy

G
1 2/q
G (Bp s 37 PV + (Mo v M)
g=1
SGHUSPTEME 5 + (Mg V Mg 2)'y S G9( Mg Vv M)

Applying Corollary 3 under Assumption 3 (4)(5)(6)(7)(8), with probability at least 1 —
C(log G)~!, we have

G Ng 2
1 o) 2 slogag ~ (Mg1V Mgz)®slogag
S Z<Z¢’“ g1 ) _EP[EZ<Z z9’77))”5\/ a Gl1=1/q
nEHk — g=1 i=1
So(log™" ag).
To bound (I) and (1), note that Theorem 5 suggests
G ng
ap — oy = ZZW ig»n") + op(G™H?)
g 14=1

uniformly in & € [p]. We may apply Corollary 3 to

n

4) - Z Gei + Z(Uke[p]gnk) - (Gsi)

i=1 =1

as the components G’s are defined in the proof of Theorem 1. An envelope can be

F(W,) = max max sup C(1+ u'Xig)
kelp] i€[n] jere:||u—pk|, <CVsTa

for some C' that does not depend on G. It is then implied by (D.27) that {Ep & Zngl Fayt/a <
Mg V Mgso and thus \/Ep max,eiq F2(Wy)] < G'Y?%(Mg, V Mga). We also have
G G
suprer Bpg Yooy 2 S C 4 supeeposjgsm1 Br g 2ogey (Up6)? S 1.
Applying Corollary 3 under Assumption 3 (4)(5)(6)(7)(8) leads to

logag = s(MgaV Mg32)log aG _ 1
_ <
ey 12k ol S /e o olog™" ac)

with probability at least 1 — C(log G)~!. This implies (1) + (I1) = op(1). [
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APPENDIX E. PROOFS FOR RESULTS IN SECTION 6

E.1. Proof for Theorem 2. The steps of this proof are analogous to the one of Theorem
4.1 in Belloni, Chernozhukov, Chetverikov and Wei (2018) with modifications to account

for cluster sampling. The major difference lies in the verification of Assumption 8 (2).

Proof. We will apply Lemma 3, 4 and 5 after verifying the required assumptions. Let

Wig = ffg and
M (Yig, Xig, B) = M(Yig, Xig, B) = —{¥ig X}, 8 — log(1 + exp(X/,3))}.
In order to apply Lemma 6, we verify Assumption 9. Since

Sg _8ﬂM( ig> Xigs 5)‘[3:50
9
=— Z{Yig — A(X},8°)} X,

we have |Sg;| < maxze[ng] | Xig,j| = Ugj. In addition, since v > 1/G, using the fact that
1—-9(t) < —% */2 | we have

.
(1 —7/2p) < V1og(pG) < Vlogag:.

Using Assumption 3 (2),(3),(4), it follows that log"/? ag < 6¢GY/® and {Epé Zle 18,5131/ <
1 uniformly over j € [p]. Thus Assumption 9 (1) is satisfied. Under Assumption 3 (1),(4),

it holds uniformly over j € [p| that
G g

S MAEBTRNES 90 STORCHTIA ) ETR

o €]l b
1< 1<
2 2
Ep [5 Z ng] < Ep [5 Z Ug]} SL
g=1 g=1
So Assumption 9 (2) is verified.

To apply Lemma 3, we verify Assumption 8. The convexity is trivial. To show As-
sumption 8 (2) holds, note that ng < Ug2j and Assumption 3 (4)(7) implies that if we
let

{5 (= S0~ AN X)),
=1

7 ={ Wy (= Y00 - A8 ) ).
=1
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then each F; is of VC-subgraph class since it consists of a single function, and F C U;¢p, 55,
and F has an envelope F such that F(W,) = n? Inaxje[p] maxie[ng] | Xig,j%. Note that under
Assumption 3 (4)(7)(8), one has max;ep, EPG Zg 1U4 <1, (Epé Ele FP2(W )2 =
(Epd SO, U142 < My, Mos < (Bed X6, U212 < (3aGV2-10)112, and
VEp[(maxi<g<ac F(Wy))?] < Gl/qMé’z. Applying Corollary 2.1 of Chernozhukov, Chetverikov
and Kato (2013), with probability at least 1 — c(log G) !, it holds that

G 2 2 2
1 log(pag Mg, /MG ,) Mg,
‘ § :(52 [52 ‘ 5\/ Gv g G1—17/q log(pagMg;,Q/Méz)

< log(ag) Mg:,z

G Glfl/q log(ac) = 0(1)7

where the last equality follows from Assumption 3 (9). This implies & EG 52 (1-—
o(1 ))Ep[ ZG SQ] uniformly in j € [p]. Similar arguments can be used to establish
G .
the statement that % Zg 1(ng S, ngj) = (1 —o(1)Ep[& > g=1(ng S ng])] with
probability at least 1 — C(log G)~!. Now it suffices to show that

G
(1 — o(1))Ep [é S5yl <@ <1 (E.28)
g=1

with probability 1 — ¢(log G)~! uniformly over j € [p]. The case of m = 0 follows from the

calculations that

- & & 1-0(1), 1<
Lo = (”gz ng) ~ { Z;z; zgy] = { z;UJ} ~
g=li 9=

with probability 1 — c¢(log G)~! under Assumption 3 (4) and

G ng G ng G ng
7EP[ ZZ lgu} = [ szlg zgy] - [éZZ{Yw XiyB")}" ng]

g=1i=1 g=1i=1 g=1i=1

2[5 3 (3505 -2 15) ] - e[ 355,

g=1
where the Cauchy-Schwarz inequalty, the law of iterated expectations and the fact that
fg <|JA(1 = A)]|oc < 1/4 are used.
To show (E.28) with m > 1, suppose that (E.28) holds for m — 1, we can complete the
proof and has HfigXig(B Be < (slogag/G)Y? with probability 1 — C(logG)~!. For
m = m, denote Ay = A(X’ 3%) and A; ig = MX] B), use the fact that for positive a,b,
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lva — Vb| < /|a — b], we have
~ 1/2
(A5 -5 )
In addition, it holds uniformly over j € [p] that with probability at least 1 — C(log G)~!,
Ins, 18
52533' - 52553“

g

i (Z{Azg ZQ}XZQ ]) ‘ + 2‘* (izg{yig - Aig}Xig’j) (i{/\ig - Kig}Xig,j)‘

<|=
G g g ~
<|= Z (ZXLgJ) (Z{Aig Aig} )‘ + 2’6’ (Z{ Az'g}XigJ) (Z{Aig - Aig}Xig,j)’
g=1 izl i1 i= i=1
G ng , G Mg 1/2
S o 01| & S0 S {0 Xig (5 = BP |+ max 10 e D03 (X0, (8° = Y
g=11i=1 g=11i=1
< Mg pslogag Mg a(slogag)'/? — o(1)
~ Gl-1/q G1/2-1/2q ’

where the second inequality follows Cauchy-Schwarz inequality and the third follows As-

sumption 3 (7) and the last holds following |[A(t + At) — A(¢)| < A'(t)At for |At] < 1 as
in inequality (I6) in Belloni, Chernozhukov, Chetverikov and Wei (2018), the rates from
m = 1, Assumption 3 (8), and the fact A’ is Lipschitz. This verifies Assumption 8 (2).

We now apply Lemma 6 and obtain that with some ¢/ > ¢ and v =~ € [1/G,1/log G,

el o1

Assumption 8 (1) is trivial since we have M (y,x,B) = M(y, z, f) in this case. Assumption
8 (3) holds for any A and Cg < (slogag/G)'/? following Lemma 9.

one has

Sg”()@) >1—v-o0(7).

Q
115

Now, let us define

G
g B N g X0
— = )
d€A é 2921 Zi:l wig|X¢g‘5‘3

To apply Lemma 3, we need to verify the condition

_ _ _ A
B =0 Ay = (L4 )Tl 467

Rog

for A= AgzU {5 € R : 3] < 3¢ L= | g X g} = Ar U A
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Note that under Assumptions 3 (6)(7)(8) and 4, we have

o> g (E T i wigl KO (6 S T wigl X0
M =seh maxi<geq [Ugllsolldlli ~F seds G1/2QMG72H5H1
1 n 1/2 _
> inf (G Zg 12 glwlg‘X 5’ )/ > Rog

e, "GN o (1 -+ 20)/sllorlla ~ GUHM(1+ 20
> 1 > sl(zg aG:
~y2g/4 0G
Next, using Assumptions 3 (7)(8), since A < v/Glogag and Cg < (slogag/G)'/2, some

calculations yield

1 G n 1 G n
Zu > inf (& Ygm1 ity wig| X[ 0112 S inf (& X1 ity wigl X[
P Tocdr maxig<e [|Ugllolldlli 7 s€as G124 M 2|6
S
A le—1 |75 A

“3GCe ¢ GV2Mg, ™ CaGIH1/2MMq

>, 1 - 1 > sl(iga(;‘
~ G1/2qMG,2\/§ - 51/2G1/4 ~ oG

Furthermore, we have

AV's \ 6eC slogag

T+ DlFollozes £

since ||\f'0|]oo < 1 with probability 1 — C(log G)~!. So all conditions required by Lemma 3

are satisfied. An application of the Lemma leads to

IV XGB - A)lo Sy 2280 and |3 - 47 5/ 8%,

Now, to apply Lemma 4, we need to verify condition (F.43). First, using Assumption 3
(7)(8), we have

~ ~ M2 ,s2logac .
3% <pl/2a B0, <) G2 e o5
1glga<xmr§[gx]l o(B— B8 PG Mg o|lB - 871 S oite S 9 = o(l).

Also, following equation (I.6) of Belloni, Chernozhukov, Chetverikov and Wei (2018), one
has [A(t+ At) — A(t)] < A/(t)|At| uniformly over ¢t and At with |At| < 1. It holds uniformly
over ig that
050 (Yig, Xig, B) = M (Yig, Xig, B)]Y'S SIAX,B) — ACX[,8°)] - 1 X0
SN(XL,8°) - X4, (B — 80 - [0,
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Since |A’(legﬁo)| < wig < /Wiy, with probability at least 1 — C(log G) ™!, we have

G ng

’*ZZQ@’M zgaXz‘gvﬁ) aﬁM( zging750)]},5

g=1i=1
<CllywgXiy(8 — 8)llal| Xigdllc < Lol Xiydlle

for some Lg < (slogag/G)Y?. Thus condition (F.43) is satisfied. In addition, Lemma 4
implies ||3]|o < s.

Finally, to establish the convergence rates for B , we apply Lemma 5. We verify condition
(F.44) on g for A = {6 € RP : ||0]]o < Cs} for a constant 5§+ s < C's with probability
1 —o(1). Note it holds that

Gu = inf ( Zg 1 Z wiQ’Xz(g(sP)l/Q
bea  maxi<g<q ||Ugllollo]n

o ( Zg IZ wig‘U,(” )1/2 >b  inf ¢maX(05) 10g1/4 aG
I8llo<Cs maxi<g<c ||UglloVCs||0]l2 ~ I6llo<Cs v/sG1/%4 Mg 5 < 5G4
under Assumptions 3 (7)(8) and 4. On the other hand, it follows from (F.45) that with
probability 1 — C(log G)~*

>

G ng G ng

1
7ZZaﬁM 7,gaX7,g7/8 ZZ@ﬁM zgaXigaBO) S : OgaG

g=11i=1 glzl

since A\/G < (logag/G)'/?, ||B— 891 < (slogag/G)Y? and ||[Wollee < 1 with probability
— C(log G)~1. Also Cg < (s?logag/G)Y?,

1 & ST A
&2 sil = ol o' g s < 5
9= 9=

with probability 1—C/(log G)~!. So right-hand side of (F.44) is bounded by (slog ag/G)"/?.

So by Lemma 5, we have the desired results.

Finally, since s > 1, we can without loss of generality assume the k-th coordinate is
always in the support of E and this does not affect the rate of convergence in post-lasso (see
Comment D.1. of Belloni, Chernozhukov and Kato (2015)). Also, since all k € [p] share the

same regularized event, the convergence rate holds uniformly for all k£ € [p]. ]

E.2. Proof for Theorem 3. The proof follows analogously of the Proof of Theorem 4.2
in Belloni, Chernozhukov, Chetverikov and Wei (2018) with modifications to account for

cluster sampling. The major difference lies in the verification of our Assumption 8 (2).
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Proof. Let r] = X] ( — ), wig = fzg and

J J 2
M(‘ng7 X@g? 7) f (D X@gry - T g)

M(Dl,, X}, v) =f4(DL, — X{~). (E.29)
Then, the sparse approximation 47 can be identified by

G ng

~7 —argmmEp—ZZM - lg,'y).

YyERP—T g=1 i=1

We will first show that the regularized events (F.42) holds uniformly over j € [p]. Subse-
quently, we apply Lemmas 3, 4 and 5 to bound different norms of (37 — 47). Then bounds

for (37 — 47) follow from Assumption 2.

First, we verify Assumption 9. For Assumption 9 (1), note that

ZaM T Zg,*y _22 2 DJ — ~y —r —22 f;lzgg XJ

where a/ = 8°. Since ®~1(1—~/2p) < /log(1/t) for all t € (0,1/2), along with Assumption
3 (3), we have

{ [ Z| |}} 3(1) (1— /QP) {Ep[ ZG:H/]UQM}}1/310g1/2aG§5GG1/6
g=1

g=1
uniformly in j € [p] and k € [p] \ {j}. This shows Assumption 9 (1).
To show Assumption 9 (2), notice that Assumption 3 (2) implies Ep & 25:1 ]Sgk\Z 21
and

1 & 1 &
oo [4355h0]) < [ S 0] <

g=1

G
D (VI + [Ugkl*)
g=1

Q=

uniformly over j € [p] and k € [p] \ {j} by Assumption 3 (4).
The convexity requirement is trivially satisfied. To show Assumptions 8 (1), we first

claim that with probability 1 — C(log G)~!

max | (ff) = ) Ziy/ Falla S (slog ac/G)'/*. (E-30)

Now, since by Theorem 2 and Assumption 3 (7)(8), one has

K |Xi,(B—8°)| < mex 1 Xigllocll B = B2l Sp GV T Mg a(s*log ac/G)? < b¢ = o(1)
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with probability 1 — C(log G)~!, we then have with probability 1 — C(log G)~*

2, — f21 < JA(XL,B) — A(XLB%)| S N (X[,B%)X],(5 - 8% < f2/2<1 (E.31)

uniformly over all 7,g. Note we have used the fact that for |t —¢| < 1, |[A(t) — A(t)] <
A (t)|t—t]. Also, some calculations give that for G large enough, let E-g = Xigg, tig = Xy,
then it holds that

|72 = 2] =IA(Eg) — A2 (Fig) — Altig) + A (tig)]
<[A(Fig) — Altig)] + [A*(Fig) — A (tig)|
<[A(Eig) — Altig)| + AFig)[A(Fig) — Altig)| + Altig)|Alfig) — Altig)]
SIA(Eig) — Altig)| S N (Eig)[tig — tigl = F3[Eig — tigl-

Thus, with probability at least 1 — C(log G)~!, one has

G ng G ng
nm—z — fi)( m,nm—zzmw’ 21X, (8° = B (22, fig)?
]G[pGglzl i€kl G g=1 iz1
G ng
<max— . — Zi
i€l G Z;;; g (7’9)

G ng
1 1
< max sup i ogaG ZZ(X' 5)?
g=1i=1

JEIPL |15]l0<Cs,|16]|2=1

slogag
<—=20(1
<280,

where the last inequality follows from Assumption 4. Therefore, with probability 1 —
C(log G)™!, we have

72 2 2
E,Ié?p}}(H(fig_ )Zj/fzgllc<?%aX|l( — [i) 2] figlc-
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Recall that fg =X fg (77 — 47). Assumption 8 (1) can be examined by noting that it holds
uniformly in j € [p] that

G ng

H ZZ(aMng,ngv 7) — 0y M (Yig, Xig, ¥ ))]'5

g=11i=1
G ng

<hd YR, + B - )75

g=11i=1

<2(|1 gl llc + 173 Q)Zj/fzg\\c:)H\ﬁwz Sl
<CelywigXigdllc-

We now verify the condition Cg < (slogag/G)'/? in Assumption 8 (1). Notice that one

has

Hf%gr HG’ < HT HG (SlogaG/G)1/2 (E.32)

with probability at least 1 — C'(log G)~! following the same arguments as in Lemma J1 of
Belloni, Chernozhukov, Chetverikov and Wei (2018) under Assumption 1, 2, 3, 4. To see
this, let

G ={W, HZXJ 7 =47) 5 € o},

Gijr = {Wy > XL (v —+3)  j € [pl}-

Note 79 = 'y% for some T' by Assumption 1. Thus one has G C Ujcp 1< Z?ﬂ Gijr. So for

G?, we have an envelope G(w) = [[u(wW)||so max;ep,) |57 — 77| with

/2 s’Mgaologa
2 < Ggz2logag
{ [ Z 1I<nga<xGG )]} ~ Gl-1/¢
In addition, for all finite discrete measures ) and 0 < € < 1, it holds that
Sgplog N(e|Gllgz2:G% 1 - llg.2) S sloglag/e).

Thus by applying Corollary 3, one has with probability at least 1 — C(log G) 1,

G ng 1
| (55 3507 mur)|  25e

JEP]

Finally, Ep 36 57 72 < supef,_1 Bpd 6, (U16)% 7 — 3|13 < slogag/G by As-
sumption 1. This shows (E.32) and thus Assumption 8 (1).
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Note that Assumption 8 (3) holds with Ag = 0 and G4 = oo for any A since

G ng G mng '
7ZZM Zg’ 2977 +9) - ZZM ig: Xig, ')
g=1:1=1 g 1i=1
1 G ng ) G ng
2 E Y RDL - X)X = &3S (Xl
g=1i=1 g=11=1

o U :
and & 3700, 300 (figX7g0)? = || /wig X701
To check Assumption 8 (2), note that under Assumption 3 (5)(6)(7)(8), one has

|

2 7j i
oo s | 2 2%,

<EP[ max maX|V]| U, HQ}
1<g<G jelp]

NG2/q(MG71 + MG,Z)-

Thus, an application of Lemma 7 gives

max max

ke[pue[p]\{k}‘G [(Z%k) _EP<ZS )2” pGTUEVD(ME | + ME o) log ag

<bclogag = o(1).

where the last equality follows the rate assumption in statement of the Theorem. Therefore,
since Lior = {& 2521(2?:91 Sgk)2}1/2, we have 1 < \T’}Ok < 1 with probability at least
— C(log G)~! uniformly over j € [p] and k € [p] \ {j}.
For m = 0, with probability 1 — C(log G)~!, we have

~ 1 & L i i 2 1 2 i i 1/2
Liko 2 2{5 Z (ZfZQZZQXlQ, ) } { Z (Z ZgZnglg k> } z1
g=1 =1
uniformly over j € [p] and k € [p] \ {j}. This follow from the fact that |']/f?g o < f7, with

probability 1 — C(log G)~!. To obtain an upperbound, note under Assumption 34 )( ) and
the fact that ﬁg < 1, one has

9 \241/2
liko < 2max maX\fzg zgk|{ Z(Zfingg) } <p G Mg .
—1 i1

g€[Gli€[ng]

Thus for m = 0, Assumption 8 (2) holds with L < GY?IMgolog'/?ag and £ > 1. For

m > 1, suppose that the statement holds for m = m — 1, we can complete the proof and
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obtain the bound
%?X\Ifzg(’v ~ e S (L+1)(5*logac/G)?

for L < GY 2 Mg o log'/? ag;. In addition, under Assumption 2 and 3 (7), it holds uniformly
over j € [p] that

1 Fig X3, (¥ =)o < max [[Uglloo - 17 =+
1<g<G
NPG1/2qMG72(S logag/G)"?.
Thus by the triangle inequality, we have

?laXHfngj F = )lle S (L +1)(s*log ag/G)/?

for L < GY21Mg 5 log'/? ag. Using the fact that for positive a, b, |v/a — vb| < /]a — 0], we
have, for m = m, it holds uniformly over j € [p], k € [p — 1] that

(iﬁé(l)” - X5 )ngk) }1/2 { (Z 2 (DI — X7~ )ngk> }1/2‘

Likem — Liok| :2’{

where ng = D] X J 3 fy To bound the right-hand side, note by adding and subtracting

terms and the trlangle inequality,

ESSIPOATHE A IO WATHAY

g=1 i=1 g=1 =1
G g G ng ng
S‘é%(%f X7 XDy —7)) ‘+2‘G (;PXlgka i )(; X/ 7 )‘
a g a g
3 (0 - B0 ) | 2l 3 (S0~ 1) (30 R 4)| = ot
g=1 i= g=1 i=1

uniformly over j € [p], k € [p — 1] with probability at least 1 — C(log G)~!. The inequality
holds following the Cauchy-Schwarz inequality. Then under Assumption 3 (7)(8), with
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probability at least 1 — C(log G)~!, one has

G Ng 0
1 2
& 2 (L - X, ) —GZ<Z ARCARIE) O NY
o=t =t =1
M2 ,slogag
2y 7J < G270
< 1r<na<XG HngH H(f )Z /fZgHG < ey = o(1)
uniformly over j € [p], k € [p—1]. Here, we have used H( 2 )ZJ /fngG (slog ac/G)1/2

with probability at least 1 — C(log G)~! by equation (E.SO). Similar arguments show that
by Assumption 3 (8), with probability at least 1 — C(log G)~!, we have

G Ng
N2 1 o :
GZ(Z zgk (7]_’7])> SEZ(Z(’V]_V])/}%(X;)/ 7 _fy )(Zfzg ng )
< J -
nax, U126 Fig X, (7 =49 1%
<LMG,2810g aG _ MggSlOgg/Q a
- G1-1/q - G1-3/2q
uniformly over j € [p], k € [p—1]. Furthermore, by the Cauchy-Schwarz inequality, we have

=o0(1)

1 G ng 1 G ng G ng .
Eg:l (;(f fzg zqk )(Zfzg ng ) —{G; (;(f fzg qu ) z:: (Zz_:fzg ng ) }
and

a o ng - L & L& o
52(2 o Xlo s Xy (w_m)(wa iz )S{Gz_;(;flg L XL =) G2(2f x;,,7)’}

From the preceding results, it suffices to show the claim uniformly over j € [p] and k €
[P - 1]’
M? slog3/2aG 18
G,2 J J —
G1-3/2q EZ (Zf XignZi ) = op(1).
9=1

=1

Under Assumption 3 (4)(7), since fQ < 1, the Cauchy-Schwarz inequality gives

kelp]

ity 2 (S B0t Sy S0k 0

by Assumption 3 (4). The same bound holds even if fig is used in place of fij;. The claim
then follows from Assumption 3 (9). Thus for m = m, the result holds for some L, /¢, Ag
with L <1, >1 and Ag = o(1). This verifies Assumption 8 (2).

Note that [|[Uglleo < 1 and H\II oo < 1 with probability 1—C/(log G)~! following the pre-
ceding arguments. By Lemma 6, (F.42) holds with probability 1—C(log G)~!. Furthermore,
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following Assumption 4 and the fact \]?g — 1;29‘ < 1'29 /2 with probability 1 — C(log G)~!, we
have, for some £ — oo, it holds that
fig X740 11 - 1750112

< mn ——5—< max ———— <1,
Islo<tes |02 Islo<tes  [|6]3

Thus, by Lemma 3, one has
| 7ia X}y, = V)l £ (slogag/G)/? and |57 —7||x £ (s logac/G)'/?
with probability 1 — C(log G)~! uniformly over j € [p].

By the Cauchy-Schwarz inequality and the fact that ﬁg < 1, we have

G ng
1 _— " — PR ~ Co —~ )
G D2 Y10, M (g, Xig57) = 0, (Yig, Xigs 7)1} 6| < 11 X5, (77 =) 6l Fia Xyl < Ll Xydllc
g=1i=1

1/2 Since

with probability 1 —C(log G)~! uniformly over j € [p] for some Lo < (slogag/G)
Assumption 4 implies that there is a fg — oo such that ¢max(fgs) < 1 with probability
1—C(log G)~1, it follows Lemma 4 that ||57||¢ < s with probability 1—C(log G)~! uniformly
over j € [p].

Note that condition (F.44) holds with g4 = co. Also, with probability 1 — C(log G)™1, it
holds that

G ng G nyg
1 — ~ 1 - _j
EZZM(Y;'Q,XZ'Q,’Y])—EZ M(}/igaXigalyj) rSSlOgaG/G
g=1 i=1 g=11=1

1/2

since \/G < (slog ag/G)1/2, maxcp| 179 — 5|1 < (s?logag)'/? and maxcp| H‘/l}jOHOO <1

with probability 1 — C'(log G)~!. Finally, one has Cq < (s?logag/G)Y?,
1 n PO P iy A
PP N L L) DL N
g=1 g=1
with probability 1 — C(log G)~!. This concludes the proof. [
E.3. Proof for Corollary 1.
Proof. Define ng = X{Q(E k — ¢*) and the lost functions be

M (S, Xig,C) =f5(S — X[,¢ — )%,

M(SZ’, X{g? C) :f/z](‘é\fg - XigC)Q'
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The sparse approximation ¢* is identified by

G ng
ok = arg;él;nEp[ SN M8, Xi6.0)
g=1i=1

Then the proof follows the same steps in the proof for Theorem 3 as long as one can verify
that Assumption F.40 (1) is still satisfied with §f in place of SZ-IZ. Thus, it suffices to show

& iZ{ E)xi] s <[5 sz{ X/, 04 Xig — F(8% = X1y¢h) X} o]
<NF - {5 sz (Fuxly?}”
Observe that the left-hand side equals o
& ii{fﬁg Sk X+ T3Sty = 55) X} ] 8 = (0) + (i)
Notice that o
G69) < 20AllolBE - 8| [ 5 iz 72X | 8| 15k — sl mave il { ZZ Foxtyo? )

A mean value expansion and an application of Holder’s inequality give that with probability
at least 1 — C(log G)~!

G ng ,
()] <2ABEIIA oo Z[Z{fzg (B - B)Xyq) 6

g

241/2 ¢ 1 ~ 271/2
LSS i)Y A3 (o))
gf (3 g=1 1=
(SlogaG/G)l/QH\/W Olle
This concludes the proof. [ ]

E.4. Proof for Lemma 2.

Proof. Throughout the proof, we denote ||v[|% = v'v/G and (u,v)¢ = w'v/G for u,v € R™.
For each j = 1,...,p, denote D/ = {Dgg 01 <i < ngl1l < g < GY, an n x 1 vector,
XJ = {Xi]g :1 <i<ngl<g <G anx (p—1) matrix. We also make use of the
notations F' = diag{ fis : i € [ng], g € [G]} and F = diag{ fig : i € [ng,9 € [G]}.
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Step 1. We first derive the identity

7?2 = DVFX(D? - X737 G. (E.33)
The first order condition of nodewise post-lasso gives

—X%ﬁQ(Dj — X3 )G =0 (E.34)

where TV = support(37).
Multiplying both sides by 7}, we have

~F'XIFADI |G+ F'XI FEXIF |G = 0. (E.35)
Using its definition, some calculations yield that
72 = DVF?DI |G — 277" XI' F2 DY |G + 7' X9 F* X971 |G,

Subtracting (E.35) from this gives (E.34).

Step 2. Applying Theorem 3, we have the convergence rates

slogag
G

. . logaG —~ o . . .
5 S 5B and F XL - )le v IR -k S

uniformly in j with probability 1 — C(log G)~!.
Step 3. Since FDJ = FXJ/~J + FZ7, by Step 1, one has

72 =DV'F*(D’ - XI3) /G

=D7'(F? — F%)(D7 — X939)/G 4+ DV F*(D? — X939)/@.

Note we only need to consider bounding D' F?(DJ — X757)/G term since the first term
is of smaller order following the fact that \ﬁg — figl S fig holds with probability at least
1 — C(log G)~! by (E.31) in the proof of Theorem 3. Now, decompose it into

DV F*(DI — XI3) /G =DY' F2XI (y) - 57) |G +~IXIF?27 |G + 2V F?27 |G
=(1); + (LI); + (I111);.
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First, we bound (I);. Under Assumption 2, 3 (4) and Cauchy-Schwarz inequality, it holds

uniformly that

max |(I);| <max(D?F, FXI (3 —~))¢

JE[p] JE[P]
< max max ZXJ/ _
ms{ g Z; X3} a1y X 1)l
sloga
S Op(1) -\ =2

with probability 1 — C'(log G)~!

We now bound (I1);. The property of projection implies Ep & Zg D ngZZJg =0,

max (1) |<maX||7 11X F?27 /G| oo

J€lp] J€
G ng

<

ma [ ||1max\ = _Uzlfw A/

G n
<Cl\fmax‘ Zzg( 2 X3 71— Epfl X} Zﬂ)).
G zgk ig,k

g=1i=1

For each j, k € [p], denote the classes of functions

Z{WHZA’ LBO)XD, 2 (Wil > O} s i € (31},

G = {Wy o2 3 MK 80X, 20 1 Wil > 0}

i=1
Then each G;; contains only one function and thus is a VC-subgraph class with VC index
equals unity with itself as an envelope. Also G C U; ¢[Yj k- Since |fig] <1, a measurable
envelope for G is H(W,) = max; j, ]ngng].

Some calculations and Assumption 3 (5)(6)(7)(8) give
Ep[max |H(Wg)’2] <Ep[max ||Ug|]§o] + Ep[maxm;ﬁ; ‘ng|4] < G2/q(Mé 1+ Mé 9)-
g g g9 j€lp ’ ’
The fact that v/a + b < /a+V/b for a, b > 0 suggests {Ep max, |H(W,)|>}/? < Gl/q(Méjl—i—

Mé2) Similarly, under Assumption 3 (4), we have sup,cg Ep Zgzl[Gz(Wg)] S 1. Ap-
plying Lemma 8 (1) and (2), we have for any 0 < e <1,

1
N (el Hllg2.6. 11 - lo2) £ p* max N(ellGllaz G I~ lo2) £°(¢)-
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Thus one has supg log N (e[| H||g,2, 9, || - lg2) < logp S logag. Applying Corollary 3, we
have with probability at least 1 — C'(log G)~!

G ng 2 2

m e 2 flogag | (Mg, V Mg ,)logac
2 yJ 2 yJ ] ) ,

ax ‘G ZZ( iokZig — ErLigXiy 1 Z; )‘ G + G1-1/q :

kep) —1i=1

Therefore, under Assumption 3 (6)(8),

sloga \/Elogag(Mé \/Mé )
max |(I7);] < y/ 2 Gy Gl—l?; 2 < (slogag/G)Y/2.

J€lp]

Now, we show |(III); — TJQ\ = op(1). Under Assumption 3 (4)(5)(6), using Lemma 8 (1)
and (2), a similar argument leads to that with probability at least 1 — C'(log G)~*

log ag Mé 1logag slogag
G 172 7] < s <
I]Ié?;]dZ F Z/G |N e =T o

Therefore, we conclude that with probability at least 1 — C'(log G)~!, one has

R sloga
max]TjZ—Tf\g 849G,
J€Elp] G

Step 4. By invoking Assumption 3 (1), we have for any G, one has 72 = 1/0;; >
J J5J

1/Anax(©) = Amin(E) = minyep,—1 Ep[4 Zg L 2o (figX[,6)%] = ¢1 > 0. This implies
that with probability at least 1 — C'(log G)~!, one has

slogag

1/72 _1/721 <
r,réﬁl/n /T S o

Step 5. We now conclude the proof by deriving a bound for max;ep, H@] — Oj]|2.

(F.38), Assumption 2 and use preceding steps, we have
o A 2
max 105 — 62 = max IC; /75 = Ci/7l2

<maXHv — 7 N12/75 +§naX(H7 N2 + 1197 = A ll2)11/75 — 1/77|

slogag

2 -Op(1)+0p(1)-\/810gaG<\/810gaG

<
~ G - G

with probability at least 1 — C(log G)~!. Similar arguments give max;e(, ||(:)J - 041 S
s 1°gGaG with probability at least 1 — C'(log G)~!. [
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E.5. Proof for Theorem 4.

Proof. Since ||A"||s < 1, one has

~

G ng " G ng "
mas [0 — 0¥ < max 6 ~ @k||2% >N + max [0 ‘G ZZ (X7, - N(x},8%) |
g=1 i=1 =1 i=1

Assumptions 1 and 3 (2) imply maxc(, [[Ok/|2 < C1. Furthermore, using equation (1.6) of
Belloni, Chernozhukov, Chetverikov and Wei (2018) and the fact A’ = A - (1 — A), suppose
that | X, (B — B%)] < 1, it holds that

G ng

‘G Z Z (A, N A,(Xz{gﬂo)) ’ :‘é Z Z (Kig(l - 7\1‘9) - Aig(l - Kig) + Aig(l - Kig) - Aig(l - Aig)))
g=1 i=1 g=1i=1
G ng
SO oo+ 11 = Alloc) max figl| 5 S £ X (5 = 6°)
’ g=1i=1

SO() - |l figXly(B = 8%l
slogag

G
with probability 1 — C(log G)~/2, where A;, = N(X[,B), Aig = A’(ngg) and the second
inequality is due to an application of Cauchy-Schwarz inequality. The condition ]ng (8 —
%] < 1 holds asymptotically with probability 1 — o(1) since

. Mg as(logag)'/?
A 0 G2 gaaG _
me | Xig looll B — 8 S0 = G5 17ms— = o1)

N

with probability 1 — C(log G)~! under Assumption 3 (7)(8) and Theorem 2. Furthermore,

~ slogag
Or — Oll2 <
max 10k — Okll2 <p o
following Theorem 3 and 772 = O(772) = O(1). So
~ log ag
o — ok, < /2 .
max | l2 < %

The bound max¢(,) |6F — 6%, < s log‘ém with probability at least 1 — C(log G)~! can be
established following similar arguments and the fact that maxcp,) [|Ox/l1 < +/sCh. [
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This supplementary appendix includes sections that contain additional theoretical results
used in proving the main results in the previous sections as well as their proofs. Most of these
results follow closely from existing results in the literature under some minor modifications.

We include them for the sake of completeness.

APPENDIX F. ADDITIONAL THEORETICAL RESULTS

F.1. Properties of 7'2

In this Section, we derives some important properties of T , which is based on the work of
Kock (2016), a panel data generalization of the nodewise lasso in van de Geer, Biihlmann,
Ritov and Dezeure (2014). Denote ¥ = Ep 2521 S z?gXing{g' Let ¥_; _; be the
(p—1) x (p — 1) submatrix of ¥ with the j-th column and row removed. ¥; _; represents
the j-th row of ¥ with its j-th element removed and ¥ _; ; is defined analogously. From the

inverse formula of a partitioned matrix, we have

0 = (855 — 555575 85"

—J=J
0= (85 — 555505 ;%5855 = =05, 575 .
Now, by solving (5.20), we have
A G ng 1 G
Vol ) sl S5 e
g=1:1=1 g=1i=1
_E—Jl ¥

Combining with above, we have

637 —j = —@j7j’yj/. (F.36)
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Furthermore, using D7 = X747 + Z7 and Ep[Z7'F2X7] = 0, we have
%;; =Ep|[D? F?DJ|
B [XP F2XI |y + Bp (27 F227) + 2p[ 27 X )
=% X0 5+ +0.

Therefore we have

2 -1
T =% = N2 Y =1/65, (F.37)
Now define
1 —")/11 v _’)/;71
Rt/ At PP

and T? = diag{7?, ...,Tg}, using (F.36) and (F.37), we have

0=T"2C. (F.38)

F.2. Results for Nuisance Parameters Estimation.

The following results generalizes lemmas in Appendix L of Belloni, Chernozhukov, Chetverikov
and Wei (2018) to cluster sampling. Their proofs follow closely those of Lemma L1-L4 of
Belloni, Chernozhukov, Chetverikov and Wei (2018) but we only consider an increasing
finite index set for simplicity.

F.2.1. -1 Penalized M-Estimation with Clustered Data. Consider a data generating process
with an outcome variable Yl]; and p-dimensional covariates XZ]Z, both indexed by k € Ug

for some Ug C [p]. We maintain the cluster sampling setting as before. The parameter of

interest
G ng
ke argmlnEp[ SN Mu(vE XL ). (F.39)
HERP g—=1 i=1
Define the lasso and post-lasso estimators
G nyg N
e argég;n;;M (Yo, XE 1) + el ALCdtE (F.40)
G ng
ik e argmin. ZZM’“ Y;’;,Xlg,,u) (F.41)

peEsupport(fig) g 1i=1
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For each k € Ug, denote the ideal penalty loadings Wy = diag({lro; : j € [p|}), where

Iroj = { Z (ZauJMk , nguk))z}m _ {éi(%)z}w,
1= 1

g:
vzhere ng = Z?:gl O, Mk(Yszngv pF). We also denote the feasible penalty loadings by
Uy, = diag({lx; : j € [p]}) for some I

G

1 N2y 1/2 1 1/2
lkj:{GZ<ZauyMk Zg’Xlkg’“k)) } {GZ }
g=1 =1 =1
where §k =" aung(Y;];,ngaﬁk) Also write Sk = ({S, k~ 1 j € [p]}) and §k - ({Ak

Jj € [p]}) Denote Tj, = support(p¥) and T}, = support(7i¥). We assume A is chosen such
that with high probability,

A
5 2 cmax H\IIO ;a M Y;I;ngmu’ )||007 (F42)

for a fixed constant ¢ > 1. This will be shown to happen under some sufficient conditions
in Section F.2.2. Let L > £ > 1/c be some fixed constants and let

-~ Le+1
= ax |0 \I/
7= T o ol | e
Denote s; = ||1¥]|o and let Ag be a sequence of positive constants converging to zero, let Cg

be a sequence of random variables and w;; = w(Xj4) be some weights such that 0 < w;y <1
almost surely. Finally, let A; be a random subset of R? and ¢4, a random variable depends

possibly on Ajg.

Assumption 8. Suppose that maxyey,. ||1*||o = s and for each k € [p] u ]/\Ik(y, T, 1) 18
convex almost surely and with probability at least 1 — EG for all 6 € RP, it holds that for all
k € Ug,

(1) H% Zngl Z?:gl[aﬂMk()/;g7ng7u )—9, Mk( ig zg?/’L }5’ <CG||\/7Xk d|la for
all 6 € RP;

(2) Wy < Uy < LUp;

(8) for all § € Ay,

G ng G nyg
& 30 SN X+ 8) = & 30 S M X i) = 5 Y S 0uIR(YE, X i+ )5

g=11i=1 g=11i=1 g=1i=1

+2Cc|lwigXlgdla > {llvwigXigola} A {aa, Vo Xlslia}.
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Define the restricted eigenvalue

JWig X! 8
Koz = min _inf Iveig ' HG,
kEuG 5€A20 k HéTk ||2
where Agz = {0 € R? : [|0r¢[l1 < 2¢[|673[[1}. In addition, define minimum and maximum

sparse eigenvalues

Xk/5 Xkld
IVZXigdlie g S k) = max VT IvTiaXigdlic,

. m k pr—
¢m1n( 5 ) 1<|3llo<m ”5”2 1<||6]lo<m ”5H2

Boundedness of minimum and maximum sparse eigenvalues with probability goes to 1 im-
plies that restricted eigenvalue is bounded away from 0 with probability goes to 1. For its
proof, see Lemma 4.1 of Bickel, Ritov and Tsybakov (2009).

Lemma 3. Suppose that Assumption 8 holds with

3G ||

A=Az 5 e R ol < 2E Wi le gy oy

and Ga, > (L+ %)H‘T’koﬂooég +6¢Cq. In addition, suppose that \ satisfies condition F.42
with probability at least 1 — Ag. Then, with probability at least 1 — 2&@, we have

W

1
I Xty = illa <(L+ )1 Proloe gt~ +62Ca,

- s < (2 AV e 00 (4 1)y ool +62C0)

uniform for k € Ug.
Lemma 4. In addition to conditions of Lemma 3, suppose that with probability 1 — Eg, for
some random variable Lg such that for all 6 € RP, it holds that

G nyg
{5 S0 S0 v, X, ) — 90V, X, i1} o] < LallXhola. (F43)

g=11i=1

Then with probability 1 — 35@, we have for all k € Ug,

/S\k < min ¢max(m7 k)L27

meMy

where My, = {m € N : m > 2¢max(m, k) L2} and Ly, = Cl‘fe’col‘lw G{C'G + La}.
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Lemma 5. Suppose that Assumption 8 holds with Ay, = {§ € RP : ||0|lo < 5k + sk} and

G n
1 g i 1/2
qA, > 2maX{<EZZ }/;1;7ng7/’6 ) Mk:(Y;gangau )])+ )

g=11i=1

<v§ skl Tt 02y OuMe (Y, XE 1)l
¢min(§k + Sk)

+ 3CG) } (F.44)

Then with probability at least 1 — &(;,

G ng
1 . 1/2
I Xty i = w)le <{ 5 30 D (M(vih, Xb. ) - Mi(vih, Xb, 1)} |
g=11i=1

N Var t skllE Yoy S8 0uMi (Y, XE, 1)l

+3Cq
¢m1n(3k + Sk)

uniform for k € Ug. In addition, with probability at least 1 — ﬁ@, one has

G ng G Ny b ~
7226 Mk zg?Xz]i]7~k Gzza Mk zgv zgv#k) SLEHﬁk_MkHlH\pkUHOO
g=11i=1 g=1i=1
(F.45)
Therefore, with probability at least 1 — 3(;, we have
- Sk + Sk ~ A8k + sk
I~ s (2 B + L +30)
\/ Pmax(Sk + s) min; 4 wzg G/ Gmin (S + sk)

uniform for k € Uq.

F.2.2. Concentration for Regularized Events. We now provide sufficient conditions for F.42.

Denote [Ug| = p.

Assumption 9. Suppose that the following holds for each G,

(1) maxpey, max;ep, (Ep & 25:1 |S§j HBd=L(1 —~/2p) <GS for j € [p).
(2) C < (Bpg Yo, IS5 )Y < C for all k € Ug for j € [p.

Let
A=dVGPH 1 —~/2pp), (F.46)

where v = v = o(1).
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Lemma 6. Suppose that 9 holds and \ satisfies (F.46) with some ¢ > ¢ and v = g €
[1/G,1/logG]. Then

o0

APPENDIX G. PROOF FOR ADDITIONAL RESULTS
G.1. Proof for Lemma 3.

Proof. Denote 0% = fi* — ;/*. Assume the events of Assumption 8 and (F.42) holds. This
happens with probability at least 1 — 280. By definition of i,
G nyg G ng

~ A= Aa
*ZZMk }/zl;)szw k - *ZZMk n’;szguu ) aﬂ‘l’ﬂkHl - EH\PMknl

g=11i=1 g=1 =1

A~ A~
SLEH\I’I@O(Sk,Tk”l - EaH‘l’ko%Tng-

(G.47)
Furthermore, Assumption 8 (a) and the convexity of M in p as well as condition (F.42)
suggest
G ng G ng
k k /\k k
GZZMk Yig: Xig I _*ZZM’f Yig, Xig 1)
g=11=1 g=1i=1
1 & Al
> 23 SO (v, Xb, uO5 >~ ol CollymgXade. (Ca8)
=1 =1

Combining (G.47) and (G.48) gives

/\EC ALc+1
||‘I’k05k relli < G

1Wko0r7, |11 + Call/wigXE 2okllG (G.49)

Thus

Gece
gl < i, s+ S AT 1 00y arxios o

Consider the case that § ¢ Aszy, then since ¢ > 1,

G| ¥y

ol
il < SR Call @ X o

10k,
Also from above,

1 GClI‘I’ Hoo
19k 7¢ll = S0kl + =5 =7 Ca | \/Wig X 0k ll
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and thus

2G c||¥ 1 |0
19,7l = =~ |€ o Callv/wigXfy okl

Adding them up, one has

3G c||\I!
By

Now suppose that § € Agz, the definition of Koz gives

16l < ”‘”c X oo = L.

oy < VSl o < Ll XEl = T
So by combining two cases, we have
ok, M1 < Ip 4 1. (G.50)

Recall that

3G c 0o
Ak:{aew o1, < 20 Wl 5ua}

By invoking Assumption 8 (3), we have

{IIV/@ig Xig0xllE} A A{da,llv/wigXigoxlla})

G ng G ng 1Gng

ZZMIC ig° zghu +5k ZZMk ig? zga/‘L ZZaMk sz];’Xgaﬂ +6k)]5

glzl glzl g:“:l

+ 206 g X e
S(L + E)EH\T’ko%Tk\h +3Cq || Wig X bkl
<(L+1)3\|@ oo (I 4+ ITi) + 3Cc || \/wig X /6|
> NE kO|loo\Lk k G igig k|G

IRV W
g{(L+E)||\pko||mG72~+600G}\|.ﬁwigxfg’5k||g.

The definition of A implies that the minimum on the left-hand side must be achieved by

the quadratic term and thus

v X < { (£+ 1) 1Bl g +62Cc ).

Finally,

L+20V5 3G |V Hooc>
Koz A le—1 ¢

uniform for k € Ug. (]

16kl < (14 21T + I < ((
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G.2. Proof for Lemma 4.

Proof. Let SE = % Zg D (YZ];, ng, p*). Assume the events of Assumption 8, con-

ditions (F.42) and (F.43) holds. This happens with probability at least 1 — 3Ag.
By definition of fi*, for all j € fk,
G ng )\
k k ~k
‘ ZZON]M]‘C Y;,g7X7,g7 ) 5

glzl

Therefore, using Assumption 8 (1),(2), and inequalities (F.42),(F.43),

G ng

1 —~
*\/E_ H \Ij ! Zza Mk KZ?szngk))kaQ
g 1i=1
G ng
<[(U'SE) 7 ll2 + [1(® 1{ Zza Mi(YE, XE, 1%) = SED7 |12
g 1i=1
1 & &
+ (T, 22{5 M (Y, XJ 1) — 0, M (Y, XE, 1)} Il2
g 11:=1
<V ko ool SE oo + 105 1ocCa sup  [l/wigX L6l
ll6ll2=1,lI5]lo <3k
+ ||\I’]z1|| ZZ a Mk zga zgaﬂk) - a,U«Mk(}/zgangaM )] o
l16]l2= 1H<5||0<8k g=1i=1
er—i— ” ”OO{C + Lg} sup HX]’”(SHG

I8ll=1,l6ll0<5%
Note that supjsj,1,s,<s, [ Xfy0llc = Pmax(Sk, k),
/S\k < quax(gk)L%

The rest follows from the sublinearity of maximum sparse eigenvalue and minimizing over

M e M. | |

G.3. Proof for Lemma 5.
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Proof. First, note that by definition of i* and 7i*

G ng G ng

59 SURIAEENIES 9 SERTAC RN
g=11=1 g=11i=1
G ng G ng
S0 B WRITERIBRS ) EAIAT RN
g 14=1 g=11i=1

A ~
<L — i Bholle

with probability at least 1 — Ag.

To show the first claim, let us suppose the events of Assumption 8 holds with prob-
ability 1 — Ag. Denote 0y = pf — p* and SE = ng DN (YszngvN ) and
tr = || /wigXikg’cSkHGu Assumption 8 (3) gives

G ng G ng
k k ~k k
tr AMaagtr} <5 ZZMk Y XE i) ZZ R (Yie, XE k)

g 1i=1 g=1 i=1

G ng

223 My (YE XE )6, + 2Caty,

g 1i=1
G ng G ng
ZZMk }/zl_;)szg7~k - = ZM]C ig» zgvuk)
g 1i=1 g 1i=1

+ 115G llo 1811 + 3Cat

G ng 1 G ng /\
<SS X ) - L3S W X )
g=11i=1 g=11i=1

G
= Sk -
+< V5r + sil|SEl 4 3Ce )

\/¢min(§k + Sk, k)

where the last inequality follows from

— VS, + s
18kl < /3 + sklldk]l2 < L e SO TN 13
\/ Omin (3k + sk, k)

We then consider two cases. First, suppose ti > qa,tk, by definition of ga,

G ng G ng

_ qA - 12 qa,
QAktk = k{ ZZMk Y;];?szg7/”'k ZZ Y’z’;angnu’ )}+ + Tktky
g=1i=1 g=1 i=1
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~ 1/2
and thus ¢, < {} Eg D (YZ'];,ng,uk) 5 pul 12 (Y/;,ng, k) +/. Now

suppose tz < qa,tk, then

G ng G ng — k
Eoxk k) k VSk + 5k[1SG oo
{ ZZMk Y;,gszgv 7*ZZM1€ ngangv.u )}+(\/ — = 2 +3CG)tk
g=1i=1 g=11i=1 ¢m1n(3k + Sk, )

Since for any positive numbers a, b, ¢, a2 < b + ac implies a < v/b + ¢, one has

& ¢ & Y2 o /5 F sillSE|
{ Mk. (Y, XE k) - Mk (Y, XE )} +( b Sk12G oo +3CG>.

G.4. Proof for Lemma 9.

Proof. By Assumption 9, we have for {g = ¢’ /¢, ¢’ a constant depends only on C, C,

G'/S(Epk 29021 |SE)2 ) (Epd Zngl | Sh|3)1/3
la

0<d 11 —~/2p) < -1

for all £ € Ug. Applying inequalty for self-normalized sums (Lemma 5 in Belloni, Cher-
nozhukov, Chen and Hansen (2012)), we have

Pp((/\; >cmax||\11 ! Zskﬂoo)

VGLY O st
>Pp <<I> (1 —v/2pp) > max max VEG 241 5

keUq jelp| /é Zle(sgj)Q

>1—v—o().

Corollary 3. Given the Assumptions of Lemma 7. Denote M = Epé Ef];:l[F]l/Z. Suppose

there exist constants a > n and v > 1 such that

10gsgpN(€||F||Q,2»f, I llg2) < vlog(a/e), 0 < e<1.
Then with probability > 1 — C(logn)~!, one has

-], S (20 + 2 ().

Proof. Tt follows immediately from Lemma 7 and the Proof of Lemma 2.2 of Chernozhukov,
Chetverikov and Kato (2014). [
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APPENDIX H. TECHNICAL LEMMAS

For completeness, we collect some of the technical results used in our proofs in this
Section. They are either direct restated from other papers or their straightforward modifi-

cations.

H.1. A Maximal Inequality. In this section we present a slight modification of Theorem
5.2 in Chernozhukov, Chetverikov and Kato (2014). The main difference is that we assume
independence instead of i.i.d. of data. Let F be a pointwise measurable class of measurable
functions § — R with measurable envelope F. For all 0 < § < oo, define the integrated
Koltchinskii-Pollard entropy of F as

1
J(F,F,9) ::/0 Sgp\/IOgQN(f,LQ(Q),EHFHLQ(Q))CZE

where the supremum is taken over all discrete probabilities with a finite number of atoms

and rational weights.

Lemma 7.

Given X1,..., X, independent S-valued random wvariables. Suppose 0 < Epé 25:1 F? <

2

oo, and let 0 > 0 be any positive constant such that Supfe]_—Epé Zngl f2 < o? <

Epd S0 F2 Let 6 = 0/(Epg Yo F2)Y/2. Define B = \/E[maxi<i<n F2(X;)]. Then

BJ2(5, F,F) }

E[H\/lﬁ iz:;(f(Xi) —5f)| | <c{ueF F)(Epéipz)l/z + et

where C' > 0 is a universal constant.

Proof. The proof follows almost exactly the same steps as in Chernozhukov, Chetverikov

and Kato (2014). We provide the proof for completeness.

In this proof, denote C' as a universal constant that the value may change from place
to place. We assume F' is positive everywhere without loss of generality and abbreviate
J(F,F,8) as J(6). Let 02 = supscr Enf?. Given any i.i.d. Rademacher random variables
€1,...,&n independent of X7y, ..., X, the symmetrization inequality (Theorem 3.1.21 in Giné
and Nickl (2016)) implies

o)

E[Hjﬁ éf(&-) -Ef)| ] < E[H;ﬁ gszﬂm
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Using Remark 3.5.2 in Giné and Nickl (2016),

B[ Sasox
i=1

| <e [ itioeNE D nae

on/I1F | Py 2
<ClFlp,2 | VI H0g N(F. |- 5, 2.¢l|F 7, 2)de
0
< ClIF|lp, 27 (on/IF |7, 2).

Hence by Lemma 3.5.3 part (c) of Giné and Nickl (2016) and applying Jensen’s inequality,

:E[\\;ﬁggif<x

Now we bound E[¢2] by the contraction principle (Corollary 3.2.2 of Giné and Nickl (2016))
and the Cauchy-Schwarz inequality,

< EP—ZFQ )\/2J(F, F,{Elo /EP—ZF2}1/2

E[0?] < 0% + SE[ max F'(X

1<i<n

-

SU“SJEL%FQX] [Hfiszf

il

Further by Hoffmann-Jgrgensen inequality (Theorem A.1 in Chernozhukov, Chetverikov
and Kato (2014)),

ol Semall) < ef o 2o}

Hence we obtain

G

VE[o2 Z )W2J(AVVDZ),

where A? := max{o?, B?/n}/Ep Zle F? > 6% and D := B/(y/nEpg 25:1 F?). There-
fore, applying Lemma A.2 (ii) of Chernozhukov, Chetverikov and Kato (2014), we have

G
1 2\1/2
Z < C(EPEE FH'21(AvVDZ).

g=1

The rest follows exactly the same analysis of two cases as in Chernozhukov, Chetverikov
and Kato (2014)) with only difference being (Ep% Zgzl F2)Y/2 in place of their ||[F||p2. m
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H.2. Additional Technical Lemmas.
The following is a restate of Lemma K.1 in Belloni, Chernozhukov, Fernandez-Val and
Hansen (2017).

Lemma 8.

Let F denote a class of measurable functions f : W — R with a measurable envelope F'.
(1) Let F be a VC subgraph class with a finite VC index k or any other class whose entropy
is bounded above by that of such a VC subgraph class, then the uniform entropy numbers of
F obey

Sup log N(el|Fllgz2, F, Il - l@2) S 1+ klog(1/e) VO
(2) For any measurable classes of functions F and F' mapping W to R,

log N(e||[F' + F'llg2. F + F, || lg.2)

<log N (5l|Fllqz2, F. |l - llg2) +1og N (51F |2 F' Il - l@2) »
log N(e|F - F'l| g2, F - F', I - lg.2)

<log N (5l|Fllg2, F. |l - llg2) +1og N (51F Iz F's [l - l@2) »
N(e|FV Fllg2 FUF. |- llg2)

< N (e Fllgz, Fi 1l - llg2) + N (e F'llgz2, F's 1 - llgz2) -

(8) For any measurable class of functions F and a fized function f mapping W to R,

Q.2)

logsgpN(ﬁ\Hf\ Flloa f-Fill - llo2) < IOgSgPN(ﬁ/ﬂIFHQzJ‘", -

(4) Given measurable classes F; and envelopes F;, j = 1,...,k, mapping VW to R, a mapping
¢: R¥ — R such that for f;, g; € Fj, the following Lipschitz condition holds: |¢(f1,. .., fr)—
d(g1,---,98)| < Z§:1 Li(x)|fj(x) — gj(x)| for Lij(x) > 0, and some fized functions f; € F;,
the class of functions L= {¢(f1,..., fx) — ¢(f1,---, fu): f; € Fj, i =1,...,k} satisfies

logsup NV H L;F; H
Bsup Z Aoy X
k
Z OgSUPN IFllz2: Fi Il - lg2) -

The following generalizes Lemma 9 of Belloni, Chernozhukov and Wei (2016) to allow for
cluster sampling. The proof follows closely to the orginal. Denote M = é Z?:l Z?i 1 fngl-gX i -
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Lemma 9 (Minoration Lemma).
Suppose that for each G, L(f) = —& Zg D 1 {YigXi,B — log(1 + exp(X;,0))}. For any
de ACRP,

L(B° +6) — L(B°) — VL(B%)'s > 2 Gan(s A —qA\/é’

Proof. The proof is divided into two steps.
Step 1. (Minoration) Write F(6) = L(° +6) — L(B") — VL(B")'5. Define

r4 =:Ssup {r eER:F(5) > %5’M(5 for all 6 € A, Vd'Mé < r}

So for any § € A, if vVO'ME§ < r4, then by construction of r 4,

F(6) > 3(;5 M.

Otherwise if V0’M¢§ > 74, by convexity of ¢ — F(t0) and the fact that

rA
Vo' MS < 1’

6’M5F( T4 5)

F(§) >
0) 2 rA Vo' Mo

Now, let § = —£4—§, then V&' M6 < r4 and thus

V&' M§S
VO Mo VOI'MS 1,
F Vo' M
TA (0 ) A 3GTA - 3GQA

where the last inequality follows from 74 > g4 that is shown in the next step. Combining

F(5) >

these two cases, we have

F(5) > ﬁé’M(S A —qAx/éf

Step 2. We now prove 74 > Ga. Define fi4(t) = log{1 + exp(X{gBO)}, then

G ng

ZZ fzg f%g ) fz/g(o)]

glzl

By Lemma 7 and 8 of Belloni, Chernozhukov and Wei (2016), we have

, K0P 0P
1) = £(0) =1+ £50) = S {57 - ==}

Summing over ¢, we have

g

11 2 & x! 3
S DI LD D) DI

g=11i=1 g=11i=1
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Now, for any é € A such that /¢’ M§ < Ga, the definition of G4 gives

&5 M&)3/2
VO'M < ga < 5 G( ng) T v 513
G Zg:l Zi:l fzg|ng5|

This implies & Yo, 0y f21X[013 < &35 S0 £2|X.,60? and thus

11 G ng G ng G ng
/ 2 3 2 /
FEED 9 S TIHINEES 3) SYARRIEEES 3p Sy AL X GueEOT
g=11=1 g=11i=1 g=11i=1
The definition of r4 then suggests r4 > Ga. []

(Harold D. Chiang) DEPARTMENT OF ECONOMICS, VANDERBILT UNIVERSITY, UNITED STATES



