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ABSTRACT

Information provision is a significant component of business-to-business interaction.
Furthermore, the provision of information is often conducted bilaterally. This precludes
the possibility of commitment to a grand information structure if there are multiple
receivers. Consequently, in a strategic situation, each receiver needs to reason about
what information other receivers get. Since the information provider does not know
this reasoning process, a motivation for a robustness requirement arises: the provider
seeks an information structure that performs well no matter how the receivers actually
reason. In this paper, I provide a general method to study how to optimally provide
information under these constraints. The main result is a representation theorem,
which relies in particular on novel bounds on the correlation among receivers’ beliefs.
I illustrate the main result by solving for the optimal provision of information in a
stylized model of contract research organizations, which are an integral part of the
pharmaceutical industry.
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1 INTRODUCTION

Information provision and bilateral contracting are ubiquitous in today’s economy. For
example, contract research organizations (CROs) provide information to downstream firms
(called sponsors), which are typically pharmaceutical or biotechnology companies. CROs do
so mainly by conducting clinical trials, but also by utilizing their internal healthcare data
in combination with data science. By providing this information, CROs are an integral part
of the pharmaceutical and biotechnology industry. The global CRO market was valued at
almost $35 billion in 2018 and is projected to reach about $55 billion in 2025. (Grand View
Research, 2019)

Sponsors, such as pharmaceutical companies, engage with CROs to outsource part of the
drug development. If an agreement is reached, the contract specifies which trials the CRO
will conduct for the given sponsor, but not which trials are performed for other sponsors.
This is a typical example of bilateral contracting: the contract is contingent only on events
that can be verified by both of the involved parties. The largest CROs generate most of
the revenue of the industry, so it is common for sponsors of the same CRO to be direct
competitors. For example, Pfizer and Novartis, are clients of the same CRO, even as they
seek to develop similar products. (Ibid.)

Leaving aside details of specific industries, three considerations are crucial for any infor-
mation provision organization determining what information to provide to clients. First, the
provider effectively commits to deliver specific information to a given client in a contract. For
example, a contract will specify exactly which medical tests will be conducted. Second, the
bilateral nature of contracting excludes commitment to a grand information structure shared
with all clients. That is, a contract will only state which tests will be conducted for a spe-
cific sponsor and will not state which tests will be performed for other sponsors.! Third, the
receivers’ use of the information is determined within an interactive setting. Therefore, a re-
ceiver faces strategic uncertainty and needs to reason about what information other receivers
get. Crucially, the details of this reasoning process are usually unknown to the information

provider. For example, the decision for one sponsor to conduct further research on a drug

!Contracts do not specify such details for several reasons. First, CROs have reputational concerns. If
CROs disclose which trials they were conducting for a sponsor’s competitor, the CRO might reveal the com-
petitor’s private information, undermining the CRO’s relationship with the competitor. Second, a contract
that is contingent on every trial conducted for every sponsor is complex and lacks enforceability. These
reasons are broadly applicable and do not only affect CROs. In particular, the second point was raised by
McAfee and Schwartz (1994) regarding any supplier that deals with multiple downstream firms.
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depends on whether the sponsor believes its competitors are also developing a competing
drug and, if so, what information the sponsor believes its competitors are receiving.

In this paper, I provide a general, yet tractable, method for examining how an information
provider determines which information to supply bilaterally to multiple receivers, taking
into consideration each of the three aspects outlines above. In particular, motivated by the
severity of strategic uncertainty, I take an adversarial approach which ensures robustness to
details of receivers’ strategic reasoning and is tractable. That is, the information provided
to one receiver is required to be optimal for the designer no matter how that receiver thinks
about the information other receivers may get. The adversarial approach adopted here
ensures that the supplied information is optimal even if nature “chooses” the receiver’s
reasoning that is least advantageous to the provider.

The contributions of this paper are threefold. The first two are general methodological
contributions, but they provide the key tools for the analysis of bilateral information design,
which is the third contribution. I will now discuss each contribution in more detail.

First, I formalize the issue of robustness to the receivers’ reasoning. From a CRO’s point
of view, I provide a precise answer to the following question: given that a pharmaceutical
sponsor gets some information about their drug, how does the pharmaceutical sponsor de-
cide whether to bring the drug to the market or, for example, drop the project altogether?
As noted above, sponsors face strategic uncertainty because they do not know what infor-
mation their competitors have access to. This section’s primary contribution is to provide
a solution concept that captures this kind of uncertainty. The key insight is that the rea-
soning about the competitors’ information can be sidestepped: to form a best-reply the
competitors’ information is not relevant, but only the beliefs about the state of nature and
the competitor’s action matter. For this, a characterization of “rational” competitor’s action
for any information structure is needed: all belief-free rationalizable actions. Furthermore, I
demonstrate that this solution concept depends only upon players’ first-order beliefs about
the payoff state. For a CRO, this means that the solution concept depends only on the
information a sponsor receives about their own drug, but not on how a sponsor thinks about
the information its competitors have.

Second, I contribute to the foundations of information design with multiple receivers.
Mathevet et al. (forthcoming, p.2) describe information design as “an exercise in belief
manipulation;” therefore, it is crucial to characterize which beliefs can be induced by a

designer. If there is only one receiver, it is well known that there is only one restriction on



the distribution of beliefs about the state of nature. The average belief under this distribution
is equal to the prior—a requirement deemed Bayes plausibility by Kamenica and Gentzkow
(2011). This paper extends this characterization to multiple receivers. In particular, I
explicitly characterize bounds on the dependence of beliefs if there are two receivers. These
bounds are reminiscent of, but usually tighter than, the Fréchet-Hoeffding bounds known
from copulas in probability theory and statistics.? Furthermore, these bounds are novel not
only for information-design and the economics literature more generally, but—to the best of
my knowledge—to probability theory as well.

Third, I combine the two preceding contributions to study the problem of adversarial
bilateral information design. Here, the main result is a representation theorem that signifi-
cantly simplifies the problem of finding the optimal information structure for the environment
under consideration. Just as the optimal information for a single receiver is easy to charac-
terize if the designer’s utility function is either concave or convex, the representation theorem
provided in this paper shows that, with multiple receivers, submodular and supermodular
utility functions play a special role.® I illustrate this in a stylized version of the problem
faced by a CRO.

The remainder of the paper is organized as follows: the next subsections elaborate on
related literature and provide the setting for the stylized model of a CRO, which will be used
as a running example throughout the paper. Section 2 develops the solution concept.? Sec-
tion 3 characterizes the possible distributions of beliefs and discusses the belief-dependence
bounds. The main representation theorem is stated in Section 4. In Section 5, I discuss some
extensions and highlight issues related to interpretations of the model. Section 6 concludes.

All proofs are in the appendices.

1.1 RELATED LITERATURE

This paper is related to several strands of the literature: a solution concept capturing a
notion of robustness, general information design, and adversarial and bilateral design. In

this section, I discuss these three strands in detail.

2A standard reference for copulas including the Fréchet-Hoeffding bounds is Nelsen (2006).

3Convexity and concavity are still relevant in the case of multiple receivers, but the modularity of the
utility function highlights a different channel. It is directly related to the supermodular stochastic ordering.
See Meyer and Strulovici (2015).

4A foundation of the solution concept is given in Appendix A.
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1.1.1  Robust Solution Concepts

Harsanyi’s (1968) theory of games with incomplete information is partially motivated by the
possibility that players’ information structures may not be common knowledge. The solu-
tion concept I develop in this paper is directly inspired by the literature on informational
robustness which later formalized Harsanyi’s insights about robustness. Early pioneers in
this area include Aumann (1987), Brandenburger and Dekel (1987), and Forges (1993, 2006).
Bergemann and Morris (2013, 2016) recently exploited the full power of informational ro-
bustness to provide robust predictions in economic environments with uncertainty. Within
this subset of the literature, my work is closest to that of Bergemann and Morris (2017). My
Proposition 4 is directly inspired by their Section 4.5, though the actual solution concept
used in this paper is different in nature. Their paper is concerned with robustness over all
information structures from the perspective of an outside observer,® while this paper instead
focuses on the notion of robustness from a player’s perspective. This allows sharper predic-
tions because a player considers parts of the information structure that an outside observer
does not know. In this vein, a solution concept similar to mine is used by Borgers and Li
(2019) to define strategic simplicity. Like the solution concept in this paper, Borgers and Li’s
solution concept depends only on first-order beliefs. However, these authors do not assume
common belief in rationality and also do not provide a foundation for their solution concept.

Other papers dealing with related ideas about robustness include Battigalli and Sinis-
calchi (2003), Dekel et al. (2007), Liu (2015), Tang (2015), and Germano and Zuazo-Garin
(2017). As discussed in Subsection 5.3, my solution concept can be given an epistemic foun-
dation by simply modifying the arguments introduced by Battigalli and Siniscalchi (2007)
and developed further in Battigalli et al. (2011). In each of these papers players have sym-
metric knowledge about the information structure. Either the full information structure is
commonly known, or no (common) knowledge about the information structure is assumed
at all. In my case, there is no assumption about common knowledge of the information

structure, but each player knows her own information structure.

5Some of these ideas are fruitfully applied to the theory of robust mechanism design as initiated by
Bergemann and Morris (2005, 2009, 2011). Relatedly, Artemov et al. (2013) study robust mechanism design
when the designer knows the (set of) first-order beliefs. In contrast to my appraoch, the first-order beliefs
are common knowledge among the players in their setting.



1.1.2  Information Design

The literature on information design originated from contributions of Calzolari and Pavan
(2006), Bergemann and Pesendorfer (2007), Brocas and Carrillo (2007), and Es6 and Szentes
(2007). Since then the literature has grown rapdily. The interested reader is referred to two
recent reviews by Bergemann and Morris (2019) and Kamenica (2019). I highlight papers
here that are more closely related to this one, which provide general methods to analyze
information design as this paper does. The seminal paper pertaining to a single receiver
is Kamenica and Gentzkow (2011) which illustrates the usefulness of the concavification
approach for information design. Regarding multiple receivers, Taneva (2019) uses a Myer-
sonian approach, exploiting a version of the revelation principle, which can be interpreted
as a akin to partial implementation known from mechanism design.

The closest work on information design is the upcoming article by Mathevet et al. (forth-
coming). Like Taneva (2019), Mathevet et al. consider information design in cases when
the designer has the power to commit to the provision of a grand information structure.
However, for a given grand information structure, they allow for the case of adversarial equi-
librium selection. Thus, their approach is reminiscent of full implementation in mechanism
design. They show that attaining robustness to equilibrium selection requires constructing
the full hierarchy of beliefs for each receiver.® My approach is complementary to theirs. In
my setting, strategic uncertainty arises from the bilateral contracting environment which
excludes commitment to a grand information structure. Therefore, in my case the designer
is not only concerned about equilibrium selection, but also about strategic uncertainty. My
proposed solution concept reflects this more general robustness concern. In addition, I show
that my robust solution concept depends only on induced first-order beliefs. Therefore, it is
not necessary to induce a full hierarchy of beliefs, but it suffices to look at first-order beliefs
only. Thus, the approach I propose is closer in spirit to Kamenica and Gentzkow (2011):
since they consider a single receiver, by definition only first-order beliefs matter. However, in
the present paper there are multiple receivers and therefore a new characterization in terms

of distributions of first-order beliefs is needed. This is the main result of Section 3.

6Similar to the full implementation literature the revelation does not apply in Mathevet et al.’s (forth-
coming) setting either.
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1.1.3 Adversarial and Bilateral Design

A few recent studies employ an adversarial approach to information design:” Carroll (2016),
Goldstein and Huang (2016), Inostroza and Pavan (2018), and Hoshino (2019).5 All apply
the adversarial selection for a solution concept that relies on a grand information structure.
In this paper the adversarial selection is more severe because of the additional robustness
coming from the bilateral contracting environment. Bilateral information design with or
without adversarial robustness is, to the best of my knowledge, new to this paper.

In a recent review, Carroll (2019) discusses adversarial selection aspects in mechanism
design. Bilateral contracting has a long history in economics and has been studied exten-
sively in industrial organization.” The relevant paper from this body of literature is Dequiedt
and Martimort (2015). Dequiedt and Martimort examine bilateral mechanism design when
the designer cannot commit to a grand mechanism. My paper shares the motivation for
analyzing a setting with limited commitment with Dequiedt and Martimort. They overcome
the limited commitment by imposing appropriate ex-post incentive constraints on side of
the principal. In equilibrium, these ex-post constraints determine all beliefs of the agents
including how they think about other agents’ contracts. My approach resolves the limited-
commitment issue in a different way. In my model, the designer does not assume that all
beliefs are in equilibrium and therefore needs consider the reasoning of the receivers. By tak-
ing an adversarial approach, the designer circumvents these issues and seeks an information

structure that is robust to the reasoning of the receivers.’

1.2 LeADING EXAMPLE: A STYLIZED CRO MoDEL!

Consider a situation where a CRO conducts medical trials for two pharmaceutical companies
called Pfizr (P) and Novarty (N).' Both work on developing similar breast cancer drugs.
For simplicity, suppose that each drug could be either effective, or ineffective, and one
drug is effective if and only if the other drug is effective. Thus, there are two states of

nature, i.e. © = {0, 1} representing an ineffective drug and an effective drug, respectively.

"That is, in addition to Mathevet et al. (forthcoming) as mentioned above.

81 thank Nageeb Ali for making me aware of Hoshino’s paper.

9The interested reader is referred to two handbook chapters: Bresnahan and Levin (2012) and Segal and
Whinston (2012).

10Tn this sense, the literature on mechanism design without or with limited commitment is also related.

HFor readers familiar with information design, this section can be skipped. However, in the main analysis
I will refer back to this example to illustrate some of the results.

12These companies and names are purely fictional.



Furthermore, there are two possible actions the pharmaceutical companies can take: either
conduct further research (R), or drop the project (D). Profits (i.e. payoffs) are such that,
if firms knew the effectiveness of the drug, they would like to conduct research if and only
if the drug is actually effective. However, if a pharmaceutical company decides to conduct
further research, its payoff will be lower if the competitor also conducts further research.
The reduction in payoffs could be caused by lower expected profits in the future, because
the competitor’s drug is likely to be on the market. The following payoff tables represent

such a situation.

Novarty Novarty
R D R D
Phiar 2 0 1 0
Do 0 0 |0
0 = 1 (effective) 0 = 0 (ineffective)

For any belief (about the state of nature) that puts probability greater than 2/3 on the
state in which the drug is effective (§ = 1),'® R is the dominant action. Similarly, for
any belief less than 1/3, the dominant action becomes D. For intermediate beliefs about 6,
the best action depends beliefs about competitors’ actions. Formal analysis in this paper
shows that these predictions are exactly those which are robust to the reasoning about the
information of the competitor. For example, if Pfizr assigns probability close to one to
6 = 1, then it does not matter what information Novarty gets and Pfizr should conduct
further research. However, if the probability of # = 1 is 1/2, Novarty’s information matters.
To see this, consider the Novarty medical trials, conducted by a CRO, that reveal with high
probability that the drug is ineffective. In such a case, Novarty will drop the project with
high probability too. This implies that Pfizr should conduct more research (given their belief
about #). On the other hand, if the medical trials for Novarty are such that there is a high
likelihood of revealing that the drug is effective, then Novarty is likely conducting research
and Pfizr should drop the project (again given their belief about #). Thus, Pfizrs beliefs
about Novartys information matter. Therefore, if robustness is a concern, the CRO should
take both actions, R and D, into account.

By providing information to the pharmaceutical companies, the CRO can effectively influ-

ence the actions taken by the pharmaceutical companies. For example, a natural assumption

13Henceforth, I will always associate belief with the probability of the state being 6 = 1.
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is that the CRO prefers further research rather than dropping the project, because of the
likelihood that further research will include subsequent trials for the CRO to conduct. The
goal of this paper is to provide a tractable method for solving for the optimal provision of
information in such settings. In the remainder of this subsection, I highlight some specific
information structures that are part of the CRO’s choice set.

Suppose that both pharmaceutical companies have a prior belief that assigns probability
/3 to the drugs being effective. A trivial choice of the CRO would be to provide no infor-
mation. In this case and similar to the explanation above, {R, D} is the robust prediction
for both receivers. Thus, under adversarial selection, the CRO expects both companies to
drop the project, which would be the worst possible outcome from the CRO’s perspective.
Another possibility would be for the CRO to provide full information to each pharmaceutical
company. In this case, each company will conduct further research if and only if their drug
is effective. Overall, there will be further research (by both firms) with probability equal
to the prior, i.e. slightly above 33%. However, the CRO could increase the probability of
further research by providing information that does not fully reveal the effectiveness of the
drugs.

For illustrative purposes, consider first a case where the CRO can actually commit to a
grand information structure and therefore does not have to worry about what conjectures the
receivers form about their competitor.!* This problem can be analyzed with tools provided
by Bergemann and Morris (2016) and Taneva (2019) and the solution provides an upper

t.15  Consider

bound for the CRO under the bilateral-contracting assumptions of interes
the following information structure, where both companies get one of two possible reports:
either the trial reveals that the drug is ineffective (bad news, b) or the trial suggests the
drug is effective but without fully proving the drugs efficacy (good news, g). The reports
are generated according to the distribution shown in Table 1.1¢

For example, when getting the good news, Pfizr will update its belief to get a posterior

of 1/2, but since the designer committed to the grand information structure Pfizr knows

even more: Novarty will get bad news with probability 1/3, which is higher than the ex-

MWith commitment to a grand information structure, Pfizr would exactly know what information Novarty
gets. That is, not the exact realization (i.e. the result of the trial), but the information structure overall
(i.e. which trials will be conducted).

15 Applying the more robust method akin to full implementation of Mathevet et al. (forthcoming) yields
the same result for this example.

16The information structure in Table 1 is optimal for a designer with symmetric, increasing, and submod-
ular preferences, i.e. v(R,D) =v(D,R), v(R,-) > v(D,"), and v(R, R) + v(D, D) < v(D, R) + v(R, D).



Table 1: Optimal Information with Full Commitment.

Report for Novarty

0=1 =0

b g b g

b 0 0 0 1

Report for Pfizr g 0 1 s 0

ante probability of bad news, equal to 1/6. Furthermore, Pfizr also knows how the state
describing the effectiveness of the drugs correlates with the Novarty reports. This reasoning
about Novarty’s reports is crucial because under these assumptions, a unique Bayes-Nash
equilibrium exists,'” where the receivers conduct further research if and only if they receive
good news. Thus, with full commitment to a grand information structure the designer can
ensure that at least one company will conduct further research with certainty, while both
will conduct research with probability equal to the prior belief of 1/3.

However, the CRO cannot actually commit to the grand information structure. Due to
the bilateral-contracting assumption, the CRO can only commit to the marginal distributions
and the receivers have to reason about the competitors’ information. For example, if the CRO
adopts the above information structure, Pfizr could nevertheless conjecture that Novarty does
not obtain any useful information from the CRO. For the information structure based on
this conjecture, a Bayes-Nash equilibrium exists wherein Pfizr will drop the project given
either report.'® Novarty could reason similarly. If the CRO is concerned about adversarial
selection, then the CRO’s worst-case scenario results in both pharmaceutical companies
dropping the project. The question then becomes, is there a way to get these companies to
conduct further research given that only bilateral contracting is possible and the designer is
concerned about adversarial selection?!?

A positive answer is provided by the robust information structure described in Table 2.2°
This information structure reduces the overall probability of the good report from 2/3 to

/5. Now, after receiving the good report the posterior is 2/3, which makes R a dominant

1"The equilibrium action profile is also the unique interim-correlated rationalizable profile.

18Tn this conjectured equilibrium, Novarty would conduct research, but this does not matter for the rest
of the analysis.

19The arguments in this paragraph relate to a foundation I give in Appendix A for the solution concept
developed in Section 2.

20 As before, this information structure is optimal for the same preferences as stated in Footnote 16.
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Table 2: Optimal Information for Adversarial Bilateral design.

Report for Novarty

0=1 =0

b g b g

b 0 0 L 1/4

Report for Pfizr g 0 1 i 0

action. Thus, each report now has a unique dominant action?' and the conjecture about the
competitor’s information no longer plays a role. The optimal information structure exactly
balances the trade-off between inducing posteriors that are robust to receivers’ conjecture
about the information of their competitor and making further research as likely as possible.
However, to achieve this, the proposed robust information structure reduces the probability
of at least one receiver conducting further research to 2/3.22 Therefore, the CRO suffers a
loss of about 33 percent that at least one company will conduct further research relative to
the optimal full commitment information structure. This is the loss due to the constraints

of bilateral contracting.

2 A RoBUST SOLUTION CONCEPT

This section develops a solution concept that delivers predictions that are robust in the sense
that they depend on what information the player receives about the economic fundamental,
but do not depend on how the player reasons about information other players might receive.
I refer to these predictions as individual robust predictions and the corresponding solution
concept is developed in two stages. The first stage builds on the concept of belief-free
rationalizability (see Battigalli et al., 2011).3 This version of rationalizability is robust to
any information any player might get. Thus, this stage corresponds to robustness across
information structure from an outside observer. For the purposes of this paper, this solution

concept is too extreme since it does not take into account any information that a player gets

21'With the exact posterior of 2/3 both actions are still undominated. Therefore, the induced posterior
should be 2/3 + ¢ for some small € > 0. This example ignores this tie-breaking issue here. The full theory
presented below does account for this.

22Even with this robust information structure both receivers will conduct further research with probability
of 1/3.

Z3Battigalli (2003) and Battigalli and Siniscalchi (2003) introduce a more general class of versions of
rationalizability. One instance corresponds to belief-free rationalizability.
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about the state of nature, which describes, for example, the effectiveness of a drug. The
second stage of the solution concept adds exactly this information, therefore refining belief-
free rationalizability. I argue that this new solution concept reflects the robust prediction
given that a player knows his/her information about the state of nature.

There are two players i € N := {1,2}, who will be also called receivers.?* Each player
has a finite set of actions A4; and as usual A = A; x A, denotes the set of action profiles.?
Uncertainty is modeled via a finite set of states of nature denoted by ©. Each agent’s
preferences are represented by a utility function u; : A x © — R. All these components form

an economic environment € = (0, (A;, u;),cx),>° which is assumed to be common knowledge.

Example 1. The economic environment for the CRO example is succinctly described by

the two payoff tables specified in Subsection 1.2. O

The economic environment does not specify any information the players might have.
Most solution concepts need a specification of the information structure. However, Battigalli
et al. (2011) provide a solution concept—-belief-free rationalizability—that depends only on
the economic environment, capturing the exact behavioral implications of (correct) common
belief in rationality.?” This concept is defined inductively as follows: for i € N, let BFRY :=
A; and for any k € N inductively define,?

.B}W.RiC =40a; € Al : El,uz c A(@ X A_z) s.t.
(1)supp p; € © x BFRF!, (1)

(2) a; € arg max Z 11 (0, a_i)ui(aj, a_;, 0)
a;EAi 0,a_;

24This section is concerned only with the predictions of receivers’ actions for the given information struc-
ture. The sender/designer does not play a role and will be introduced later.

251 follow the standard notation that for a fixed player i, A_; denotes the set of actions for the other player
3 —i. More generally, I use this notation for any player-specific sets.

26This is different from a basic game which is widely used in information design (see e.g. Bergemann and
Morris, 2013; Mathevet et al., forthcoming). The difference is that a basic game also specifies a common
prior on the states of nature.

2"Bergemann and Morris (2017) also mention this solution concept, but they call it ex post rationalizability.
They also define a notion of belief-free rationalizability, which is stronger than the version used here.

28 As usual, for any set X, A(X) denotes the set of probability measures on X. If the underlying set X
is infinite, I will differ slightly from the standard notation by denoting the set of finite support probability
measures with A(X). For any p € A(X), supp o denotes the support of p.
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Then define BFR; := My>oBFRY. According to the usual arguments (e.g. Wald, 1949;
Pearce, 1984), this procedure is the same as deleting ex-post dominated actions iteratively.
An action a; € A; is ex-post dominated (relative to X_; C A_;), if there exists «; € A(4;)
such that

Za(a;)ui(a;,a,iﬁ) > w;(a;,a_;,0), forall (a_;,0) e X ; xO.

Example 2. In the CRO example from Subsection 1.2 it is easy to see that no action is

ex-post dominated; hence BFR; = A;. O

As mentioned at the beginning of this section, belief-free rationalizability only takes
the economic environment and rationality as primitive objects. In the current situation, a
player has some information about the state of nature which affects his/her individual robust
predictions.?® Thus, Player 1 is assumed have a prior m; € A(©) and gets some information

about the state of nature, which is described by a marginal information structure.°

Definition 1. Fiz an economic environment £. A marginal information structure (for &£) is
Il = <SI7¢1>7 where

1. Sy is a finite set of signals, and
2. 1 1 © — A(Sy) is a conditional signal distribution.

This marginal information structure does not specify any possible signals for the other
player, nor does it it specify the signal distribution for the other player. Thus, this marginal
information structure provides information only about the state of nature. The solution
concept depends only on the marginal information structure.®® This solution concept will

be a set of pure strategies denoted by Ry ([;,m) C Af ' and is formally defined as follows.

29The remainder of this section describes the perspective of Player 1. To apply it to Player 2, switch the
player indicies.

30A marginal information structure is equivalent to a statistical experiment as introduced by Blackwell
(1951, 1953). The restriction to finite signals is generally not without loss. I conjecture that finite signals
are sufficient for the design question studied in Section 4 but do not have a proof. In this section, I also
assume that each signal realization s; € Sy has (ex-ante) positive probability. This can be relaxed at the
cost of more cumbersome notation. See Appendix A.

31Gimilar to before, the solution concept also depends on the economic environment, but this dependence
will be implicit.
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Each signal realization s; € S; induces a posterior belief*? u,, € A(©) by Bayesian
updating:

s, (0) — wl(Slw)ﬂ'(Q)

Yy (1|0 (0) (2)

Since these signals only induce a belief about the state of nature 6, these beliefs are not rich
enough to form a best-reply in an interactive setting. To form a best-reply, beliefs about
the actions of the other player are also needed. A rational-extended belief incorporates this
additional requirement by assigning positive probability only to the belief-free rationalizable

actions of the other player.

Definition 2. Fiz an economic environment €, a prior m € A(©) and a marginal infor-
mation structure I;. A rational-extended belief for s; € Sy is a belief i1 € A (O x Ay)
such that (i) margg fl1 = s, as given by Equation 2 and (ii) supp iy € © X BFRy. Let
M S =2 A(O x Ay) denote the set of rational-extended beliefs for each sy € Sy, i.e.

Mi(s1) ={p € A(O x Ay) : i is a rational-extended belief for s;} .

Finally, these rational-extended beliefs allow me to define the individual robust predic-

tion.

Definition 3. Fiz an economic environment £, a prior m; € A(O), and a marginal infor-
mation structure I. A pure strategy b : Sy — Ay is conceivable for (my, 1) if b is optimal
for at least one selection of My, i.e. b is optimal given iy, i.e. for each sy € Sy, there exists

i1 € M;(s1) such that

b(s1) € arg max Z fir(0, az)uy(a}, az, 0).

a/1€A1 6.a2

The individual robust prediction is the set of all conceivable strategies and is denoted by

Rl(llyﬂ-l)'

A foundation in terms of explicit epistemic assumptions is discussed Subsection 5.3: the
individual robust prediction corresponds to the behavioral implications of common knowl-

edge of the economic environment, common belief in rationality, and knowledge of the

32To save on notation, the player’s index is kept implicit by using the signals’ index.
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marginal information structure. Thus, the prediction does not rely on implicit or explicit
common knowledge assumptions about the marginal information structure. This is relevant
for later questions about information design. The nature of bilateral contracting allows the
designer to only commit to a marginal information structure. The receiver understands this
marginal information, but needs to reason about what actions their opponent chooses. This
reasoning process is not transparent to the designer. Thus, all actions the designer can rule
out are exactly those strategies that are not part of the individual robust prediction. This
is the essence of Definition 3.

In Appendix A, I provide another foundation of this solution concept in terms of infor-
mational robustness and Bayes-Nash equilibirum analyis similar in spirit to Bergemann and
Morris (2013, 2016, 2017). This foundation relies on a theory of how player’s resolve uncer-
tainty about the grand information structure: each player conjectures a grand information
structure consistent with their marginal information structure. Given this conjecture, each
player chooses a strategy as predicted by a Bayes-Nash equilibrium. The individual robust
predictions correspond to the union across all such conjectures and all corresponding equi-
libria. Independently of the foundations, the robust predictions are often simple to calculate

as the following example shows.

Example 3. Table 3 shows the marginal information for Pfizr induced by the full com-

mitment optimal information structure described in Table 1. The bad report leads to a

Table 3: Pfizr’s marginal information derived from the information structure of Table 1.

=1 60=0

0 1/2
1 /2

Report for Pfizer

posterior®® of zero, whereas the good report induces a posterior belief of /2. Example 2
established that all actions are belief-free rationalizable. Thus, the sets of rational-extended

beliefs for each signal are given by:

Mp(b) = {fi € A© x Ay) : i(1,R) + i(1,D) = 0}, and
Mp(g) = {ji € A© x Ay) : i1, B) + ji(1, D) = 12}

33Recall that within this example beliefs correspond to the likelihood of the state of the drug being effective
(6=1).
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Since Research (R) is a dominated action if the drug is ineffective, R cannot be part of the
individual robust prediction for the bad report. However, for the good report both actions
are conceivable. For example, D is a best-reply to u(1, R) = 1 — u(0, R) = /2, whereas R is
a best-reply p(1,D) =1 — u(0, D) = 1/2. Both beliefs are valid rational-extended belief for
the good signal. Thus, the individual robust prediction for Pfizr is

Rp(Table 3, 1/3) = {(D,D)7 (D’R)}a

where the first coordinate indicates the action after the bad report, and the second coordinate

corresponds to the good report. O

Thus far the solution concept has been stated from an ex-ante perspective, which is
relevant for later questions about information design question. However, it will also be useful

to have the solution concept in an interim form. This is done by defining a correspondence

Rl('|[1,’ﬂ'1) : Sl = Al as
R1(81|1177Tl) = {CLl c Al :db e Rl(Il,’ﬂ'l) S.t. a; = b(Sl)} .

The interim individual robust prediction relies only on the belief about the state of nature
that is induced by the signal. Thus, the solution concept does not depend on the (marginal)
information structure it is defined for, but only on the posteriors it generates. Moreover,
the robust predictions can be strategically distinguished by changing the economic environ-
ment. The following proposition formalizes these simple observations, which will be useful

to address the information-design question.

Proposition 1. Fiz a set of states of nature ©. Consider an economic environment £
(with states of nature given by © ), two priors m, 7 € A(O) and two marginal information
structures I = (Sy1,71) and I} = (S7,41). For all (s1,s)) € S1 x S, if ps, = py, then
Ri(s1|ly,m) = R(sy |11, 7).

Conversely, consider two priors mp, 7 € A(O) and two marginal information structures
I = (S1,¢1) and I} = (S},)). If there exists (s1,s]) € S1 x S} and 0 € © such that
ts, (0) # psr (0) then there exists a (finite) economic environment (holding © fized) such that
Ry(s1|l,m) N Ry(s)|I1, 7)) = 0.
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With Proposition 1 in mind,** I abuse notation for the interim version of the solution
concept and write it as a correspondence defined on belief space, i.e. Ry : A(©) = A;. Thus,
Ry denotes the ex-ante version, whereas Rj(u1) denotes the interim version. The interim

notion is illustrated by applying it to the CRO example.

Example 4. Due to the binary state space, the interim individual robust predictions (defined
on belief space) can be illustrated by means of a simple diagram. Figure 1 shows these
predictions for both companies, where, a belief corresponds to the probability of the drug

being effective. It was already argued in the introduction, that for beliefs greater than 2/3 R

mN X

Figure 1: Individual robust predictions of the CRO game.

is uniquely undominated, whereas for beliefs lower than 1/3 D is the only dominant action.
For all intermediate beliefs, a similar argument as in the previous example can establish that

both actions are the individual robust prediction. o

3 DISTRIBUTIONS OVER BELIEFS

In the previous section a solution concept was developed that captures robust predictions
accoutning for the knowledge of the (marginal) information. One of the key features of this

solution concept is that it depends only on beliefs about the states of nature. Kamenica and

34As stated the proposition requires that every signal happens with positive probability. If any signals
have zero ex-ante probability, then the proposition needs to be adjusted to condition on positive probability
signals only.
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Gentzkow (2011) proposed to work in the belief space, rather than in the information space.
They show that this approach can significantly simplify the information-design problem if
there is a single receiver. For multiple receivers, this approach does not readily extend
itself because the designer has to address the full hierarchy of beliefs. This approach has
been studied by Mathevet et al. (forthcoming). As discussed in more detail in Section 4,
in the present paper the information designer can only commit to the marginal information
structures because of the bilateral contracting assumption. In this setting, the players know
what information they will receiver about the state of nature, but they do not know what
information their opponent receives. The individual robust prediction corresponds to such
an environment. Thus, in the current setting, only beliefs about the state of nature matter,
raising a question about which distribution over beliefs can be induced by an information

35 This section answers this question by providing a characterization of these

structure.
distributions over beliefs.

As before, there is a fixed economic environment £ throughout.?® Furthermore, both
players are endowed with the same prior m = m =: 7 € A(©), which is assumed to have full
support.®” A (grand) information structure specifies signals and distributions over signals

for both receivers:

Definition 4. Fiz an economic environment €. A (grand) information structure (for &) is
I ={(S1,5:),¥), where for each player i € N,

1. S; is a finite set of signals, and
2. U, : O — A(S) x S2) is a conditional signal distribution.
Let T denote the set of information structures (for &).

As before, I assume that each signal happens with positive probability.?® Additionally, a

given information structure I induces a marginal information structure, denoted by marg, /

35Indeed, this is an open question in the literature. Ely (2017, p. 47) raises this concern quite directly by
stating that “[...] there is no useful generalization for the multi-agent case”.

360nly O, the set of states of nature, is relevant for this section.

37 Heterogeneous priors with the same support can be incorporated along the lines of Alonso and Camara
(2016). If priors with different supports are allowed, an extension is not straightforward. Galperti (2019)
addresses some of the subsequent issues in the case of a single receiver. Applying Galperti’s approach to the
multiple receivers setting of this paper seems interesting for future research.

38This is without loss in this section.
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(or sometimes just /;—mno confusion should arise), by marginalization. That is,

¥i(+|0) = marg U(:|9), for all § € ©,
which justifies the naming.
Like Equation 2, Bayesian updating gives rise to a posterior belief about the state of

nature:3’

Do, Y(sis-il0)m(0)
Doe o V(si,sl0)m(07)

s, (0) = (3)
Thus, the information structure gives rise to a distribution over beliefs, i.e. an element
of A(A(O) x A(©)). Formally, this distribution 7 is given by

) = 3030 S w(O)U (s, 5200) g

0€O iEN siifts; =M

Say a distribution over beliefs 7 is induced by some information structure, if there exists
an information structure such that 7 can be derived from the information structure by
applying Equation 3 and Equation 4. The question raised earlier can now be restated as
characterizing a subset of A(A(O) x A(O)) so that every element of this subset is induced
by some information structure.

It is well known that one requirement that needs to be satisfied for any distribution over

beliefs is that the belief of each player averages out to the prior, i.e. for each i € N

Z T (i, p2) = . (5)

22%7°%]
Kamenica and Gentzkow (2011) show that this condition is also sufficient to characterize
the marginal distribution over beliefs for each player. However, these martingale properties
on the marginals are not enough to characterize the possible joint distributions. Intuitively,

what is missing is a constraint on how correlated across players the beliefs can be. That

is, the posteriors cannot be too negatively correlated and if the marginal distributions are

39Mechanically, Bayesian updating gives rise to a belief about the opponent’s signals as well. However,
anticipating the bilateral information-design question, only beliefs about the states matter.
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sufficiently different then the posteriors cannot be too positively correlated either. However,

for general distributions correlation is not the appropriate measure of dependence.

3.1 MEASURING DEPENDENCE OF RANDOM VARIABLES

A bit more notation is needed to introduce the relevant measure of dependence for random
variables that is also relevant when realizations are beliefs. Let X and Y be real-valued
random variables.’ distributed according to cumulative distribution functions (CDFs) Fx
and Fy, respectively. Then the Fréchet class F(Fx, Fy) is the set of all joint CDFs with

marginals given by Fx and Fy.

Definition 5 (Joe, 1997, Section 2.2.1). Fir two univariate CDFs Iy and Fy. Consider
F,F' € F(F,Fy). F' is said to be more concordant than F' (denoted by F' 3 F') if

F(z,y) < F'(v,y),

for all (x,y) € R?,

Intuitively, this stochastic ordering formalizes the idea that large values happen more
often together (across both dimensions) under F’ than under F. Furthermore, the Fréchet

class F can be bounded according to this stochastic ordering. That is, for given univariate
CDFs F; and Fy, for every F € F(Fy, F}), F 3 F 2 F, where

5>

(z,y) := max{0, Fi(z) + F»(y) — 1}, and (6)
(l‘,y) = mln{Fl(x)7F2<y)} (7)

el

These bounds are often called Fréchet-Hoeffding bounds*? and they correspond to extremal
dependence across the two dimensions. The lower bound corresponds to countermonotonic
random variables (i.e. low realizations in one dimension happen only with high realizations
in the other dimension), whereas the upper bound describes comonotonic random variables

(i.e. perfect positive dependence). These bounds also describe the extremal dependence for

40The definition readily extends to random variables taking values in a totally ordered set.

41 This stochastic order is also known as the positive quadrant dependent (PQD) ordering. See, e.g., Shaked
and Shanthikumar (2007, Chapter 9).

42They were discoverd by Hoeffding (1940) and Fréchet (1951). They play an important role in Copula
theory. For more see, for example, Nelsen (2006).
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information structures.*® This is illustrated with the help of the information structures from

the CRO example next.

Example 5. Consider the information structures described by Table 1 and Table 2. Table 4
shows their corresponding CDFs.** Both CDFs correspond to the lower Fréchet-Hoeffding

bound (given their respective marginal distributions).

Table 4: CDF's corresponding to the information structures from Subsection 1.2.

Report for Novarty Report for Novarty
=1 0=0 =1 0=0
b g b g b g b g
b 0 0 0 1 b 0 0 1o 3/4
Report for Pfizr 0 1 a1 g 0 1 Va1
CDF for Table 1 CDF for Table 2

With the information from Table 4 the upper bound can be obtained by using Equation 7.
The resulting CDFs are shown in Table 5. With these CDFs, the signals are perfectly
aligned. For example, the distribution coniditonal on the state § = 0 defined by the left side
of Table 5 corresponds to sending the bad report to both receivers with probability 1/2 and
sending the good report with the remaining probability of 1/2 to both companies. Therefore,
both companies will always get the exact same report in the case the drug is ineffective. This
is also true for the distribution described on the right side, but in this case the probabilities

differ. O

Table 5: F for same marginals as in Table 4.

Report for Novarty Report for Novarty
0=1 =0 =1 =0
b g b g b g b g
b 0 0 12 1/ b 0 0 34 34
Report for Pfizr g 0 1 a1 g 0 1 Va1
F for Table 1 F for Table 2

43For this, the set of individual signals needs be endowed with any total order. Recall that information
structures are distributions over signals conditional on the state of nature, see Definition 4. If all conditional
distributions are equal to their (upper or lower) Fréchet-Hoeffding bound (fixing the conditional marginal
distributions), then I say the information structures attains its bound.

44Gignals are ordered so that ¢ is assumed to be greater than b.
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A complication arises if one wants to directly apply the Fréchet-Hoeffding bounds to
distributions over beliefs. Examples best illustrate this issue. First, Example 6 shows that,
although the information structure from Table 1 attains*® the lower Fréchet-Hoeffding bound,
the induced belief distribution does not attain the Fréchet-Hoeffding bound. Second, Ex-
ample 7 and Example 8 show belief distributions that attain the lower and upper Fréchet-
Hoeffding bounds, respectively. However, I argue that neither of these belief distributions can
be induced by an information structure, meaning that the usual Fréchet-Hoeffding bounds
are not tight enough to characterize the distributions of beliefs induced by any information

structure.

Example 6. Consider the economic environment from the previous examples, but change
the prior to m = 1/2. Suppose the information structure in Table 6 is given. The information

structure attains the Fréchet-Hoeffding lower bound and induces two posteriors: /4 and 3/4.

Table 6: Non-revealing symmetric information structure.

Report for Novarty
0=1 0=0

b g b g
b a2 1 0 1
s 0 s 12

Report for Pfizer

The induced distribution over beliefs is given in Table 7: the bivariate uniform distribu-
tion. This clearly differs the Fréchet-Hoeffding lower bound, which is shown on the right.
Thus, although the information structure attains the lower bound, the induced distribution
over beliefs does not attain the Fréchet-Hoeffding lower bound. As shown later, the belief
distribution on the right (i.e. the Fréchet-Hoeffding lower bound) cannot be induced by any
information structure. Indeed, any distribution that shows more negative dependence than
the actual belief distribution (i.e. the distribution on the left) cannot be a belief distribution
induced by any information structure. Therefore, the usual Fréchet-Hoeffding bounds are

not tight enough. This becomes even more transparent in the next example. O

Example 7. Again, fix the economic environment from the previous examples with prior

7 = /2. Consider an extreme distribution over beliefs as described by Table 8, where both

45Gee Footnote 43.
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Table 7: Belief distribution induced by the information structure of Table 6.

Belief of Novarty

PMF CDF F
s 3/ s 3/a s 3/a
1 1 1 1 1 1
Belief of Pfizr /4 Y Vs /4 Y 0 /2

3/a s 14 s 1 s 1

Table 8: Belief distribution not induced by any information structure.

Belief of Novarty

PMF
0 1

Belief of Pfizr ° 0 /2
1 1/2 0

receivers have fully-revealing beliefs only: either they are certain that the drug is effective
(belief equal to 1) or they are certain the drug is ineffective (belief of 0). Moreover, both
beliefs are fully negatively dependent, i.e., the distribution achieves the Fréchet-Hoeffding
lower bound: Novarty has belief 1 if and only if Pfizr has belief 0. However, no information
structure induces such a distribution over beliefs, even though the marginal beliefs average
out to the prior of 1/2. Intuitively, why no information structure can give rise to such a pos-
terior distribution is easily seen: the extreme posteriors reflect the idea that the information
structure fully reveals the state to the receivers. But if this is the case, there is no way to
reveal one state to Pfizr and, at the same time, reveal the other state to Novarty, providing
further evidence that the Fréchet-Hoeffding bounds are not sufficient for distributions over
beliefs. Furthermore, this intuition suggests that if beliefs correspond to fully revealing sig-
nals, then there is only one possible joint distribution over beliefs: full positive dependence,

i.e. the upper Fréchet-Hoeffding bound describes the unique joint distribution. O

Example 8. The two prior examples considered only the lower bound on distributions over
beliefs, i.e. how negatively dependent the beliefs can be. This example addresses the upper
bound, illustrating a case where beliefs cannot be be fully positively dependent. Again

consider, the economic environment from the previous examples with prior 7 = 1/2, but



23

the beliefs of the two receivers are no longer not symmetric.*® As shown in Table 9, Pfizr
has beliefs that fully reveal the state as before. However, Novarty has only strictly interior
beliefs, so they are not certain about either state. For either receiver, the marginal averages

out to the prior and the joint distribution attains the upper Fréchet-Hoeffding bound.
Table 9: Another belief distribution not induced by any information structure.

Belief of Novarty

PMF
1 2
3 3
: 0 1/2 0
Belief of Pfizr 1 0 s

Here, the intuition about why this belief distribution cannot be induced by any informa-
tion structure is slightly more involved than in the previous example. Consider the signal
that reveals that the drug is effective to Pfizr. Conditional on this signal, if there was only
one signal for Novarty, this signal would reveal the state as well. Thus, there must be (at
least) two signals for Novarty realizing with positive probability: one leading to a posterior
belief of 1/3 and the other to a belief of 2/3. This contradicts the proposed belief distribution
in Table 9, since this distributions prescribes that if state 8 = 1 is revealed to Pfizr, then
Novarty must have the belief of 2/3 with certainty. Later, I show that these beliefs are too

positively dependent. Thus, the Fréchet-Hoeffding upper bound here is not tight enough. <

3.2 DEPENDENCE BOUNDS FOR BELIEFS

The previous examples established that the usual Fréchet-Hoeffding bounds are not tight
enough when considering distributions over beliefs induced by information structures. In
this section, I introduce and discuss the bounds that are used to characterize the set of dis-
tributions over beliefs induced by information structures. Since these bounds concern CDFs
defined on beliefs, the space of beliefs needs to be ordered. Although the main characteri-
zation holds for any total order, establishing some specific properties of the bounds requires
the use of first-order stochastic dominance. Thus, it is convenient to take a linear extension

of the first-order stochastic dominance order.*” To do this, endow the state of nature © with

46 Asymmetry is crucial for this example, because for symmetric belief distributions the upper bound will
be the standard Fréchet-Hoeffding bound. See Corollary 2.

47Such a completion always exists due to Szpilrajn’s extension theorem. See Aliprantis and Border (2006,
Theorem 1.9).
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a total order, i.e. © = {6y,...,0k} for some finite K < oo and the order corresponds to
the indexing set. Then endow A(O) with a completion of first-order stochastic dominance

giving rise to a lattice structure. Given pu, y’ € A(O), a sufficient condition for u > ' is p

first-order stochastic dominating 4/, i.e. for every L =1,..., K,
L L
> u0k) < (0).
k=1 k=1

Given this order, define CDF's over beliefs analogously to the case of CDF's of real-valued
random variables. That is, for a given distribution 7 € A(A(©)), define the associated CDF
by T'() = >_ <, 7(#'). Similarly, A(©) x A(©) is endowed with the product order derived
from the order on each dimension. Then, for any joint distribution 7 € A(A(O) x A(O))
the associated (joint) CDF is given by

T(p) =T (i, p2) = Z T (s p1y).

py<pa,py<pz

With these definitions in hand, the belief-dependence bounds can be defined. Similar to the

Fréchet-Hoeffding bounds, these bounds are defined for given marginal distributions.

Definition 6. Fiz two univariate distributions over beliefs 11, 7 € A(A(O)) and a prior
m € A(O). The lower belief-dependence bound is defined as

I(Nh M2) = OI<nLa<XK max {11 (/h; 23 L)a IQ(NI; 23 L)} ) (8)

where for each® L =0,... K,

Ty (g, po; L) = Z Tl(/iﬁ)z,uﬁ(ek) + Z T2(HI2)ZM/2(91<:) - Zﬁ(ek%

py<p ph<pso k=1
and (9)
K K K
To(pir, s L) = Y ma(ph) D ihi(0k) + D> malih) D> ps(6k) — > 7(6k)
ph <p k=L+1 puy<pio k=L+1 k=L+1

48By convention, empty sums are defined to be zero.
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The upper belief-dependence bound is defined as

T(pa, po) = ,in, min {T1 (g, po; L), To(pur, p2; L) } (10)

where for each®® L=0,..., K,

L K
Ty s L) = Y 1) D ph(0) + Y 7olih) > h(6h),
i <pi k=1 py<p2 k=L+1
and (11)
K L
To(pr, o L) = > mlph) D> ih(0k)+ D> m2(h) Y ph(6r).
py<p k=L+1 phH<p2 k=1

A few observation are in order. First, as argued in the previous section, the usual Fréchet-
Hoeffding bounds are not tight enough to characterize the distributions over beliefs induced
by information structures. Thus, the belief-dependence bounds should be tighter, which is
indeed the case. Formally, for the lower bound we have that F'(uy, p2) < T(p1, o) since
E(p1, o) = maxpeqo,xy L(pa, po; L) < T(pa, p2). For the upper bound the reversed inequal-
ity, F(py, p2) > T(p, pt2), holds because F(pu, pi2) = min {Tl(p,l,uz; K), Ty(pu1, pro; K } >
T(p1, p2). Second, if the marginal distributions are equal, i.e. 7, = 7, then the upper
belief-dependence bound is actually the same as the upper Fréchet-Hoeffding bound. In this
case the upper bound is also a sharp bound. The lower bound, on the other hand, is sharp
if first-order stochastic dominance is a total order.>

The relationship of the belief-dependence bounds with the Fréchet-Hoeffding bounds is
illustrated by a simple example. Fréchet-Hoeffding bounds have a natural representation in
the case both marginal distributions are uniform distributions on the unit interval [0, 1].5!
If the marginal distributions are continuously distributed, then the restriction to uniform
distributions is without loss of generality for the Fréchet-Hoeffding bounds. For this reason,
the focus in probability theory is often only on the Fréchet-Hoeffding bounds with uniform
marginals. The following illustration shows how the Fréchet-Hoeffding bounds differ from the

belief-dependence bounds if the marginal distributions are uniform distributions. However,

49 Again, by convention, empty sums are defined to be zero.

50See Corollary 2 and Corollary 3 for formal statements of these observations.

51Formally, the definition of the belief-dependence bounds is given only for distribution with a finite sup-
port. However, the belief-dependence bounds readily extend to marginals that are continuously distributed.
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since beliefs have an intrinsic cardinal meaning, the assumption of uniformity is with loss of

generality for beliefs.

Example 9 (Ilustration of the belief-dependence bounds). Let © = {0,1} and fix a prior
m(0) = w(1) = /2. As in the preceding examples, a belief is uniquely associated with the
probability of state being § = 1. First, to illustrate the lower bound, consider marginal
belief distributions that are both uniformly distributed on [0, 1]. For these marginals, the
lower Fréchet-Hoeffding bound takes a particular simple form: it corresponds to a uniform
distribution on the diagonal gy = 1 — 3. The CDF and the support of the corresponding

joint distribution is shown in Figure 2.

0.75

I~

0.5 |

0.25 |

H2

0.75

0.5

I~

(b) Support
0.25

(a) CDF from different angles

Figure 2: Lower Fréchet-Hoeffding bound for uniform marginals.

In this example, the lower bound on belief distributions is also tighter than the lower

Fréchet-Hoeffding bound. The functional form of the lower belief-dependence bound is a bit
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more complicated, but is easily derived analytically. For illustrative purposes the analytic
expressions are not presented, but Figure 3 instead shows the CDF and the support of
the distribution corresponding to the lower bound. Note the difference from the Fréchet-
Hoeffding bound: conditional on one belief, the supported belief for the other player is not
unique anymore, but there are two beliefs generically. The Fréchet-Hoeffding bound allows
for too much negative dependence. The belief bound corrects for this by spreading the beliefs

out from the diagonal.

0.75 |
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0.5 |

0.25 |

0.75

I~

0.5
(b) Support (dashed = F)
0.25

0.5 1 0 0.5 1
H1 2
(a) CDF from different angles

Figure 3: Lower belief-dependence bound for uniform marginals.
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Second, to illustrate the upper bound, a break in the symmetry is needed to obtain a
difference from the usual Fréchet-Hoeffding bound as discussed above. Thus, change the
marginal distribution of beliefs for player 2 to be uniform over [1/3,2/3], while keeping the
[0, 1]-uniform marginal for player 1. Here, too, the upper Fréchet-Hoeffding bound takes a
simple form as illustrated in Figure 4: the highest dependence is achieved by having support
only along the “diagonal” uy = (1+r1)/3. As before, this distribution achieves a dependence
that is too high for distributions over beliefs if they are derived from an information structure.
Therefore, the support must be spread out from the diagonal to achieve a lower dependence,

which is exactly what the upper bound for belief distributions demonstrates in Figure 5.

1
H2
.
0 M1 1
(a) CDF (b) Support

Figure 4: Upper Fréchet-Hoeffding bound for uniform marginals.

H2
|
0 H1 1
(a) CDF (b) Support (dashed = F')

Figure 5: Upper belief-dependence bound for uniform marginals.
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Example 10. Consider the distribution over beliefs from the left and middle panels in
Table 7. Although this distribution does not attain the Fréchet-Hoeffding lower bound, it
attains the lower belief-dependence bound. However, the distributions described by Table 8
and Table 9 do not satisfy the belief bounds, which confirms that these distributions are not
induced by any information structure. The CDF corresponding to Table 8 has 7'(0,0) = 0,

but for the same marginals, the lower belief bound is violated since

1 1 11 1 1
T = —X1l+=xl—=-4+=-—-1p==>T .
7(0,0) max{0,2 X —1—2 X 2,2—1—2 } 5> (0,0)

For the distribution in Table 9, conversely, the upper belief bound is violated. The corre-

sponding CDF has T'(0,1/3) = /2, but

X

NN
|~
N | —

— 1 1 1 21 1 1
) emind-x14+-x2 = % =
T(O,S) m1n{2>< —|—2><3,2><0—i—2 3

&

The previous examples show that the belief bounds capture some of the aspects that
are needed for distributions over beliefs to be induced by information structures. It is
still necessary to establish that the belief-dependence bounds are necessary and sufficient
(together with the usual marginal constraints from Equation 5) to characterize the set of all
distributions over beliefs induced by information structures. Theorem 1 formally addresses

this.

Theorem 1. Fix an economic environment £ and a full-support prior m € A(©). T €
A(A(O) x A(O)) is induced by an information structure if and only if*?

1. ZM,M (1, p2)pn = Zm,m 7(p1, p2)pr2 = 7, and
2.T3TZT.

This characterization theorem can be viewed as a generalization of Kamenica and Gentzkow

(2011) to a setting with two receivers, which is formally stated as a corollary to the theorem:

52Here, a slight abuse of notation appears: the belief bounds are formally only defined for two marginal
beliefs. In the statement there is only the joint distribution 7. The belief bounds correspond to the bounds
defined by using the two marginals distributions derived from 7.
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Corollary 1 (Kamenica and Gentzkow, 2011). Fiz an economic environment £ and a full-
support prior m € A(O). Consider 7 € A(A(O) x A(O)) with marginals 7, and 75 and

suppose that’® 1 = 0,. Then, T is induced by an information structure if and only if

> () = .

As mentioned above, if more structure on the marginal distributions is assumed, then

the bounds become analytically simpler and sharp.

Corollary 2. Fiz an economic environment € and a full-support prior m € A(O). Consider
two univariate distributions 11, 7o € A(A(O)) such that 71 = 15 and suppose that E,, 1] = 7.
Then, the upper belief-dependence bound is the usual upper Fréchet-Hoeffding bound, i.e.
T=F.

Corollary 3. Fiz an economic environment £ and a full-support prior m € A(©). Consider

two univariate distributions Ty, € A(A(O)) and suppose that B, [p;] = 7 fori=1,2.

1. If both supp 7;, © = 1,2, are totally ordered by first-order stochastic dominance, then T

is a sharp bound.®
2. If 1, = 1o, then T is sharp.

The proof of Theorem 1 is stated in Subsection B.2. Here, I provide a sketch of the main
steps of the proof.

Step 1 [Characterization of state-dependent distributions over beliefs]: First, I character-
ize the distributions A € A(A(O) x A(O) x ©) that can arise from any information
structure, where the third dimension corresponds to the actual state of nature. It is
convenient to describe the third dimension in terms of Dirac measures concentrated on
the states of natures. The first requirement is obvious, namely that Ey[ds] = 7. The
other requirement also takes a familiar form similar to the martingale constraints of
Bayes plausibility: Ey[dp|p;] = p; for every p; € supp marg; A. These conditions are
necessary and sufficient for a trivariate distribution A to be induced by an information

structure.®® This first step is formalized in Lemma 1.

53For a given set X and any x € X, 6, € A(X) denotes the Dirac measure concentrated at z.

54 A bound for a given set is called sharp if the bound itself is a member of this set.

55There are no Bayes plausibility requirements on the first two marginal distributions—they are implied
by the stated conditions. See Lemma 2.
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Step 2 [From 7 to marginals of A]: Consider 7 satisfying the properties of Theorem 1.
By Step 1, I do not need to construct an information structure, but only a distri-
bution A with the properties stated above such that marg, , A = 7. For this define
Aio(pis 0) = pi(0) 3-, , 7(pi, pi—i). It can be verified, that any distribution A with bi-
variate marginals 7, A; g, and A9 satisfies the properties of Step 1. All that remains

is to verify that such a distribution exists.

Step 3 [Higher-order Fréchet-Hoeffding bounds|: Joe (1997, Theorem 3.11) extends the
usual Fréchet-Hoeffding bounds to trivariate distribution with given bivariate marginals.

For the distribution here, these bounds say that the desired A exists if and only if
E (7—7 )\1,97 )\2,9> S F (T7 >\1,07 )\2,9) b (12)

where I and T are functionals mapping to CDFs of trivariate distributions. Since both
Aig’s depend only on 7, establishing one direction of the argument is just a matter of
verifying that the conditions on 7 given in Theorem 1 are sufficient for the inequality

to be satisfied.

Step 4 [From information structures to bounds|: For the converse, suppose 7 is induced by
an information structure. By Step 1, there exists A\ with the properties stated there
and A has the three bivariate marginals as described above. By contradiction, suppose
that 7 does not satisfy the bounds of Theorem 1. Then, simple alegbra shows that
the inequality of Joe (1997) described in Equation 12 is violated, which implies that A
does not exists. Contradiction. QED.

4  ADVERSARIAL BILATERAL INFORMATION DESIGN

The previous sections prepared the stage to finally address the question of information design
with bilateral contracting. Due to the nature of bilateral contracting, receivers’ behavior is
not uniquely predicted and the information designer is concerned about robustness to this
uncertainty. For this, Section 2 introduced a solution concept that captures robust predic-
tions of receivers’ actions. Crucially, this solution concept depends only on the receiver’s
belief about the states of nature. This feature, in combination with the belief space char-

acterization of Section 3, produces a general representation theorem for information design
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with an adversarial and bilateral aspect. This section develops this theorem by exploiting
the results from previous sections.

To formally address the design question, the economic environment £ needs to be ap-
pended with the preferences of the designer (she) v : A — R, which describes the utility she
gets if the receivers take actions a = (a1, az). Furthermore, I assume that she knows the
receivers’ priors, and that these priors are the same as her prior, i.e. 7 = m =7 € A(0).5°
Given this assumption, it is without loss to assume that the prior has full support. Together
these components form a design environment D = (€, m,v).

The timeline of the overall design game is as follows and schematically shown in Figure 6.
Step 1: Designer chooses an information structure I € Z.
Step 2: Receivers learn their respective marginal information structure I;.
Step 3: The state of nature 6 realizes and signals (s1, $2) are sent according to W(-|6).

Step 4: For each signal (si, s2), Nature recommends a conceivable action for each receiver

to minimize the payoff of the designer.
Step 5: Each receiver plays as recommended by Nature.

Step 6: Payoffs are realized.

D chooses T i learns I; 0 realizes, Nature 1 plays a; payoffs
(s1,82) sent  recommends realize
(a/la G/Q)

Figure 6: Timeline of the design game.

The bilateral contracting assumption is reflected in Step 2: a contract only specifies the
marginal information structure for each player. Step 4 corresponds to the adversarial selec-

tion of the receivers’ actions. Due to bilateral contracts, there might be multiple conceivable

56The assumption says the designer knows the prior of the receivers, which happens to be the same prior.
It does not state that players know the prior of their opponent, i.e. there is no common prior. Relaxing
the assumption of the designer knowing the receivers’ priors is active research even for the single receiver
case. See, for example, Beauchéne et al. (2019), Kosterina (2019), and Pahlke (2019). Footnote 37 addresses
heterogeneous priors.
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actions for each receiver, giving rise to uncertainty as to which actions will be played. Here,
the designer is assumed to be very sensitive to this uncertainty and she considers a worst-case

scenario.

4.1 'THE PROBLEM AND ITS REPRESENTATION

With this timing in mind, the information-design problem can be stated formally as

sup V' (1),

IeT

where

V()= Y w(0)y(s|o) min v(a, as), (13)

9cO,s€S (@€ Ri(sillim)ien

and recall that /; is the marginal information structure derived from I.°” If a maximizer ex-
ists,?® then the resulting information structure captures robustness in the following sense: the
optimal information structure performs well no matter how Nature chooses and coordinates
the receivers’ conceivable actions.

Given the structure of the problem, a natural approach would be to try to use a version of
the revelation principle. However, the standard revelation principle argument & la Myerson
(1982) does not apply here: this approach requires tie-breaking in favor of the designer.
Instead, adversarial selection, by definition, selects actions that are incentive-compatible for
the agents and bad for the principal. The following example illustrates that such an approach

is bound to fail and shows that the problem is even more subtle than the tie-breaking issue.
59

Example 11. Let © = {0, 1} and consider an economic environment, where player 2 has
two actions (z and y) and is indifferent between them. Thus, Re(us2) = {x,y} = Ay for any
i € A(O). Player 1 has three actions a, b, ¢ and payoffs are given by Table 10.

First, b is conceivable for any belief: b is a best-reply if Player 1 is certain that player

2 chooses x. Similarly, ¢ is also always conceivable. For beliefs close to certainty of either

57See the discussion after Definition 1.

58In general, a maximizer might not exist. The adversarial approach includes tie-breaking against the
designer’s favor. This can lead to a failure of upper semicontinuity of the objective function.

59T am indebted to Marciano Siniscalchi for providing this simple, yet elucidative, example. Inostroza and
Pavan (2018, Example 1) illustrate a similar issue when the designer has full commitment.
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Table 10: Payoffs for Player 1.

Player 2’s action

=1 0=0

r oy Ty

a 2 0 0 2

Player 1’s action b 3 0 1 0
c 0 1 0 3

state, a is dominated by a mixture of b and ¢ (e.g. in state §# = 1 almost all the weight of the
mixture will be on b). However, beliefs around 1/2 about 6 makes a conceivable. For example,
suppose the belief about 0 is exactly 1/2, then consider the following rational-extended belief:
(1, z) = fu(0,y) = /2. For this belief, a is a best-reply. It can be verified that for any belief
p € A(O) such that p € [1/4,3/4] a is conceivable.

Now, consider a designer who only cares about Player 1’s action. In particular, assume
the preferences are given by a < b < c. Figure 7 shows the robust predictions for Player 1 in

belief space and the implied worst-case selection for the designer. For any prior 7 € A(O)

{b’c} 3 Al 3 {bvc}
Y
b ! a )

6 1)4 125} 3)4 i

Figure 7: Robust Predictions for Player 1 and implied designer’s worst-case choice.

the designer can get her (constrained) best outcome (b) by fully revealing the state. This
optimal payoff cannot be attained with recommendation in general. For example, consider a
prior belief of m = 1/2. A recommendation would send b with certainty. However, this signal
does not provide information beyond the prior and therefore the worst-case prediction will
be a rather than b as recommended.

The crucial failure is that a revelation principle with some sort of recommendations
usually works by pooling signals together. This gives rise to a posterior that is a convex
combination of the posteriors derived from each of the pooled signals. However, it is not

true that a best-reply to the convex combination is also a best-reply to one of the original
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posteriors. For example, here, a is a best-reply to a convex combination of beliefs that are

certain about a state. For each of these extreme beliefs, a is dominated by either b or c. <

Example 11 illustrates that there is no obvious simplification in signal space available
that does not use some specific structure of the underlying economic environment. Since
the individual robust prediction R; depends only on the belief induced by the signal (see

Proposition 1), the objective from Equation 13 can be rewritten as follows:%

V()= > w(0)v(s|f) min  v(ar,as)

0€0,5€5 (ai€Ri(s))

= T min v(a,as),

Z (b1, pi2) (@sERA)) e (a1, az)
11,2

where 7 corresponds to the distribution over beliefs induced by I. Now the objective is stated

purely in terms of beliefs and the actual information structure no longer plays a role. Thus,

the main representation theorem for adversarial bilateral information design can finally be

stated by defining v/(p, p12) := ming,ep,(u,)),., v(a1, az) and using the characterization result

iel

from Section 3.

Theorem 2 (Representation Theorem). Fiz a design environment D. The designer’s prob-

lem can be represented as

supV(I) = sup > 7(pr, o), o)

fet TEAAO)) 1y iy
s.t. Z T(p1, o)y =,

H1,p2
Z (b1, p2)p2 =,

1,42

and T 3T 3 T.

Proof. Follows from the preceding discussion and Theorem 1. [

The theorem shows that the designer solves the problem as if she chooses marginal belief
distributions for each receiver subject to the familiar Bayes plausibility conditions. Moreover,

the beliefs across the two receivers cannot be too dependent so that the joint distribution

60Recall the notation from Equation 3 and Equation 4.



36 ADVERSARIAL BILATERAL INFORMATION DESIGN

satisfies the belief-dependence bounds. The constraint on the dependence can be simplified
if the designer utility v (as a function on belief space) has special properties.
For two-dimensional real-vectors it is well known®! that the stochastic order = (recall

Definition 5) has a dual characterization in terms of utility functions. In particular,
FZG = Eplw(z,y)] < Eglw(z,y)],

for all Bernoulli utility functions w : R? — R that are supermodular. Meyer and Strulovici
(2015) extend this result to distribution over a finite, n-dimensional lattice. Since the order
on beliefs was assumed to be a total order, Meyer and Strulovici’s results apply to the setting
of this paper. Thus, if v in Theorem 2 is supermodular, then the problem can be simplified

by solving

sup Z T(p, p2)v(pa,s p2)
T1,2EA(A(O)) piL 2

s.t. Zﬁ(,ul),ul =T,
M1
ZTQ(MQ),MQ =T,

B2

and T =T,

and verifying whether the resulting 7" is a valid CDF. Corollary 3 provides sufficient condi-
tions for this to be the case. Symmetrically, if v is submodular the last constraint would be
replaced by T'=T. In either case, the problem is simplified because the choice set contains
only marginal distributions.

Kamenica and Gentzkow (2011) show that the value of the information-design problem
with one receiver is equal to the concavification of the underlying utility function of the
designer. This turns out to be a convenient way of solving the design problems for specific
environments. Sometimes, the concavification approach is useful even for the case with two

receivers, as considered in this paper. Here, applying the concavification®? to the designer

61In probability theory, this is known at least since Cambanis et al. (1976) and Tchen (1980).
62Gee, for example, Rockafellar (1970, Corollary 17.1.5)
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utility v gives

cavy(my, ) =  sup Z T(p1, po)v(pn, pi2)
TEA(A®)) s

s.t. Z T(p1, fho) p1 = 71,
11,042

Z (1, p2) pr2 = T2
1,042

Thus, the concavification is just a relaxed version of the actual designer’s problem. It suggests
solving the concavification approach and then checking whether the resulting distribution ac-
tually satisfies the belief bounds. This might be useful for applications: as demonstrated later
in Subsection 4.2, this approach simplifies the search for the optimal information structure
in the CRO example, given that the CRO has supermodular preferences. This observation

is formally recorded as a corollary to Theorem 2.

Corollary 4. Fiz a design environment D. The concavification of v is an upper bound for

the value of the designer, i.e.

cav v(m,m) > sup V(I).
Iez
As explored above, Theorem 2 allows further simplifications of the maximization problem
if the designer’s utility function defined on the belief space takes particular forms. However,
this utility function v is an object derived from the primitive objects stated in a design
environment D. Next, I discuss a broad class of environments which provides easy verifi-
able sufficient conditions on primitives to ensure that the derived object v satisfies sub- or
supermodularity whenever the primitive function v satisfies these properties. In addition, a
subclass of these environments allows me to provide an upper bound on the cardinality of

the signal space (see Example 11).
Definition 7. An economic environment £ = (O, (A;, u;),c ) is monotone if
1. the states of nature © are endowed with an total order,

2. for each player i € N, the set of actions A; is endowed with an total order, and
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3. for each player i € N, the utility function has increasing differences in (a;,0), i.e. for
all (a;,0), (a},0') € A; x © and all a_; € A,

a,>a; and 0' >0 = w(a;,a_;,0") + ui(a;, a_s,0) > ui(a;, a_;, 0) + wi(a;, a_;, 0").

A design environment D = (€, m,v) is monotone if
1. the economic environment £ is monotone, and

2. the designer’s utility function v : A — R is increasing® with respect to the product

order induced by the orders on the set of actions A;, i.e. for all (a1,as) € A,

a, > a;, foralli=1,2 = wv(a},as) > v(ai,as).

Supermodular games usually have an underlying economic environment that is mono-
tone. However, the class of monotone environments is more general since it does not specify
increasing differences in (a;, a_;), which is assumed to transform an economic environment
to supermodular game. Thus, the class of environments here is quite general, but specific
enough to translate the preference for complementarities from action space to belief space as
formally stated in the next proposition. This proposition, therefore, provides a simple way
to check the primitives to ensure that the Bernoulli utility in the objective of the problem

in Theorem 2 is either sub- or supermodular.

Proposition 2. Consider a monotone design environment D. Suppose the designer’s utility
v : A — R is supermodular then the derived utility v : A(O) x A(O) — R on belief space

(endowed with the first-order stochastic dominance order) is supermodular, where

R

Similarly, if v is submodular, then v is submodular as well.

In the general problem, Example 11 illustrates that using recommendations similar to

the usual revelation principle does not work. For monotone design environments with a

630nly monotonicity of v is needed for all of the following analysis. The definition uses increasingness to
simplify the notation.
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restriction on information structures, action recommendations provide a rich enough sig-
nal space. Action recommendations turn out to be useful even when working in belief
space as will be illustrated in Subsection 4.2.%* For this, say that an information structure
I is direct if for every i € N, S; C A; and for every signal a = (a,asz), it holds that
mm(ageRi(sm,w)) N v(al,ab) = v(a). Then, the following proposition is akin to a standard

revelation principle.

Proposition 3 (Revelation Principle). Suppose the design environment D is monotone.
Restrict the choice of information structures to information structures that give rise to pos-
teriors that are totally ordered by first-order stochastic dominance for each player.%®> Then,
there exists an information structure I with value V(I) if and only if there exists a direct

information structure I such that v(I) = v(I).

This result is interpreted slighlty differenlty the usual interpretation of the revelation
principle as in Myerson (1982) or Kamenica and Gentzkow (2011). Here, the designer sends
action recommendations to the receivers like in the usual version, but the receivers do not
have to be obedient and follow the recommendation. Instead, whatever action the receiver
chooses, for the designer the action will be at least as good as if the receiver had followed

the recommendation.

4.2 THE PROBLEM OF A CRO SOLVED

Now, the problem of the CRO introduced Subsection 1.2 can be solved. Recall that the
economic environment £ can be summarized by the two game tables in Subsection 1.2.
This economic environment is actually a monotone one. Furthermore, the prior of both
pharmaceutical companies was specified as m = 1/3, thus it remains to specify the preferences
for the designer (i.e. the CRO) to get a design environment. For now, assume that preferences
are such that the CRO prefers further research over dropping the project for both companies,

1.e.

v(R,:) >v(D,:) and wv(,R)>wv(,D),

64Whether this revelation principle argument is useful for working directly in signal space is an open
question.
65For example, if the state space is binary, then this assumption is without loss of generality.
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which makes the design environment monotone as well. Using Figure 1, it is easy to obtain

the CRO utility function defined on belief space, as shown in Figure 8.

1 :
v(D,R) " (R, R)

KN i
v(D, D) . v(R, D)

Figure 8: v, CRO utility function defined on belief space.

Given this derived utility function v, the optimal information and the corresponding
value can be obtained by applying Theorem 2. The problem is analyzed separately for two
possible cases of sub- and supermodular preferences of the CRO. For the remainder, I also

assume that the preferences are symmetric.%

Supermodular case: Suppose that the utility of the CRO is supermodular, i.e. v(R, R)+
v(D,D) > v(R,D)+v(D, R), then by Proposition 2 the induced belief utility function
v will be supermodular as well. In this case, the design problem can be easily solved
by considering the relaxed version obtained by removing the belief-dependence bounds
from the problem as stated in Theorem 2. Thus, the problem becomes equivalent to
the concavification approach of Kamenica and Gentzkow (2011). Figure 9 plots the
utility function v in the left panel. The right panel superimposes the concavification
cavv. The optimal value corresponds to cavv(m,m) as indicated with an asterisk in
the figure. Due to the supermodularity the CRO wants to make receivers’ choices
as positive dependent as possible, and the resulting belief distribution®” (shown in

Table 11) reflects this. It remains to verify that the belief-dependence bounds are

66This is not without loss of generality!

67Since tie-breaking does not favor the designer, v is not upper semicontinous and an optimal information
structure does not exist. To simplify this illustration, the reported information structure ignores this issue.
An e-optimal information structure would ensure that the induced belief is strictly greater than 2/3.



41

satisfied by the solution resulting from the concavification approach. For this, recall
that for symmetric marginal belief distributions the upper belief-dependence bound
(which is attained due to supermodularity) is just the upper Fréchet-Hoeffding bound.

Thus, the distribution in Table 11 is indeed a valid belief distribution. An information

structure inducing this belief distribution is also shown in Table 11.

Designer utility v

Figure 9: CRO utility and concavification superimposed (right panel).

Table 11: Optimal information for the CRO with supermodular preferences.

Novarty
Signals Belief
b g b g 0 2/3
. b 0 0 34 0 . 0 12 0
Signals for Pfizr g 0 1 0 s Belief of Pfizr /s 0 s

Submodular case: In the remaining case, the CRO is assumed to have submodular pref-
erences. That is, v(R,R) + v(D,D) < v(R,D) + v(D, R), which implies that v is
submodular similar to before. Here, the concavification approach is not useful since
it would yield a belief distribution (see Table 12) which cannot be induced by any

information structure. This can be verified by checking that this distribution violates
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the lower belief-dependence bound. Thus, a different approach is needed for this case.

By Proposition 3, it is sufficient to consider marginal belief distributions with binary

Table 12: Result from concavification approach for submodular preferences.

Belief of Novarty

0 2/3
: 0 0 1/2
Belief of Pfizr 2/ 1s 0

support only: one supported belief leads to actions D in the worst-case and the other
leads to action R in the worst-case. Therefore, for each receiver we need to consider
beliefs (uP, uft) € 0,2/3) x [2/3,1] only.®® Moreover, it is easy to see that distributions
leading to both actions with positive probability are better than just sticking to the
prior (on each dimension). Thus, (u?, ult) € [0,1/2) x [2/3, 1] by Bayes plausibility. Us-
ing Theorem 2 the solution is readily available computationally. However, it is possible
to derive it directly, too. First, the lower belief-dependence bound® has to be binding
due to submodularity. Furthermore, it has to be strictly tighter at some point than
the usual Fréchet-Hoeffding lower bound, otherwise Table 12 would be the solution.
Given the binary signals per receiver and the possible values for these, the only point
where the bound is binding is at (u, u). For the other cases the Fréchet-Hoeffding
bound is the same as the belief-dependence bound. Thus, letting 7; denote the marginal

distributions,

Tt 1) =) (1= pt) + m2(pd) (1 —pd) — (1 —n),

has to hold for any possible joint distribution. This allows me to simplify the program

as stated in Theorem 2 by making the problem separable between the two agents.™

68 As before, we change the tie-breaking assumption here, which simplifies the notation, but does not
change the essence of the argument.

89For the binary state case first-order stochastic dominance is a total order. By Lemma 3, only T has to
be considered for the lower bound.

"Derivations are shown in Subsection B.4.
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The reformulated program becomes

sup Y 7)) + Y Talp) fpa)

71,2EA(A(O))

s.t. Zﬁ(pl),ul =,
p1
ZTz(Nz)Mz =
2

where f(u) :=1[p < 2/3] (2v 4+ p—1)+1 [ > 2/3] (1 — p) using a normalization on the
payoffs for the CRO.™ The solution to this program determines the optimal marginal
distributions, which are then combined to a joint distribution via the lower belief-
dependence bound. Due to the established separability, the reformulation can be
solved with the concavification technique from Kamenica and Gentzkow (2011) yield-
ing uiD’* = 0 and MZR’* = 2/3. By Bayes plausibility this gives the same marginal
distribution as in Table 12, but these marginals must be put together with the lower
belief-dependence bounds. This yields the optimal information structure as foreshad-

owed in the introduction and stated in Table 2.

5 DISCUSSION

In this section, I discuss some extensions of the model and highlight some conceptual aspects.

5.1 DESIGNER WITH STATE-DEPENDENT PREFERENCES

Throughout the paper, the designer’s preferences did not depend on the state of nature
directly. This assumption can be interpreted as modeling the case of pure persuasion, in
which the designer does not have any intrinsic motivation about information provision. This
is not always a sensible assumption. Sometimes situation are better described by allowing
the designer’s preferences to also depend on the state, i.e. v : A; X Ay x © — R. In such
a case, the characterization of Section 3 is not useful, because it is also necessary to keep
track of the designer’s belief about the state of nature, because the designer always sees the

realizations of both signals. However, the first step of the proof of Theorem 1 is helpful in this

"n particular, v(D, D) = —1, v(R, R) = 0, and v(R, D) = v(D, R) =: v € [~1/2,0]. This is without loss
of generality.
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case. Indeed, the characterization of the first step gives rise to the following representation

for a state-dependent designer:

Corollary 5 (State-Dependent Representation). Fiz a design environment D with v : A X

© — R. The designer’s problem can be represented as

supV(I) = sup Z 7(to, pa, p2)v (ko i1, 112)
fex TEAA®) g pur iz

s.t. Z T (o, f1, p2)p; = m,  for at least one i € N U {0}
HOs 41542

Doy T(Ho, iy f1-i) o
ZMO,M—i T(lu’07 i, :u—z)

=p; for alli € N and all p; € supp,
where

v ) = 0 min  v(a, ag,0).
(Mo,,ul M2> ;MO( )(aiERi(M))ieI ( v )

5.2 EXTENSION TO MULTIPLE RECEIVERS

In this paper, I have focused only on two players only. This simplifies the notation sig-
nificantly, but not every result extends to more than two receivers. The solution concept
introduced in Section 2 readily extends to any finite number of players if the definitions
of belief-free rationalizability (Equation 1) and rational-extended beliefs (Definition 2) are
adapted to allow for general correlated beliefs about the opponents’ actions. The character-
ization in Section 3 does not extend to multiple players without adaption. Of course, the
functional form of the belief bounds is specific to two receivers, but a similar approach as in
the proof of Theorem 1 can be adapted. I sketch this in accordance with the proof steps of

Theorem 1.

Step 1 [Characterization of state-dependent distributions over beliefs|: This step generalizes

directly to multiple receivers.™

Step 2 [From 7 to marginals of A]: This generalizes as well, but now one has |N| + 1
marginals: the marginal 7 on A(A(©)"), and | N| bivariate marginals \; g on A(A(O) x
0).

"2This implies that the representation for a state-dependent designer as in the previous subsection extends
as well.
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Step 3 [Higher-order Fréchet-Hoeffding bounds|: This step is crucial for a generalization.
Here an extension of Joe (1997, Theorem 3.11) is needed to obtain bounds for |[N| + 1

dimensional distribution for marginals like the ones in Step 2, i.e. a version of

r (T’ OV,G)ieN) < r (T7 ()‘i79)z‘eN) ’

where I and T’ would be functionals mapping to CDFs of |N| + 1 dimensional distri-

butions.

Step 4 [From information structures to bounds]: Given Step 3, the remainder stays the

salme.

Deriving these bounds and studying their properties is left for future research.

5.3 THE EcoNnoMmIic ENVIORNMENT 1S COMMON KNOWLEDGE, SO IS RATIONALITY

Throughout this paper, I operated from the assumption that the economic environment is
common knowledge among the players. In the examples this did not matter too much, but
it this knowledge is crucial for the solution concept, which also requires common knowledge
of rationality. A slight adaption of Battigalli et al. (2011, Section 3.1-3.2, see also Section
4.2) shows that the individual robust prediction corresponds to the behavioral implications
of common belief of the economic environment and rationality, as well as knowledge of the
marginal information structure. For certain economic environments, this has important
consequences for the design of information structures. To see this, consider the following

economic environment:

Novarty Novarty
R D R D
R| 1 Lo 0 o7 4 0
Pfizr
D| g 1] 0 o o O
=1 0=2

The payoffs for Pfizr are the same as in the CRO example, however Novarty now has an
(ex-post) dominated action: R is always worse than D. For the same prior as before (7 = 5/9)
the robust prediction without any information would be {R} for Pfizr (and, of course, D

for Novarty). Thus, without providing any information the designer gets the best possible
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outcome. Suppose now, that the designer does not assume common knowledge of rationality
among the receivers but still assumes rationality and knowledge of the marginal information
structure for each receiver. The corresponding (even more) robust predication can be ob-
tained by dropping part (2) in the definition of rCPS (Definition 2). In this example, this
version of robust prediction (interpreted as a function of first-order beliefs) for Pfizr yields
the same as in the running example in the main text of this article. Therefore, if the designer
is concerned about robustness under these less restrictive assumptions, she will engage in
Bayesian Persuasion 4 la Kamenica and Gentzkow (2011) with Pfizr. This means that the
designer will optimally reveal the state of the drug being ineffective sometimes, which implies
that Pfizr will drop the project occasionally. This is in contrast to the behavior under the
assumption of common knowledge of rationality, where Pfizr will conduct further research
with certainty. What is the right optimal information structure for the designer? This de-
pends on the assumptions the designer wants to make. In this paper, the designer imposes

common knowledge of rationality.

5.4 RoOBUST INFORMATION DESIGN

The key aspect of robust mechanism design as initiated by Bergemann and Morris (2005),
and the Wilson (1987)-doctrine more generally, is relaxing the implicit common knowledge
assumption to obtain more realistic models. Given the discussion in the previous subsec-
tion, the model presented here can be interpreted likewise, but in the realm of information
design. In robust mechanism design, the implicit assumptions are relaxed by considering a
sufficiently rich Harsanyi-type space. In contrast, in information design the Harsanyi-type
space is the actual designed information structure. Mathevet et al. (forthcoming) provide
a method to study this design problem. My model can be interpreted as relaxing the com-
mon knowledge assumption about the designed information structure. But to remain in
the realm of information design, the players still know their designed marginal information
structure. The solution concept proposed in this paper captures these assumptions exactly as
explained in the previous section. In addition, the adversarial selection assumption reflects

the robustness aspect.
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5.5 CORRELATION NEGLECT

Recently, interest in correlation neglect, both empirically™ and theoretically,” has deepened.
The belief-dependence bounds derived in this paper can be interpreted in a similar vein: con-
sider a single recevier, who gets information from different sources about a multidimensional
state. If this recevier does not undestand how the different sources are correlated, then the
belief-dependence bounds characterize all possible joint distributions over posteriors. For
example, the receiver might be averse to the uncertainty about the correlation structure of
the different sources. The belief-dependence bounds allow to translate this aversion to the
space of posterior beliefs. A similar idea, but without using these bounds, was employed
recently by Levy and Razin (2018) and applied to auctions in Laohakunakorn et al. (2019).

Exploring this avenue seems promising for future research.

6 CONCLUSIONS

One of the primary tasks of modern economies is the provision of information. In this paper,
I provide a method to study the question of how to optimally provide information when
agreements are made bilaterally between the sender and the receiver. In the case of multiple
receivers, which is quite common in the pharmaceutical industry, for example, receivers
might engage in a strategic game to compete in their market. These strategic considerations
should be taken into account by the information provider. Since the previous literature
assumed that the information provider can fully commit to a grand information structure
that becomes common knowledge among the receivers, I cannot directly apply these existing
methods. The full commitment assumption is in direct contrast to the bilateral-contracting
assumption.

This paper has several contributions, which provide a general, yet tractable, method to
study bilateral information design. First, I propose a new solution concept that captures
all actions that can be rationally chosen for a player with a given information about the
fundamental of the economy. Second, I contribute to information design by characterizing
the set of possible distributions over beliefs that can arise from any information structure.
In doing so, I develop novel extremal distributions that capture how dependent these beliefs

can be. Finally, I combine each of these insights to develop a representation theorem that

"3See, for example, Enke and Zimmermann (2017).
"Recent papers include Levy and Razin (2015) or Ellis and Piccione (2017) among others.
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provides a simple method to study bilateral information design, assuming the designer is
concerned about robustness to strategic uncertainty arising from the bilateral arrangement.
I illustrate the main theorem by solving for the optimal information structure in a stylized

problem faced by contract research organizations.
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A A FOUNDATION FOR THE INDIVIDUAL ROBUST PREDICTIONS

In this section, I provide a foundation for the individual robust predictions in a similar spirit
as the literature on informational robustness and Bayes Correlated Equilibrium. First, I
need a result relating BFR to robustness across all information structures and across all
Bayes-Nash equilibria (Proposition 4). This part is closet to the literature on informational
robustness in the sense it takes the perspective of an outside observer. Second, I will give
a foundation for the individual robust-predictions by adding back the marginal information
structure of Player 1 (Theorem 3). Thus, this can be seen as a robustness from the player’s
perspective because he knows his marginal information structure. Since these foundations
rely on non-common priors, I also need to take care of zero probability events. This is in
contrast to the analysis in the main text and requires different definitions. Whenever zero
probability events can be ruled out, all the following definitions reduce to the definitions of
Section 2.

A.1 ROBUSTNESS FOR AN OUTSIDE OBSERVER

Starting with an economic environment, a Bayesian game is obtained by adding priors for
each player m; € A(O) and specifying a (grand) information structure with possible hetero-
geneous signal functions.

Definition 8. Fiz an economic environment £. A (grand) generalized information structure
(for £) is I = ((S;, ¥;)ien), where for each playeri € N,

1. S; is a finite set of signals, and
2. U, : O — A(S) X S3) is a conditional signal distribution.

A Bayesian game G = (&, 1, (m;)ien) is given by (i) an economic environment &£, (ii) a
generalized information structure I, and (iit) a prior m; € A(O) for each player i € N.

A generlized information structure together with the two priors gives rises to a standard
type space & la Harsanyi (1968) but without a common prior. Without common priors and
signal distributions the definition of equilibrium needs to account for zero probability events.
For complete information games, Brandenburger and Dekel (1987) introduced a posteriori
equilibrium to rule out the play of dominated actions after a zero probability events. The
definition of equilibrium in this paper will be an extension to incorporate uncertainty about
the states of nature. But first, we need to introduce a tool to define beliefs even in case of
zero probability events.

Definition 9. Fiz an economic environment &, a player i, a prior m; € A(O) and a gen-
eralized information structure I. A conditional probability system (CPS) for (m;,I) is a
mapping ; : S; — A (O x S_;) such that for every (0,s;,5_;) € © X S; X Sy,

pi0,s_ilsi) | Y m(O0)Wi(si, s [07) | = mi(0)Wisi, 5i]0).

/o
0',s"_,
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That is, a CPS defines beliefs about the state of nature and the opponent’s signal realiza-
tion for every signal relation of the given player. In addition, the beliefs have to be updated
via Bayes’ rule whenever possible. To formally state the appropriate version of equilibrium,
it only remains to define strategies. A (behavioral) strategy for player ¢ in a Bayesian Game
G is a mapping 5; : S; — A(A;).

Definition 10. Fiz an economic environment &, priors m; € A(O) for each player i € N,
and an information structure I. A Bayes-Nash equilibrium (BNE) for (m, 79, ) is a tuple
(Bi, i) for each player i € I such that

1. B; is a strategy,
2. i is a CPS for (m;, I), and

3. B; is optimal (given p; and 5_;), i.e. for each s; € S;

a; € supp fi(+|s;)) = a; € argmax Z 110, 5-i|si) B-i(a—i|s—i)ui(a;, a_;, 0).

a’
i 0,5_i,a_;

Let BNE(my,m, I) be the set of all BNEs for (my,m, I).7

Now, the first result states that belief-free rationalizability characterizes all actions that
can be played in any Bayes-Nash equilibrium for any information structure (and any prior
beliefs). Thus, without making any assumptions about the information structure an outside
observer can not make any prediction that is a refinement of belief-free rationalizability.
In this sense, belief-free rationalizability is robust to the specification of the (generalized)
information structure.”™

Proposition 4. Fiz an economic environment €. For every player i, a; € BF'R; iff there ez-
ists priors (my, m), an information structure I and a signal s; € S; such that a; € supp 5;(-|s;)
for some B; € BN E;(my,ma,1).

A.2 ROBUSTNESS FROM THE PLAYER'S PERSPECTIVE"’

Now, we add back the marginal information structure of Player 1 (see Definition 1). Here as
well, we need to take care of zero probability events and therefore rational-extended beliefs
are not appropriate anymore. A version of a conditional probability system is needed again.
Although, now it should only capture beliefs about the state of nature.

">The dependence on the economic environment is suppressed in this notation since it will be fixed through-
out. Furthermore, I will slightly abuse notation and write 8 = (81, 82) € BN E(m, m, I) if there exists CPS’
= (u1, u2) such that (8, u) € BNE(my,m,I). Similarly, we will write 8; € BN E;(m, 7o, I) if there exists
B_; and p such that (51, u1, B2, o) € BNE(m1, 79, I).

"6Bergemann and Morris (2017, Section 4.5) informally mention a result along these lines. Battigalli and
Siniscalchi (2003, Proposition 4.2 and 4.3) prove a similar result in a slightly different setting.

"TThis subsection is described from the perspective of player 1. It applies verbatim to player 2 by switching
the player indices.
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Definition 11. Fiz an economic environment £, a prior m; € A(©) and a marginal in-
formation structure I. A marginal conditional probability system (mCPS) for (m1,1;) is a
mapping i1 : S — A(O) such that for every (0,s1) € © x Sy,

pa(0)s1) [Z 7T1(9/)¢1(51|9/)] = m1(0)11(51]0).

Similar to rational-extended beliefs, mCPS need to be extended as well.

Definition 12. Fiz an economic environment £, a prior my € A(O) and a marginal infor-
mation structure I. A rational-extended conditional probability system (rCPS) for (m, )
is a mapping p1 = S1 — A (O x As) such that

1o = (([s1)),,es, s @ mCPS for (my, ), where fii(:|s1) = margg pi(+[s1) for all
s1 € 51, and

2. for all s; € Sy, supp pi(-|s1) € © x BFR,.

Finally, these rCPS’ allow to define the individual robust prediction even with zero prob-
ability events.

Definition 13. Fiz an economic environment &, a prior m; € A(O), and a marginal infor-
mation structure Iy. A pure strategy b : S; — A; is conceivable for (w1, I1) if there exists a
rCPS py for (m, 1) such that b is optimal given uy, i.e. for each s; € Sy,

b(s1) € arg {HaXZMl(Q ag|s1)ui(ay, az, 0).

“ 97“2

The individual robust prediction is the set of all conceivable strategies and is denoted by

Ry (I, ).

The goal of this section is to provide a foundation of the individual robust predictions.
That is, it should capture they idea of informational robustness across all information struc-
tures of the opponent (fixing the marginal information structure of the player). This leads
to the idea of an extended information structure.

Definition 14. Fiz an economic environment £ and a marginal information structure Iy =
(S1,11). An extended information structure (for Iy) is I = ((S;, V;)ien) such that

1. I is a generalized information structure,
2.5 C gl, and
3. margg, V1(+|0) = 11(-0), for all 6 € ©.

Let Z(1,) be the set of extending information structures for I.
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Condition (1) ensures that an extended information structure is indeed a generalized
information structure, whereas conditions (2) and (3) make sure that the extended infor-
mation structure incorporates the marginal information structure of Player 1. A natural
interpretation of this definition is that Player 1 conjectures a grand information structure
for given economic environment so that she can analyze the resulting Bayesian game. How-
ever, since she knows exactly what information she gets about the state of nature, she uses
this knowledge to rule out information structures which do not align with her marginal infor-
mation structure. Indeed, the individual robust prediction correspond to all strategies that
are conceivable across all such conjectures. This means that for each conceivable strategy
there is an extending information structure (and a conjectured prior for the opponent)™ and
a corresponding Bayes-Nash equilibrium where this strategy is played.

Theorem 3. Fix an economic environment &, prior m; € A(O), and a marginal information
structure Iy. b € Ry(Iy,m1) iff there exists an extending information structure I € Z(Iy), a
prior my € A(O), and a corresponding BNE f3; such that b(s;) € supp 5;(+|s;) for all s; € S;.

Theorem 3 constitutes the main result of this section, because it provides an informational
robustness foundation for the individual robust predictions.

B PROOFS AND DETAILED CALCULATIONS

B.1 PROOFS FOR SECTION 2

Proposition 1. Fiz a set of states of nature ©. Consider an economic environment £
(with states of nature given by © ), two priors m, 7 € A(O) and two marginal information
structures Iy = (Sy1,%1) and I} = (S7,41). For all (s1,s)) € S1 x S, if ps, = pg, then
Ri(si|Iy,m) = Ri(sy|11, 7).

Conversely, consider two priors wp, 7 € A(O) and two marginal information structures
I = (S1,¢1) and I} = (S},9)). If there exists (s1,s]) € S1 x S} and 0 € © such that
ts, (0) # pgr (0) then there exists a (finite) economic environment (holding © fized) such that
Rl(slula 7T1) N Rl(Slllli, Wi) = @

Proof. The statement is trivial if |©| = 1, so suppose |©] > 1.

The first part follows directly from the definition, since BF R; depends only on the
economic environment and the rational-extended beliefs exactly capture only the beliefs
about the states of nature, which are the same by assumption.

For the second part, fix 8/ € © such that

e sf0)m (0 h(|)m @)
- 2 ptisilO)m(0) T X i(sal0)mi(0) T

Consider the following economic environment: A; = {u, '} and payoffs are given by

ui(ai, a_;, 6) = (CLZ' — 1[9 = 0/])2.

"8Recall that the economic environment does not specify priors.
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By construction only the belief about the state matters for best-replies, so the difference
between the induced belief on © and an rational-extended belief does not matter. Now,
note that p (as action) is the unique best-reply to p (as belief). Then, by construction
Ry (s1|1y,m) = {u} and Ry(s)|I1, 7)) = {1} and the conclusion follows. |

B.2 PROOFS FOR SECTION 3

Given the Bayesian updating if the two receivers (see Equation 3), define the induced state-
including joint distribution over beliefs by

A(ft1, po, 0 Z Z U(sy, s2]0). (14)

1EN s;: s, =i

Similar to before, I will say that a distribution over beliefs and states A is induced by some
information structure, if there exists an information structure such that A can be derived
from the information structure by applying Equation 3 and Equation 14.

Lemma 1. A joint distribution over posterior beliefs and the state A € A(A(©) x A(O) x ©)
1s induced by some information structure I € T if and only if

1. ZMLI@ )\(,ulnu% ) =T,
2. and for every i € I, and every u; € A(O),

Z)‘(:uz?ﬂfza) = M Z )\(,UZ,ILL,HG)
H—i H—i,0

Proof. Fix an information structure I € Z and let A € A(A(©) x A(©) x ©) be the induced

distribution. Then (1) is satisfied, because

S M) = 3 [S% w0kon 00

H1,02 pi,p2 | GEN Sitps, =[;

0) > " W(sy, 5/0) = m(6).

51,52
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For (2), consider uy € A(©). Then,

S M, 0) =S S w(0) (s, 5206)

n2 1EN Siiphs; =Hi

= > ) w(0)U(s1, 5000)

S1iflsy =H1 S2

- X lmmwawsl,sﬂe@]

S1ifbsy =H1 s2,0’

=m(0) > [ZW(@')\P(Sl, 3219')]
S1ipsy =H1 Ls2,0’
= p1(0) > Ay, 2, 0).

p2,0’

The argument for player 2 is the same.

Conversely, suppose there exists A with conditions (1) and (2), I will construct an infor-
mation structure which induces A. For this let S; = suppmarg, 7 and Sy = supp marg, 7
and define the conditional signal distribution as

/\<,U/17 M2, 8)

\D(IuhMQ‘e) = 7_(_(9)

Note that condition (1) implies that W gives rises to valid distributions.
Furthermore, for signals which happen with positive probability condition (2) gives

Zﬂ—i A(M’L? H—i, 9)

! ( ) Zu_iﬁ )\(Mu H—i, 0) ( )
Hence,
D> w(0)U(s1,00) = 7(0) T (1, p12]0) = A, 12, 6)
1EN Sitps; =[bi
so that the constructed information structure induces . [ |

Lemma 2. Suppose A € A(A(O) x A(O) x ©) satisfies (1) and (2) from Lemma 1, then for
every 1 € I,

Z Apis p—iy O) s = .
]

HisHh—i,



95

Proof.

Z Mg, p—i, @) ZMZZAMMMZ,G 2)22)\(/1@'7#—1‘7')(277
Hirph—i0 i i

For the following consider the following definitions. Given 11,7 € A(A(©)) and a prior
m € A(0) define

(L) =) m(6h)
i
Tim) = Y n(py) and To(ps) = D maluh)

T (i1, pr2) Z Z Mpﬂz

py<pn py<po

L

M, L) = > () Y 1 (0)
< k=1

My(pa, L) = Y ma(ph) Y i (6h)
wy<p2 k=1

With these definitions, the elementary functions of the belief-dependence bounds can be
restated as

Ty (1, pro; L) = My (g, L) + Mo (pp, L) — TI(L)

To(pn, p2; L) = Ty(p) — My(pa, L) + To(pa) — Ma(pe, L) — [1 — TI(L)]
T1(pa, po; L) = M (g, L) + To(p) — Ma(paa, L)

To(p, po; L) = Ti(pta) — My (pa, L) + My(p, L),

for every L =0,..., K.

Lemma 3. Fiz two univariate belief-distributions m, 7 € A(O) and a full-support prior
m € A(O). Suppose that (i) E.[p] = 7, and (ii) supp, 7; is totally ordered by first-order
stochastic dominance, then for every L =0,..., K

T,(:) — M, L) < Ti(pi) [1 — TI(L)] (15)

Furthermore, Ty(ju1, pio; L) < maxy Ty (ju, pio; L).

"Recall that a summation over an empty set is, by definition, zero.
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Proof. Using the total order and (i), for every L and every p; € supp7;

B> (0| < il Py < o) + B> pi(Ok) a1 > i P(tf > pi) = Y B [ (61)] = TI(L),

k<L k<L k<L

and by first-order stochastic dominance we also know that

B, > (00| < ] 2> i) > B [ (001t > paa].

k<L k<L k<L

Thus, TI(L) < Er,[> <y wi(0k) i < ] = Milkarl)/13(45), which implies the first inequality in
Equation 15.
For the second part, the inequality Equation 15 gives

To(pr, pro; L) = Ty(pa) — My (pa, L) + To(pn) — Ma(pa, L) — [1 = TI(L)]
< T (pa) [T —=TI(L)] + To(po) [1 = TI(L)] — [1 = TI(L)]
< Ti(p) + Tolpe) = 1 < max T (pa, po; L).

Theorem 1. Fix an economic environment € and a full-support prior m € A(O). T €
A(A(O) x A(O)) is induced by an information structure if and only if*°

1. ZM,M T(p1, p2)pn = me T(p1, p2)pi2 = m, and
2. T3TZT.

Proof. Suppose 7 satisfies the properties with the goal of showing that an information struc-
ture induces 7. By Lemma 1 it suffices to construct A € A(A(0) x A(O) x ©) with marginal
distribution on A(©) x A(©) given by 7 and properties (1) and (2) as stated in Lemma 1.
For this, define

)‘1(#17 9) = :ul(e) 27_(#17 HQ)a

p2

Aa(pa, 0) = p12(6) Y (1, p2).

M1

A trivarite distribution A with (bivariate) marginals given by 7, 7y, and 7, satisfies (1) and
(2) of Lemma 1. (1) follows from

D A2, 0) =D M, 0) = > pa(0)7 (i, pa) = w(6),

11,042 1,042

80Here, a slight abuse of notation appears: the belief bounds are formally only defined for two marginal
beliefs. In the statement there is only the joint distribution 7. The belief bounds correspond to the bounds
defined by using the two marginals distributions derived from 7.
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where the last equality uses the marginal condition (1) in Theorem 1. Condition (2) follows
as well:

Z)\ f1, fi2, 0) = A (p,0) = M1(9>Z (p1, pi2) = Z)\ i, pa, 0

2 2,0

It remains to show that such a distribution A exists. For this some more notation is intro-
duced first.

Now, by Joe (1997, Theorem 3.11), A with the given bivariate marginals exists if for every
L=0,...,K and every puy, s € A(O),

max {0, T'(pu1, p2) — [T1 (1) — Mi(pa, L)) T(ps p2) — [To(p2) — Ma(p2, L)]
My (g1, L) + My (pe, L) — II(L) }
< (16)
min {T<:u17 N2)7 Ml(ﬂl’ L>’ MQ(M% L)v
T(pr, p2) + [1 = I(L)] = [T1(pa) — Ma(pua, L)] — [To(p2) — Ma(p2, L)]} -
First, we need T'(u1, p2) + [1 — ( )] = [T(p1) = T (pa, 0)] — [T(p2) — Tar(pa2, 0)] > 0, or
equivalently, T'(pu1, p2) = T'(p1) = Tha (i1, 0) +T'(p2) — Tha (pi2, 0) — [1 — TL(0)] = Ty (1, pi2; L).

This holds since T' 72 T and T'(pu1, pt2) > To(p1, pi2; L).
Next, each of the remaining terms in the max is verified separately.

1.

T(pa, p2) — [Ta(p1) — Mi(pa, 0)] <
min {T(:ula M2)> M, (:ula L): MZ(“% L)?
T(pa, pr2) + [1 = T(L)] = [Ta(pa) — Ma(pa, L)) = [To(p2) — Ma(pa, L)]}

which is equivalent to

0 <Ti(p1) — Mi(pa, L)
T(p, p2) < Ti(p)
T(prs p2) < Th(pn) — Mi(pa, L) + Ma(pe, L)
Ty(pg) — Ma(pz, L) <1 —1TI(L).

The first holds because T (p1) — M (p1, L) = Zu1<u1 () S 141 H1(0k) > 0. The
second holds because T} () is the marginal of T'(tq, u2). The RHS of the third in-
equality is equal to T (g1, pte; L). Since T 2= T and To(pu, pto; L) > T(pa, pt2) the third
inequality is satisfied as well. Due to the marginal condition (1) in Theorem 1, the last
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inequality holds as well:

wh<piz k=1 1 k=1
L L

<Y mluh) [1- Zugwk)] =1-Y 7(6) =1-TI(L)
7 k=1 k=1

2. “T(p1, po) — [To(pe) — Ma(ug, L)] < ...7 is symmetric to the previous part. Thus, it
holds as well.

3. The last case is

Mi(pa, L)+Ma(po, L) — (L) <
min {T(Mla MZ)a TM(:Ula 9)7 TM(VJ% 9)7
T(pa, p2) + [1 = T(L)] = [T1(p1) — Mi(pa, L)] = [T2(p2) — Ma(pz, L)]}

which equivalent to

T(p, p2) = Mi(pa, L) + Ma(p2, L) — TI(L)
M2(M27L) < H(L)

My(py, L) < TI(L)

T(p1, p2) = Ti(pa) + To(pe) — 1

The first holds because T = T and T(u1, po) > T (p1, pt2; L). The second and third
inequality follow from the marginal constraint (1) in Theorem 1 as

L

Mi(pi, 0) =Y " m(up)pi(0) <N " m(uppi(0) = > w(9).

k=1 pf<p; k=1 p! k=1

Finally, the last inequality holds for any joint distribution with given marginals—it’s
the lower Fréchet-Hoeffding bound.

Thus, the three bivariate marginals are consistent and there exists A with these bivariate
marginals. As argued above, A satisfies properties (1) and (2) of Lemma 1. Thus, there is
an information structure inducing A with marginal 7.

Conversely, suppose that 7 is induced by an information structure, then by Lemma 1
there exists a distribution A € A(A(0) x A(O) x O) with properties (1) and (2) of Lemma 1.
Furthermore, 7 has to be the marginal of A on the first two dimensions. By Lemma 2 the

marginal conditions (1) of Theorem 1 are satisfied. Existence of A and the previous analysis
imply the bounds 7" 2 T 7 T
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o If T(p1, po) > Ti(pa, po; L) = My(pa, L) + To(pa) — Ma(pa, L), then

T, p2) — [To(pa) — Ma(pa, L)] > Mi(ps, L).

o If T(p1, po) > Tolpur, pio; L) = Ti(p2) — Mi(pia, L) + Ma(py, L), then

T(p, p2) — [T1 (1) — Mi(pa, L)] > Mo(po, L).

In either case, Equation 16 is violated. Similarly, if T'(py, p2) < Ty (i1, po; L) = My (pa, L) +
Ms(p2, L) = II(L) or T'(pa, p2) < To(pur, pio; L) = Ti(pa) — Mi(pa, L) + To(p2) — Ma(pa, L) —
[1 —TII(L)] then Equation 16 is violated.

Thus, if the bounds are not satisfied at any point Equation 16 is violated. This means
that there is no trivariate distribution with the marginals given by 7, A, and \,.%' However,
this is in contradiction with the existence of \. [

In the following, I will use the same notation as introduced in the proof of Theorem 1.

Corollary 1 (Kamenica and Gentzkow, 2011). Fiz an economic environment £ and a full-
support prior m1 € A(O). Consider 7 € A(A(O) x A(O)) with marginals 7, and T and
suppose that®® 5 = 8,. Then, 7 is induced by an information structure if and only if

Proof. We check that the belief-dependence bounds are always satisfied.
For the lower bound, the assumptions imply 7', (p1, 0x; L) = My (u1, L) and Ty (p1, 055 L) =

Ti(p1) — My (pq, L). The first is increasing in L and the second is decreasing in L. Thus, the

lower bound becomes T'(p11, 0,) = T1(p1) > max {7, (11, 03 K), Ty (1, 6;0)} = max {T1(u1), T1(u1) }-
For the upper bound, the assumption imply T (p1, 6x; L) = My (py, L) + [1 — TI(L)] and

Ty(p1, 05 L) = Ty (p1) — My (g, L) + TI(L). Thus, for the bound to be satisfied

Ti(pa) = T, 0x) < min{My(pur, L) +1 = II(L), Ty (pa) — Mi(pa, L) +TI(L)}
needs to hold for all L =0, ..., K.

Case 1 - T1(p1) < My(pq, L) +1 —1I(L): This is equivalent to 71 (1) — My(p1, L) < 1 —
II(L). The LHS is increasing in p; and for fi; > supp 7 the inequality holds with
equality due to constraint on the marginal distribution.

Case 2 - T1(p1) < Ti(p1) — My(pg, L) +II(L): This is equivalent to M;(uy, L) < II(L),
which holds by the same argument as in Case 1.

81See above for definition of \;’s. Condition (2) of Lemma 1 (together with 7 being a marginal of \) makes
sure that both \;’s have to be marginals of A too.
82For a given set X and any x € X, 6, € A(X) denotes the Dirac measure concentrated at z.
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Lemma 4. Fiz two univariate distributions m1,7 € A(A(O)) and a prior 1 € A(O) such
that B, [u;]) = . The following are valid joint CDFs, i.e. CDFs corresponding to a random
variable.

Ty (g, pi2) 2= max T (pun, 23 L) (17)
Ly (g, pro) 1= miax Ty (g, pi; L). (18)
(19)

Furthermore, all these CDFs have marginal distributions given by ™ and 5.

Proof. Marginal match for the lower bounds because the marginals average out to the prior
so that

Ty (p15 005 ) = max Ty, 095 L) = max My(p, L) = Mi(u, K) = Tr(pn)

0<L<K 0<L
Ty(pe1, 09, ) = OQTIL{XKL(Mh%K; L)= Of<nLa<XKT1(M1) — M (p1, L) = Th(pa) — My (p1,0) = Ty (pn).

For the lower bound, we have

T(p,00,0) = min Mi(p, L) + [1 = T(L)] = Mi(p, K) + [1 = T(K)] = T3 (),

0<L<

where the second to last equality follows from the marginal martingale condition because
1—TI(L) > Ty(p1) — My (g1, L) for all L so that My (pq, L) +1—TI(L) > Ty(p1). The second
lower bound also has the correct marginals, because

Tr(pn1,06,) = oo, Ti(pn) — My(p, L) + (L) = Ty (pa) — Mi(pua, 0) + I1(0) = T3 (p).

where the second to last equality follows similar to above because II(L) > M;(uy, L) for all
L.

It is well known which properties of a function characterize bivariate CDFs (see, e.g.,
Joe, 1997, Section 1.4.1). I will only check supermodularity, the other properties are trivial
or directly implied by the marginals 7;.

T, - (17): For any L and any fiy > p1, Ty (f11, p2; L) — Ty (1, po; L) is constant in pe and
increasing in L. Thus, T, (-, ;) is supermodular in (i1, p2) and (u1, L). By symmetry,
it is supermodular in (ue, L) too. By Topkis (1998, Theorem 2.7.6), T (1, pt2) is
supermodular in (pq, f12).

T, - (18): Similar to above, after a change of variables (i.e. switch the order of the states).
[

Corollary 2. Fizx an economic environment £ and a full-support prior m € A(©). Consider
two univariate distributions 1, 7o € A(A(O)) such that 71 = T and suppose that E,, 1] = 7.
Then, the upper belief-dependence bound is the usual upper Fréchet-Hoeffding bound, i.e.
T=F.
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Proof. By Symmetry 77 = T and similar for M;. Thus, I will drop the indices. Without
loss say g1 < po, then T'(py) < T(uo). Fix any L and then Ty (juy, pio; L) = M (1) +T(po) —
M(p) > M(pn) + T(m1) — M(pa) = T(m). Similarly, To(pur, po; L) = T(p) — M (p1) +
M(p2) = T(p1) = M(pa) + M(pa) = T (112). n

Corollary 3. Fiz an economic environment € and a full-support prior m € A(©). Consider
two univariate distributions 7,7 € A(A(O)) and suppose that B[] = m fori=1,2.

1. If both supp 74, i = 1,2, are totally ordered by first-order stochastic dominance, then T
is a sharp bound.®?

2. If 4 =1, then T is sharp.

Proof. 1f FOSD is a total order, Lemma 3 implies that T'(yu1, u2) = Ty (p1, p12). By Lemma 4,
this is a valid distribution, so the bound is sharp. Sharpness for T follows from Corollary 2.
[

B.3 PROOFS FOR SECTION 4

Proposition 2. Consider a monotone design environment D. Suppose the designer’s utility
v : A — R is supermodular then the derived utility v : A(O) x A(O) — R on belief space
(endowed with the first-order stochastic dominance order) is supermodular, where

(e, = min v(ai,asz).
(”1 NQ) (ai€Ri(1i))ien ( ! 2)

Similarly, if v is submodular, then v is submodular as well.

Proof. 1T will only prove the case of supermodularity. Consider pu; € A(©) and n : © —
A(A_;) such that suppv(:|§) C BFR_; for all § € ©. Since supermodularity is preserved
under summation (i.e. expectation) , the best-reply is increasing (in the strong set-order)

in first-order beliefs y; (holding 7 fixed), see van Zandt and Vives (2007). Thus the ro-
bust prediction correspondence is increasing (in the strong-set order). Now, let b;(u;) =
min {a; € R;(u;)}, which is increasing in p;. Because v is increasing, v(ju1, p2) = v(by (1), ba2(p2)).
If p; first-order stochastic dominates i}, then by(p1) > by(1}). Thus,

V(s pa) — V(g p2) = v(bi (i), as(p2)) — v(bi(py), az(p2)),
is increasing in pe because by(+) is and v is supermodular. [ |

Proposition 3 (Revelation Principle). Suppose the design environment D is monotone.
Restrict the choice of information structures to information structures that give rise to pos-
teriors that are totally ordered by first-order stochastic dominance for each player.8* Then,
there exists an information structure I with value V(I) if and only if there exists a direct
information structure I such that v(I) = v(I).

83 A bound for a given set is called sharp if the bound itself is a member of this set.
84For example, if the state space is binary, then this assumption is without loss of generality.
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Proof. One direction is obvious. For the other fix an information structure I. Then, define®
Sl={s;€S;:al € Ri(s;)} and for 1 < k < J

SF={s; € Si:al € Ri(s;) and a} & Ry(s;) for all | < k}.

Now, let S, = {ag €A, : Sl-j #+ @} C A, and set the signal distribution to

\Il al ,a2 Z Z (s1,52(0).

¢ slesfl

Now, for a given ag € S;, the induced first-order belief (call it p) will be a convex combination
of beliefs (i.e u,, for s; € S7). Since these beliefs are totally ordered, one of these beliefs
is the lowest according to first-order stochastic dominance; call it pu. Thus, the convex
combination (i.e. ) is also greater than p. As shown in Proposition B.3, the robust-
prediction correspondence is increasing. Thus, R;(x) < R;(u) in the strong set order.

By construction, we have a;* ¢ R;(u) for m < 4§ implying that a* ¢ R;(y). Furthermore,
we know that a! is conceivable for each i, for s; € S?. That is, for each such s; € S there
exists 7, (-|-) : © = A(A_;) such that a/ € BR;(s,0s,). Consider® ji = D gt Asibs; Osis
which has marginal p by construction. And since af is a best-reply to each belief separately,
it’s also a best-reply to the convex combination. Proving a{ € Ri(u).

So we established

a! € Ri(al) and ™ & R;(al), for all m < j.
Thus, by Definition 7 for any (a1, as) € Sy x Sy

agll%lr(l )v(al,az) v(ay,az).

Proving that the information structure is direct. That the values are the same follows trivially
from the construction. |

B.4 DETAILED CALCULATIONS FOR SUBSECTION 4.2

To simplify notation let 7pp := 7(u?, u2) and similar for the other three cases and let
7, := 7;(1P). With this notation,

Top =711 —py’) + 7ol — py’) — (1 — 7).

85The superscripts refer to the indexing set of the actions, i.e. 4; = {a},...,a)}.
86Let A5, denote the coefficients of the convex combination.
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Since marginal distribution average out to the prior: (1 —7;)(1 — pff) + 7;(1 — pP) =1 — 7.
Hence,

mop = 1(1—py) +12(1 — py) — (1 —m) — Z Sl _'ulé) ol i)

i

1
=5 [ =) = (=) (1 = ) + (1 = ') = (1= m)(1 = p3)]
Given the normalization on the utility of the designer, the objective becomes —7pp+v(Tpr+
Trp). Furthermore, the following equalities hold:

Tor =71 —Tpp = 5 [(mp? + 1= pf + nupy) = (ra(1 = pg)) — (1= 72)(1 = 7)) ]

[a—y
N | —

TRD =T2 = TpD = 3 [(Top2’ +1 = i’ +7op5) — (1= py’) = (L= m)(1 = 1)) -
Plugging into the objective (ignoring the 1/2 scaling):

U[(Tl,uf+1—uf+7'1uf)—(7'1(1_#?)_“_71 (1—pt )} ( 1
+o [(ropg) + 1= g’ + opy’) = (12(1 = ) = (L= 72) (1 = p13) ] = (1 = ) = (1 = 72)(1 —
=R -l —p))+ Q=)A= pd)] + 20 —nl—pd)+(1-7
=1 (20— (1= p7)) + (1 =7)(1 = i) + 72 (20 = (1= 7)) + (1 = ) (1 — ps3),
so that the objective is separable. From the main text, we know that u? < 2/3 and
ul > 2/3. Thus, we can rewrite the objective as stated in the main text®” with f(u) :=
1[p <23 (2v+pu—1)+ 1[pu>2/3] (1 — p). Figure 10 plots this function and its concavifi-

cation. Since v € [—1/2,0] shifts f only vertically, it will not change the maximizer resulting
from the concavification.

B.5 PROOFS FOR APPENDIX A

Since actions are finite it is immediate that the BFR procedure as stated in Equation 1
needs to stop at a finite number of iterations, which directly gives the usual, but convenient,
fixed-point definition of belief-free rationalizability:

BFR, = {CLZ' €A : E|,LLz S A(@ X A_l) s.t
(1)suppp; €O x BFR_;, (20)

(2) a; € argmax Z wi(0, a_;)u;(al, a_ z,6)}

a,€A; f.a_;

87To be precise, the values of f for u € [1/2,2/3) can be set arbitrary as long as they are strictly below the
resulting concavification. This can be done because from the analysis in the main text it is known that p in
this range cannot be optimal.
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Figure 10: f(u) in dashed blue (with v = —0.05) and concavification thereof in red.

Proposition 4. Fiz an economic environment €. For every player i, a; € BF'R; iff there ez-
ists priors (my, T), an information structure I and a signal s; € S; such that a; € supp 5;(-|s;)
for some B; € BN E;(my,ma,I).

Proof. For given priors (7, ), information structure I, consider a signal s; such that a; €
supp B;(+|s;) for some (B;, fu;, 5—i, fi—;) € BNE(m,m,I). We show that a; € BFR; by
induction, i.e. a; € BFR} for every n. The statement is trivial for n = 0. So assume the
statement is true for n > 0. Consider the following belief p; € A(© x S_; x A_;) defined by

pi(0, 55, a_;) = [1(0, 5_i|s;) fi(a_|s_;),

Note that a; is a best-reply to u; by the definition of BNE.
Let m; = margg, 4_, j4i, then we have

m;(0,a_;) >0 = p;(0,s_;,a_;) > 0 for some s_; such that 5_;(a_;|s_;) >0,

and by the induction hypothesis a_; € BFR",. Hence, supp 1; € © x BFR",. Since, a; is a
best-reply to p;, a; € BFRI'?,
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Conversely, for every a; € BFR;, there is a justifying belief p;* satisfying (1) and (2)
from BFR.®® Then define a prior by

Da, Hi' (0, a3)
a;,€EBFR;

and consider the following information structure: S; = BF R; and

W00,
\Iji(ai,a_ile) = W‘BFRZ‘ 17

if 7;(#) > 0 and arbitrary otherwise. Note that for every a; € BF R;, we have

> mi(0)Wi(a;, a_i|0) = |BFRi| ™ >0,

a_¢,0

so that the CPS is entirely determined by Bayesian updating.
Now, fix a; € BF R and consider the obedient strategies, i.e. f§;(a;|s;) = 1[s; = a;]. Then,

a; € argmax 3 u(6, a_)uy(a}, a_,6)

a;EAi

6,a_;
€ argmax Z Wi(ai, a_;|0)m;(0)us(az, a_;, 0)
CL;EAi 0,a_;
€ arg max Z mi(0)Wi(ai, s—4|0) B-i(a—i|s—i)ui(a;, as, 0),
CLQEAZ‘ O.a_;,5_i

so that the obedient strategy of 7 is indeed a best-reply to the obedient strategy of the other
player (given the information structure). That is, 5 (and the CPS derived from Bayesian
updating) constitute a BNE. |

Proof. Fix a marginal information structure I; and prior ;.

For a given extending information structure I € Z([;), a prior m, and a corresponding
BNE (3, /1) consider any selection b(s;) € supp f;(-|s1) for all s; € Sy. For every s, € S,
and every as € supp fa2(+|s2), as € BF Ry by Proposition 4. For each s; € S; consider beliefs
pi(-|s1) € A(© x Ag) defined by

(0, asls1) = (0, 8251)Ba(a2l52).

32

Then p1(60, as|s;) > 0 implies that there exists sy € S, such that Pa(az|sz) > 0, which implies
that ag € BF Ry. Hence, supp pi(-|s1) € © x BFR, for every s; € S;. Furthermore, let

88Here, the equivalent fixed-point definition of BFR stated in Equation 20 is used.
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fa(-|s1) = >, Ha(+; agls1) for every s; € Sy, then

fi1(0]s1) [Zﬁ b1 (116 ] Z,Ml (0, 52]51)B2(az2|52) [2771 b1 (5116 ]

a2,82

:Zﬂ1(67§2|51 Zm )i 81|9 ]
:Zﬂl(e, §2|51 Zﬂ'l 81782|9/>

/ol
_9 ,85

= Zm(@)\lfl(sl, 59]0) = m1(0)1(s110),

where the third and last equality use property 3 of an extending information structure
(Definition 14). The fourth equality follows from fi; being a CPS for (7, I) (see Definition 9).
Thus, u is a rCPS and by construction b(s;) is a best-reply to pui(-|sy) for each s; € 5.
This proves that b is conceivable.

Conversely, consider b € Ry([;,m). By definition of R; there exists a rCPS p such that
b is optimal given py. Define BFRy = BFR; \ U, e, {b(s1)} and set S; = S; U BFR; and
So = BFR;.

For player 1, define a conditional signal distribution as follows.
p1 (82, 0]s1)

\111(81, §2|0> = 277-1(5)1/)1(51’5)7 for all S1 € Sl, and
0
Uy (a, $2|0) =0 for all a; € BFRy,

7T1(0)

if m;(#) > 0 and arbitrary otherwise. Since the marginal of y; on 6 is a mCPS, we have that
margg, Wy = 5.

Since Sy C BF Ry, there is a belief 11$? satisfying (1) and (2) from BFR® for each ay € S,.
Then define a prior by

gz 9,&1
i 3 Bat0)

a2€§2

and consider the following conditional signal distribution for player 2.

S1.a0]0) = 1 1 p3* (b(s1), 0)
Wy(s1, az|t) 1S, (671 (b(s1))]  ma(0)
! p(an0)
‘ggy 7T2(0>

for all s; € 51, and

\Ijg(al, CL2|9> = s for all a € BFRI_,

89 Again, the equivalent fixed-point definition of BFR stated in Equation 20 is used.
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if m3(#) > 0 and arbitrary otherwise.

Since Y, 5 Wa(81, 52|0)ma(0) = |S5]71 > 0 for all s, € S, the CPS for player 2 is
determined by Bayesian updating. For player 1, consider the CPS that is defined by Bayesian
updating if > 5. m1(0) (51, 5200) = S5 m1(0)¢1(51]0) > 0 and in the other case for s, € Sy
define

f1(6,52051) = Y pa(0, azs1)1fas = 5o].

a2

For a; € BFR; there exists a justifying BFR belief uj* € A(© x Aj), so take as a CPS
belief”

1(0, 82]s1) = Z,ul (0, az)1[as = S.

Now, consider the obedient strategies @1(b(81)|31) =1if 5 € 51, Bi(ar]a;) = 1if a1 €
BFR;, and fy(as|as) = 1 for every as € Sy. It remains to verify that these strategies are
optimal given the CPS (and the strategy of the opponent).

Player 1 For every s; € Sy with )5 . m1(0) Wy (51, 55]6) > 0 we have

b(s1) € arg maXZMl 0, as|s1)ui(al, az, 0)

a’ €A1 0,a2

€ argmalelf (s1,a2]0)m1(0)ui(al, as,0)
ai€A; 0,as

€ arg max Z 71 (0) U1 (1, 52]0)Ba(az|52)us(ay, az, 0),
a; T€A; 0,02,

where the second line uses the definition of the signal distribution and the belief in the
last line is (equivalent to) the updated belief together with belief in the strategy of the
other player.

For every s; € S; with 3 5 ., m1(0)¥ (51, 82|0) = 0,

b(s1) € argmaxzul (0, azls1)u(al, az, 0)

aleAl 0,as

€ arg max Z p1(0, azls1)1[ag = So]uy(ay, 52,0)

a,€A; 0,a2,82

€ argmax Z [11(0, 32| 51) Ba(az|32)ur (a, az, 0).

aGA 0,39,a5

Like in the last case, for every a; € BF R; a; is a best-reply to i1 and fs.

99By construction, these a; have zero probability under the signal distributions of player 1.
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Player 2 For every ay € gg we have

as € arg maxZu%Q(G, ay)ug(ay, ay, 0)

CL’Z GAQ 070'1

€ arg max Z Z :u(212 (07 al)u2(al7 (1,2, 9) + Z :qu (97 al)ui(ab al27 9)

/
A
2029 |aefb(s)}y a1€BFRy

[ 12(0,0(s))

€ arg max v u2(b(s1), dh, 0) + Z us? (0, ar)us(ay, ay, )
dheAs 1b=1(b(s1))]
0 _81651 aleBFR;
€ arg maxz Z T2 (0) 12 (51, az|0) B1(a1]81)uz(ay, ay, 6).
QIQGAZ 0 §1€Sl,a1

So that 8 (together with the constructed CPS) is indeed a BNE.
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