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Abstract

Why do women hit the glass ceiling? Women are hired, but then fail to rise through the
ranks. We propose a novel explanation for this pattern, namely preference- and belief-free
discrimination. In our setting, an employer can increase effort by inducing differential value
distributions for a promotion across workers, who compete for the promotion by exerting
effort. Initially, workers possess the same distribution of valuations. Introducing inequal-
ity between workers makes them more recognisable, reducing their information rent, which
in turn increases effort. However, higher inequality reduces competition. If value is re-
distributed, the reduction in information rent outweighs the loss in competitiveness, making

discrimination between workers optimal.
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1 Introduction

The gender gap in promotions remains remarkable, as evidenced by the ubiquitous discussion on
the “glass ceiling effect” (Cotter, Hermsen, Ovadia, and Vanneman (2001)). This glass ceiling
is particularly pronounced among lawyers, in finance as well as in academia.! These men and
women originate from top graduate programs, leaving little doubt about their high ability, and
still display very different career trajectories: Women remain stuck at lower tier jobs, unable to
rise through the ranks, hitting the invisible glass ceiling.

We propose a novel explanation for the glass ceiling effect, namely employers, who find it
optimal to influence how much workers value a promotion, leading to differential effort and ulti-
mately a disparity in promotion attainment. Even though employers do not display differences
in beliefs or preferences, they still treat or reward workers distinctly, leading to discrimination.

In our model, workers compete for a promotion by exerting effort. Their effort choice depends
on the valuation for the promotion, which is private information. The employer only knows
the distribution of the valuation, which is a priori identical for the workers. While workers
are identical in their payoff-relevant characteristics, they differ in their label. The employer
maximises the sum of workers’ effort, their total effort, by designing an optimal mechanism
and additionally, by influencing workers’ distribution of values for the promotion. If the firm
is restricted to dispersing value, which entails a weakly lower average value for the promotion,
then total effort can increase or decrease. Total effort decreases if we force adjustments to be to
distributions which are first order stochastically dominated by the original value distribution.
However, if we allow for any distribution that leads to a weakly lower average value, a setting
that includes second order stochastic dominance, then the employer increases total effort by
adjusting valuations. If the employer has additionally the possibility to reallocate value across
workers by offering a differential wage schedule, then he finds it always optimal to do so: he will
support one worker, at the expense of the other, leading to inequality in promotion of initially
perfectly identical workers.

As adjusting workers’ distributions is optimal, any differences in attitudes towards or beliefs
about workers, or marginal differences in initial distributions are compounded— in light of the
numerous well-documented disparities across gender it is therefore natural to suppose that the
adjustment in value is not in favour of women, leading to women missing out on promotions.?
In addition to offering a novel explanation for the glass-ceiling effect, our model makes a

contribution by allowing the employer to influence the value distribution of workers on top of

In banking, women achieved gender parity among employees, but only 38% of middle management were
women. This gap widens further at the executive level where only 16% of employees are women, see Ferrary
(2017). Women hold only 33% of tenured Professor positions in the US, see data from the Integrated Postsecondary
Education Data System (IPEDS) for 2015-2016 from the National Center for Education Statistics. Female lawyers
achieve gender parity among non-partners, while less than a quarter of partners are women, https://www.1law360.
com/articles/1162800/glass-ceiling-slow-to-break-for-female-attys-in-2018.

2Men and women display differences in the number and length of career interruptions and overall labour force
experience (Bertrand, Goldin, and Katz (2010), Gayle and Golan (2011)), differences in performing job tasks with
low-promotability (Babcock, Recalde, Vesterlund, and Weingart (2017)), differences in competitiveness (Gneezy,
Niederle, and Rustichini (2003), Niederle and Vesterlund (2007), Dohmen and Falk (2011)) and exogenous differ-
ences in hours worked at home (Erosa, Fuster, Kambourov, and Rogerson (2017)).


https://www.law360.com/articles/1162800/glass-ceiling-slow-to-break-for-female-attys-in-2018
https://www.law360.com/articles/1162800/glass-ceiling-slow-to-break-for-female-attys-in-2018

designing the optimal mechanism. In our setting, the employer maximises total effort, that is
the sum of effort across workers, subject to a constraint on the distribution.

If the employer does not face a constraint, he sets the value for the promotion as high as
possible as a higher valuation leads to higher effort. Creating such a high valuation, however,
may be prohibitively costly in terms of remuneration. Supposing that the employer has a limited
budget to induce workers to exert effort, we ask whether allocating this budget differentially can
be beneficial. It turns out, that this is indeed the case.

We consider two possible constraints, namely dispersing value and reallocating value. The
former may be achieved by creating a toxic or cut-throat environment, which perpetuates be-
yond the current position and changes the original valuations or aspirations workers have. The
latter could be attained by offering differential payment conditional on reaching the promotion,
depending on a worker’s label.

Workers start out with a value distribution. We assume that the value of the distribution
cannot be negative and there is an upper bound on the distribution, a maximal value, @.

If an employer can only influence the value distribution of a single worker, such that the
average value for the promotion does not increase compared to the initial distribution, the
employer always adjusts the distribution. The effort maximising distribution for the worker
is binary, with mass at w and zero, such that the mean of the distribution equals that of the
initial distribution. First, the employer prefers the highest possible expected value. As this
value is bounded above by the expected value of the initial distribution, the expected value of
the adjusted distribution is the same as that of the original one. In order to extract the entire
expected value, the employer has to create a binary distribution with positive mass at exactly
one positive value-reducing the information rent to zero. However, adjusting the distribution
has also an impact on the effort choices of the other workers. Workers exert higher effort the
greater their probability of attaining the promotion. Facing a co-worker with a very high value
makes it less likely for them to receive the promotion, diminishing their effort. Therefore, it is
optimal for the employer to set the value in the adjusted distribution as high as possible as this
reduces the probability for the other worker to face such a high value competitor and therefore
their effort remains high. The binary distribution with mass at zero and the maximal value, @,
is optimal for all workers, if the firm can adjust the distribution for all of them. However, in this
case, the firm can also create a single worker as an “insurance”: there can be a single worker
whose distribution is degenerate with all mass at the average of the original distribution. If all
of the other workers turn out to have zero valuation, the promotion is then given to the worker
,whose valuation equals the mean, with certainty.

Note that this setting encompasses a constraint that restricts the employer to adjust to dis-
tributions that are second order stochastically dominated by the original distribution. Choosing
a riskier distribution is always beneficial for the firm. However, if the employer can only adjust
to distributions that are first order stochastically dominated, then it turns out this is never
optimal. In order to make the distribution sufficiently narrow so as to make the value of the

worker sufficiently precise, the employer is required to reduce the average value by so much as



to make the adjustment not worthwhile.

Therefore, the firm only has an incentive to adjust values if it can make values more extreme.
Firms thus have an incentive to create a culture that require long hours and extremely high
levels of dedication in order to attain a promotion, which is very appealing to some workers.
At the same time, this leads to other workers disliking such an environment and less effort.
This reduction, however, is more than compensated by the extensive effort by those striving for
the promotion. In this setting, initial differences in distributions can be multiplied. If women
start out with a slightly lower average value for the promotion, then it is less profitable for the
employer to influence their distribution, especially if the employer is constrained in the how
many distributions he can adjust.

We then turn to the case, where the employer can reallocate value between workers by
paying them differently upon receiving the promotion. Workers start out with the same value
distribution, denoted by G(-) and we assume that the overall distribution for workers must
remain constant, that is for two workers the overall distribution is required to be 2G(-). It
turns out that in this setting it is again optimal to induce different distributions. For two
workers, it is always better to create one worker whose values lie below the median of 2G(-) and
another one, whose values are above the median of 2G(-), that is to create maximally distinct
value distributions. By creating these distinct distributions, the employer again can extract
higher effort due to a reduced information rent. The employer knows much more precisely, what
value the worker has compared to keeping the distributions the same and thus has to leave less
information rent on the table. This gain due to a reduction in information rent also offsets the
reduced competition between workers.

Therefore, employers will also have an incentive to create differences between a priori identical

workers, a result in line with the pronounced gender wage gap higher up in the hierarchy.?

Related Literature We contribute to different strands of the literature, which we discuss in
turn.

Discrimination We contribute to the literature on discrimination, which traditionally assumes
either taste-based (Becker (1957)) or statistical discrimination (Phelps (1972), Arrow (1973));
that is, discrimination emerges due to preferences or beliefs. A notable exception is Winter
(2004), where discrimination emerges in order to induce workers, whose effort is complementary,
to exert effort in a team moral hazard problem. Like in Winter (2004), discrimination is belief-
and preference-free. In our setting, discrimination induces higher effort due to a reduction
in the information rent an employer has to pay to the worker, which outweighs the loss in
competition. Further, our theory can shed light on why gender balance is reached at the entrance

levels, while women fail to be promoted—contrary to existing theories. If there was a distaste

3See for instance, Merluzzi and Dobrev (2015), Bronson and Thoursie (2019).

“Models of statistical discrimination have been developed in Peski and Szentes (2013), Gu and Norman (2020),
Lang (1986), Moro and Norman (2003), Lundberg and Startz (1983), Fershtman and Pavan (2020). Fang and
Moro (2011) provides an overview of models of statistical discrimination. Kamphorst and Swank (2016) propose
a different form of discrimination that still depends on beliefs. Akerlof (1985) allows for discrimination from the
customer side.



toward women, they would not even be hired. Further, there is less information about the
ability of women available at the hiring stage, which should lessen statistical discrimination—
a feature that emerges in Bohren, Imas, and Rosenberg (2019)’s model of dynamic statistical
discrimination. Thus, we propose a novel mechanism for discrimination, which is supported by
empirical regularities. Discrimination in promotion has been explicitly analysed by Milgrom and
Oster (1987) and Lazear and Rosen (1990), again in the presence of initial differences between
workers, while we show that it optimal to introduce these differences.’

Information Design We also relate to the literature in information design in mechanisms. Con-
trary to our setting, the literature focuses on a buyer and seller relationship, see Condorelli and
Szentes (2020), Roesler and Szentes (2017), Bobkova (2019). Additionally, in these settings, the
buyer (our worker) can make a costly investment or an information choice, which the seller (our
employer) takes as given. We focus on the choice of the employer to influence the valuation,
subject to a constraint, thus departing in two crucial ways from previous work.

Inequality in Contests Last, we contribute to the literature on inequalities in contests. Mealem
and Nitzan (2016) provide a survey of discrimination in contests, documenting that it is never
optimal to introduce discrimination, while under some restrictive assumptions it may be benefi-
cial to allow asymmetries to persist— in contrast to our setting, where it is optimal to introduce
differences to a priori identical workers. Relatedly, in contests with sabotage, sabotage affects
welfare adversely (Chowdhury and Giirtler (2015)). Specifically, Calsamiglia, Franke, and Rey-
Biel (2013) show in an experiment that inequalities between contestants are harmful, while
affirmative action is optimal (Franke (2012)). Li and Yu (2012) highlights that in a contest with
two unequal participants, the designer makes them equal in order to obtain the highest payoff,

contrary to our finding.

The remainder of the paper is organised as follows. In Section 2, we introduce the model. We
solve for the optimal mechanism and distribution subject to a constrained in Section 3. We
provide a benchmark result for the optimal distribution without constraints in Section 3.1. We
analyse the case of dispersion, where we keep the average valuation weakly below the initial
expected value in Section 3.2. In this context, we also characterise the optimal distribution if
the employer is required to restrict attention to a distribution that is first-order and second-order
stochastically dominated. We then turn to the setting in which the employer can reallocate value

across workers in Section 3.3.

2 A Model of Discrimination in Promotion

We begin by introducing the worker’s problem, before turning to the problem of the employer.
The employer can influence workers’ distributions of values when implementing an optimal

mechanism. We first summarise classical contributions in independent private value mechanism

5Milgrom and Oster (1987) show that more able workers are not promoted to keep their high ability secret from
competitors-but only if these workers are disadvantaged from the beginning. Lazear and Rosen (1990) reasons
that gender differences outside the workplace lead to differential promotions.



design which constitute a key building block for our results, before focusing on the employer’s

problem of how to design value distributions.

2.1 Workers’ Problem

Workers compete for a promotion by exerting effort. Every worker i, for i € {A, B}, has a value
for the promotion v; which is private information and is independently distributed according
to a cumulative distribution F; with support V; = [o;,w;]. In the baseline setting, workers are
initially identical in their value distribution and so F; = G for all i. Workers are faced with a
direct mechanism, (x(v), e(v)) which for any profile of reported values v = (v4,vp) specifies the
likelihood that i gets promoted, z;(v), and the effort to exert e;(v). Each worker maximises his

expected payoff when choosing to report their valuation which amounts to
vz (V) — e (v). (1)

2.2 Employer’s Problem

The employer maximises the sum of efforts across workers, which we call total effort, by im-
plementing an incentive compatible (all workers benefit by reporting their valuation truthfully)
and individually rational (all workers benefit by participating) mechanism, while influencing the
distribution of values for the promotion. We begin by revisiting the mechanism design problem

while keeping the distribution as given, before endogenising the distributions of values.

Classical Mechanism Design We build on seminal results in Myerson (1981) to characterise
total effort in the employer optimal mechanism for given value distributions. By the revelation
principle, it is without loss for the employer to restrict attention to direct mechanisms in which
the employer asks workers for their values and workers have an incentive to truthfully reveal
these. Thus, the employer will set for all possible profiles of values v an effort rule e(v) specifying
the effort that each worker is expected to deliver and an allocation rule z(v) pinning down the
probability of promotion for any worker. The employer sets these two rules to maximise total
effort subject to incentive compatibility and individual rationality. By the revenue equivalence
principle we know that the effort rule will be fully pinned down by the allocation rule if the
mechanism is incentive compatible. The characterisation of the optimal mechanism is based on
the virtual valuation, which specifies the marginal contribution of worker 7 with value v; to total
effort. Formally, when denoting by f; the probability distribution for worker ¢, the virtual value

is defined as

(o) = v — 1-— Fz(vz)
vilve) = v filvi) ®

Taking expectations over the virtual valuations yields the virtual surplus,

i ilvi)zi(v). 3)



Myerson (1981) establishes that total effort in an incentive compatible mechanism, in which the

lowest type of the worker is indifferent about participating, amounts to expected virtual surplus,

TE(Fa, Fp) =Ey [3_; ei(v)] = By [32; i(vi)zi(v)] - (4)

The optimal mechanism is therefore found by maximising expected virtual surplus subject to
incentive compatibility which requires that the probability of receiving the promotion is in-
creasing in worker’s valuation, that is the virtual value is regular, ¥/(v;) > 0 for all i. If the
virtual value is regular, then the optimal mechanism awards the promotion with certainty to
the worker with the highest non-negative virtual valuation. However, for irregular distributions,

more complicated allocation rules need to be devised to fulfil incentive compatibility.

Quantile Space In order to characterise the optimal mechanism when regularity fails, it is
useful to move away from the traditional approach in the value — virtual value space, and to
instead translate the problem to the quantile space, see Hartline (2013). For any distribution Fj,
define the quantile associated with value v; € V; as ¢;(v;) = 1 — F;(v;). Similarly, define the value
v;(q) associated to any quantile g € [0, 1] as v;(¢) = sup{v; € Vi|¢ > 1 — F;(v;)}. This definition
encompasses cases in which the cumulative distribution is discontinuous. If F; is continuous and
strictly increasing, we obtain v;(q) = Ffl(l —q). In the quantile setting, virtual values amount

to

d(®:(q))

¢i(a) = ¥ilvi(9) = i) +vila)e = =5

: ()

where ®;(¢q) = v;(q)q. Further, the interim promotion probability in the quantile space is denoted

by vi(q) = Ey_, [zi(vi(¢), v—;)] and must be non-increasing by incentive compatibility.

Value Design Problem Having found the optimal mechanism, conditional on the distribu-
tion, we can now focus on the employer’s problem of designing the distribution. The employer
can adjust the distribution of values for each worker, F)4 and Fg, subject to some constraints,
which to capture the ability to disperse or reallocate value between workers. We assume a max-
imal value w < oo for the promotion. The employer’s value design problem in the quantile space

amounts to

max TE(Fa, F) =Eq[0a(q)yalq)] + Eq[oB(0)ys(q)] (6)

Fa,Fp

S.t. constraints on distribution

Next we discuss a classes of constraints the classes of constraints the analysis focuses on and

provide some motivation.



Value Dispersion We consider constraints that allow to disperse value for each worker by
creating the appropriate environment. We assume that the employer cannot increase the average
value for the distribution, he is therefore restricted to select distributions with a weakly lower

mean. Formally,
EviNFi [/U’L] S E’UNG [U] . (7)

Constraint (7) encompasses the set of distributions that are second order stochastic dominated
by the worker’s initial distribution. A further natural constraint is that of first order stochastic

dominance
Fi(vi) > G(v) for all v € [0, ], (8)
achieved by reducing the overall valuation for the promotion.

Value Reallocation We also consider settings in which value can be reallocated across work-
ers, for example by paying differential wages after promotion. We consider a setting in which the
employer can design any two distributions, F'4 and Fg, provided that the sum of their means is

smaller than the sum of the means of their undistorted distributions, formally,

Eyy~rava] + Eygurg[vB] = 2Epclv]. 9)

If the employer aims to avoid detection by keeping the overall distribution of valuations fixed,

then he faces a more stringent constraint on the distributions, namely:
Fa(va) + Fp(vp) = 2G(v) for all v € [0,d]. (10)

Both of these frameworks capture the ability of the employer to freely redistribute value among
workers conditional on promotion either deterministically or stochastically, for instance by cre-

ating different compensation packages conditional on promotion.

3 Constrained Discrimination

We discuss in turn the optimal value distribution for the employer from value dispersion and
reallocation, after highlighting the optimal distribution if the employer did not face any con-

straints.

3.1 Designing Value without Constraints

Suppose the employer maximises (6) without any constraints. If so, the employer design a value
distribution such that at least one worker values the promotion at w with certainty. Such a

value design would necessarily be optimal as the employer would generate the maximal surplus,



which amounts to @, and leave no information rents to workers.

Proposition 1. If the employer can adjust the value distribution for both workers, then it sets

measure one to value W for at least one worker.

This result highlights two forces at play in our model that are present in a number of results.
First, the employer would like for the value of the workers to be as precise as possible, leading to
an atom. Knowing precisely what the value of the worker is reduces the information rent that
the employer has to pay to the worker in order to ensure incentive compatibility. To see this,
note that the information rent amounts to

1 — Fi(v)

v — i(v;) = W (11)
In the quantile space, it is straightforward to show that the information rent is zero if the
distribution consist of a single atom. Therefore, creating a more narrow distribution, making
the value easily recognisable leads to a higher total effort for the employer. Second, the employer
aims to increase the value for the promotion as much as possible, because a higher value induces
workers to exert higher effort. Therefore, the employer chooses to place all mass at the highest
possible value for promotion. In the unconstrained optimal value design, it suffices to increase
the value for one worker to i, because the employer, knowing the value of that worker with
certainty, is able extract the full surplus from them without ever promoting the other worker. If
the employer adjusts the distribution of both workers, then each worker obtains the promotion

probability 1/2, leading in expectation to the same total effort of @.

3.2 Value Dispersion

We now assume that the employer faces a constraint in how he can adjust the distribution. We
first consider constraint (7), which imposed weakly lower means, before turning to the optimal

mechanism if the new distribution is required to be first order stochastically dominated.

Constraint: Lower Means It is instructive to keep the distribution of worker A fixed and
focus on the adjustment of the value distribution of worker B, before turning to the optimal
adjustment of both workers.

The optimal distribution of values for worker B allocates mass at the highest possible value of
the distribution w and mass at zero, such that the expected value remains unchanged, compared
to the initial distribution. This is formalised in Theorem 2, which characterises the optimal

distribution.

Theorem 2. Total effort is mazimised among all distributions Fp with E,,~ry[ve] = Eyug|v]

by .

1 if vp=w
Fi(vp) = 12
5{vs) {1—15“;@[“] if vp<w 12



To see that the expected value remains constant, note that

Eyq [v]

Eopnrglve] = Fp@)w + (1 - Fp(@)) 0 = Fp(@)w = ——

@ = Eyog[v] (13)

The employer chooses a maximal spread of valuations for one agent. As we already demonstrated
in the benchmark case with no constraint, the firm would like to make a worker’s distribution
as precise as possible as this makes the workers’s valuation easily identifiable. It therefore will
allocate mass to two mass points, which replicate the average value of the original distribution.
The firm knows exactly worker B’s value for promotion and does not have to pay any information
rent, and can thus increase the effort of the worker.

Beyond affecting the virtual value, a change in distribution affects the probability of pro-
motion for both workers. For this reason, it is optimal to allocate a positive probability to the
highest possible value instead of some other wp < @. The employer extracts the same effort from
worker B independently of whether he allocates positive mass to some wp < W or w. However,
allocating positive probability to the highest positive value has an effect on worker A’s effort
choice. As we keep the expected value of the distribution fixed, choosing positive probability
for a higher value implies that the probability is lower than if the employer chose a lower value.
But a lower probability associated with B’s highest value leads to a higher probability that B
has zero valuation and in turn, a higher probability for A to obtain the promotion. A’s effort
decreases in B’s probability of having a high valuation and therefore it is optimal to keep this
probability as low as possible — by choosing w.

The intuition behind Theorem 2 is summarised graphically in Figure 1. The adjustment in
distribution allows to extract the entire expected value for the promotion as the expected virtual
valuation equals the expected value, see the shaded area in Figure 1a. This is more than what
the employer can extract from worker A. A’s expected virtual value is depicted by the striped
area in Figure 1b, which is smaller than the expected value which is given by the shaded area

under v4(q).

It is worth noting that Theorem 2 encompasses second order stochastic dominance, as the

distribution Fj; is second order stochastically dominated by Fa4 = G,

/v Fa(t)dt < /U Fp(t)dt for all v € [0,w]. (14)
0 0

Corollary 2.1. Among all distributions that second order stochastically dominate G, Fr; maz-

1mazes total effort.

This implies that the employer always prefers a “riskier” value distribution for worker B.
The result sheds light on an alternative interpretation of why the firm prefers to adjust the
distribution. The employer already has a worker with a more smooth value distribution, worker
A. For any realisation, worker A’s value for the promotion is relatively similar. Therefore, the
firm perceives this worker as a safety option in terms of promotion. To the contrary, worker B

either has a very high or zero valuation for the promotion. If the employer discovers that B has

10



Figure 1: Value Dispersion for Worker B

v(q), ()T v(q),(q)T

w- ................ -:
¢B(q) = vB(q);
WA

(a) B’s expected virtual value (b) A’s expected virtual value

Note: B’s expected virtual value is depicted by the shaded area in Figure la, which equals
Ey~c)[v], while A’s expected virtual value is given by the striped area in Figure 1b. As the
shaded area under v4(q) equals E, g ()[v], it follows that A’s expected virtual value is smaller
than B’s. Example assumes that o = 0.

a high valuation, then it can extract a high effort and promote worker B. The firm does make
a loss if worker B turns out to have zero valuation for the promotion, but it still has worker A
to fall back on.

Our results show that it is never optimal to reduce the expected valuation for the promotion.
This raises the question of whether it can ever be optimal to adjust the value of a worker if this
necessarily comes with a reduction in the expected value. It turns out this is indeed the case, as

long as the expected value is not reduced by “too much”, which is formalised in Proposition 3.

Proposition 3. Spreading worker B's value such that

1 if v=w

1-2 if v<w

Fio) = {

where m > B, q(v) [¥(v)] yields higher total effort compared to no adjustment.

Note that m > E, g [1(v)] is equivalent to Fj} (@)w < E,.g(w[v]. This implies that value
dispersion is optimal for the firm a long as the costs of doing so, given by the reduction in
expected value, is lower than the reduction in information rent the employer has to pay. Thus,
even if the firm loses some value on average for the promotion by adjusting the distribution,
doing so still increases the total effort, as long it is outweighed by lowering the information rent

the employer needs to give to the worker in order to induce them to reveal their value.

11



Having discussed the case where the distribution of one worker can be adjusted, we now
allow for the values of both workers to be influenced, keeping expected values fixed. It is still
optimal to adjust the value of one worker as outlined in Theorem 2. For the second worker,

there are then two optimal adjustments, as summarised in Proposition 4.

Proposition 4. Assume E[v;] < E,.q[v], Vi € {A, B}. Total effort is maximised if the employer

sets for one worker i,

1 if v=w
Fi* v) = 16
) {1—EU~UJG[U] if v<w 16)
and for worker j either (i) Ff(v) = F}(v) or (ii)
1 if v>Eyo
Fiwy=1 = T v2Eee (17)
0 if v<E,qg

We omit the proof as the result follows immediately from the proof of Theorem 2. If the
employer can adjust the distribution for both workers, he will do so. There are two possible
outcomes: the employer either creates only workers, who have with a fairly small probability a
very high value for the promotion. If they have a high valuation, they also exert the highest
possible effort. On the other hand, with a large probability, a worker does not aim for promotion
and exerts zero effort. This translates into a work environment, with few superstars that work
incredibly hard and a large set of workers that simply do the basics without striving for a pro-
motion. Alternatively, the firm creates one value distribution which assigns a small probability
to the highest value and for the other worker a distribution that assigns all mass to the expected
value of the original distribution. The employer still aims to create a worker, who either exerts
the highest possible effort if he turns out to have a high valuation or zero effort, creating again
a superstar environment. But such an environment comes at the cost of not having a worker
with positive valuation to be promoted. The firm can insure against this by creating a worker,
who serves as an insurance. If the worker with the stark difference in values turns out to not
value the promotion, then the firm can still allocate it to the worker with the average valuation.

Interestingly, the latter adjustment yields the same total effort as creating two workers with
either high or zero valuation. However, there can never be more than one worker with value at
the mean, see again the proof of Theorem 2. With many workers, the firm creates an environment
where all workers are overachievers with a small probability.® The small probability of being an
overachiever gives the illusion that once the worker has the high value, he obtains the promotion
almost certainly. This allows the firm to extract high effort from all such workers, that is the

firm can extract the expected value from every single worker.

Constraint: FOSD We keep again the value distribution of worker A fixed, and adjust the

distribution of worker B such that A’s distribution first order stochastically dominates B’s

5The employer is indifferent between the nth worker having mass one at the mean or the same bimodal
distribution as all the other workers.
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distribution, G(v) = Fa(va) < Fp(vp). First order stochastic dominance implies a ranking of

ga(v) and gp(v):
q(v) =1—Fp(v) <1—Fa(v) = qa(v) (18)

It follows that for a given quantile, the value for A is higher than that for B, formally v4(q) >
vp(q) for any ¢ € [0,1]. This observation is summarised in Figure 2. For any distribution B
that is first order stochastically dominated by a distribution A, the value of A is higher than
that of B for every quantile.

Figure 2: A FOSD B

v(q), ()T

WA -

wpB -

This observation is instrumental in proving Theorem 5.

Theorem 5. Total effort is mazimised by Fj(v) = Fa(v) = G(v) among all distributions
Fp(v) > G(v) Y.

If the employer can only adjust the distribution such that it is first order stochastically dominated
by the original distribution, then it will never adjust the value. The firm can still make the
distribution more precise, which reduces the information rent, but this comes at the cost of
reducing the value for promotion agent’s have. The gain in information rent never outweighs
the loss in value.

To show this, we consider a distribution Fp(v) that differs from and is first order stochas-
tically dominated by F4(v). This implies that there are some values for which B’s CDF is
strictly above that of A. We then construct an alternative CDF for B, FB(U), which first order
stochastically dominates Fp(v), again with strict inequality in distribution function for some v.

We show that total effort is higher under Fp (v). Again, a change in distribution has two effects,
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(i) it affects the virtual value and (ii) it affects the probability of promotion for both workers.
To simplify our proof, we keep the allocation rule fixed and show that the optimal total effort
increases due to the adjustment of virtual values from Fp(v) to Fg(v). Total effort under the old
allocation rule is a lower bound, as an adjustment in the allocation rule must increase effort —
otherwise the firm would not select a new allocation rule. As this holds for any Fi(v), it follows
that in optimum B’s distribution must equal A’s distribution or rather, the original distribution
G. This is also demonstrated in Figure 2, where the virtual values decrease for every quantile
if the distribution is first order stochastically dominated by G(v). This implies that G(v) yields

the highest information rent among all first order stochastically dominated distributions.

We have shown that if the employer can influence the worker’s distribution by dispersing
value, he will do so, unless he is restricted to distributions which are first order stochastically
dominated. In particular, he will create a bimodal distribution, which leads to workers valuing
the promotion either very highly or not at all. Such an environment can create gender disparities

if women end up valuing the promotion under these circumstances less compared to men.

3.3 Value Reallocation

We turn to the case where the firm cannot only disperse the value We first consider the case
of keeping the sum of expected values fixed before turning to the case where the sum of the

original distributions remains constant.

Constraint: Lower Overall Means If the employer can reallocate value between workers,
only keeping the overall expected value fixed, that is Elva] + E[vg] < 2E,g[v], then it will be

optimal to re-allocate value as described in Proposition 6.

Proposition 6. Let Elvg] + E[vg] < E,wg[v]. The firm assigns mass 1 to worker i’s valuation
v; = Elva] + E[vp], i € {A, B}.

We again omit the proof as this result follows immediately from Proposition 1, where we have
shown that it is optimal to set the value of one worker as high as possible. First, we know that
choosing a mass point at exactly one positive valuation is optimal as it reduces the information
rent to zero. Next, it cannot be optimal to keep the values of both workers to be positive. Either
one valuation is lower than the one of the other worker, resulting in a sure winner or loser of
the promotion. Then, re-allocating value from the certain loser to the winner increases total
effort. If the values are the same, then the allocation probability is not one, which reduces effort
from both workers, making further re-distribution a profitable deviation. It therefore follows

immediately that allocating all value to one worker maximises total effort.

Constraint: Fixed Overall Distribution It may however not always be feasible for the
employer to reduce the valuation of their workers to some points. In order to capture this, we

consider the reallocation of values keeping the overall distribution fixed, that is Fa(v)+ Fp(v) =
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2G(v). It turns out to be beneficial for the employer to adjust the value of the distribution,

creating two maximally different value distributions, see Theorem 7.

Theorem 7. Reallocating value and creating differences between workers’ valuations is always

optimal.

We show that splitting the distribution, such that worker B’s values are below the median
of 2G(v), while worker A’s values are above the median of 2 G(v), always yields a higher total
effort than keeping workers’ value distributions identical. If values are more spread out, then the
employer is required to pay a higher information rent in order to induce the worker to reveal their
valuation truthfully. Narrowing the distribution for both workers therefore reduces information
rent. Interestingly, this is only due to the gain in information rent from worker B. Worker A’s
virtual values are the same as in the original distribution for the values above the median. Our
proof arrives at this result by keeping the probability of receiving the promotion as under the
initial distribution, which is identical for both workers. As noted before, the total effort derived
under the adjusted virtual value, but fixed allocation probability is a lower bound on the total
effort under the new distribution. We show that this lower bound still yields a higher total
effort than keeping identical distributions. This holds if the promotion is always allocated, and
is exacerbated if there is some exclusion of values. The values for which exclusion occurs is more
limited with distinct distributions, making it more likely that the promotion is awarded, which

further increases total effort.

Consequently, an employer who hires two identical workers, will induce differences in how
they value the promotion, through differential wages or bonus payments upon promotion.These
differences naturally emerge across two distinct groups, such as men and women, even if there are
no differences in initial distributions, but employers display differences in beliefs or preferences.
Therefore, marginal disparities in attitudes towards men and women can be multipled as it is

optimal to induce disparities between workers.

4 Conclusion

We provide a novel explanation for the glass-ceiling effect, by allowing an employer to establish
the optimal mechanism for the allocation of a promotion and additionally, to design the value for
the promotion subject to a constraint. We allow for a large, natural set of constraints, including
first and second order stochastic dominance. If the employer is restricted to value dispersion of
a distribution, that is he can influence the distribution of each worker, but cannot increase their
average valuation, then it is optimal to create a bimodal distribution, such that each worker has a
very high value for the promotion with a small probability or is not interested in the promotion
at all. If the employer can reallocate values for promotion by choosing differential wages or
bonus schedules across workers, then it is optimal to always create differences between initially
identical workers. We therefore provide a rationale for how small differences across gender or

attitudes can evolve into large difference— through employers who benefit from unequal workers.
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A Appendix

Proof of Proposition 1: No Constraints Note first that it is not possible to obtain a total

effort higher than w:

Eq[94(9)ya(@)] + Eq [68(0)ys(9)] < Eq [va(@)ya(a)] + Eq [ve(@)ys(q)] (19)
Eq [@ya(q)] + Eq [Wyp(q)] <@

where the first inequality follows from v(q) > ¢(q), the second equality from v < @ and the last
inequality from E; [ya(q)] + Eq [ys(¢)] < 1 where the allocation rule is irrelevant. Therefore,
as long as one worker has value w and he obtains the promotion, the firm extracts the highest

possible total effort.

Proof of Proposition 2: Value Dispersion, 1 Worker We compare total effort when
setting F'; to the total effort the seller would obtain when setting some other distribution Fp
such that E, g, [v] = Ey~q[v]. In a quantile setting, for § = 1 — F5(0), the virtual value for the

distribution F'j; amounts to

. w ifg<yg
¢p(q) = , o (21)
0 ifg>7q
Total effort under distribution F is given by
Elpa(@)yia(a)] +Elor(@)yp(9)], (22)

while the effort under the alternative FZ amounts to

E[¢a(9)ya(q)] + E[¢p(0)ys(q)] - (23)

By optimality, we have that

El9a(@)va(@)] + El¢5(0)ys(0)] = Elpa(@)yal@)] + El¢p(9)ys(q)] - (24)

Therefore, to prove the result it suffices to establish that

E[¢5(0)ys(9)] — Elop(9)ys(g)] = 0. (25)

For any ¢ < g, it must be that ¢;;(¢) = @ > ¢g(q), since ¢p(q) = vi(q) + vi(q)g < vi(q) < w.
Instead, for ¢ > g and yg(g) > 0, it must be that ¢r(q) > ¢5(¢) = 0, since the promotion will
only be given to someone with non-negative virtual value. As incentive compatibility requires

yp(q) to be non-increasing, we have that if

E[¢h(q) —o8(0)] 20 = E[(¢5(q) — ¢5(a)ys(q)] > 0. (26)
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By construction, the expected virtual values satisfy

Elop(9)] = E[vp(9)] = g0 = E[va(g)] = E[vp(q)]- (27)

The result then obtains, because expected virtual value for F'g satisfies

Elvs(q)] = El¢s(q)], (28)

given that ¢p(q) —vp(q) = v5(¢)g < 0 for all ¢ > 0. This establishes that it is never optimal
to select a distribution for B such that the expected virtual value is below the expected value.
However, there are multiple distribution that allow for the expected value to be equal to the
expected virtual value, E [vp(q)] = E[¢5(q)]. Note however that is never optimal to allocate
mass to more than two values v > 0. Suppose to the contrary, the firm chose such a distribution.
Then, the allocation probability must differ across the different valuations for this to be incentive
compatible. Otherwise a worker with a higher valuation would pretend to be a worker with a
lower valuation and still obtain the promotion with the same probability. It follows that it is
not feasible to extract the entire valuation, yielding the contradiction.

We evaluate the effect of the different distributions that reduce information rent to zero on
A’s effort E[pa(q)ya(q)]. Note that A only obtains the promotion if B’s virtual valuation is

smaller than A’s:

E[¢a(g)ya(a)] = / ba(qn) (1 — d5(vs = ba(qa))) daa, (20)

qgA

where (v = ¢a(ga)) is the highest value of g for which vg > ¢4(qa). Given that B’'s
distribution only has positive mass at one positive value, it follows that A either obtains the
promotion with certainty or not. Clearly, equation (29) is maximised for ¢p approaching zero
for any g4, for which ¢4(ga) > 0. For ¢4(ga) < 0, the allocation probability becomes 0. This

implies that the maximal effort is bounded above by

Epnc[v] + (1 = 4)E[pa(q)] < Evnclv] + E[pa(q)] (30)

There are different possible distributions for B that can potentially minimise the probability
that B obtains the promotion. We first show that allocating mass at zero and w can indeed lead
for gg to be arbitrary small, a feature other allocations do not posses, making it the optimal
distribution.
1. Mass at w and 0 While it is never possible to set the probability that B obtains the pro-
motion to zero for all positive virtual values of A, B’s probability can be made arbitrarily
small, by choosing @w and allowing for this to become arbitrarily large. This implies that

gB = q becomes arbitrarily small. More formally,

Fu0) [ a(o)dFa(w), (31)

ta
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where ¢4 addresses the exclusion restriction. As ft‘:

A

Ya(v)dF4(v) is independent of wp,

the effect is purely driven by Fp(0). As wp increases, F(0) increases:

9 ((1 = F(0))ws)

6(4)3

(1_Fm»+me{i£m”:o (32)
E[va]

Eloa] _  OF(0)

wpB B owp (33)

OF(0) Efva

dop >0 (34)

And therefore, the expected effort from A increases if wg increases. By setting w sufficiently

large, there always exists a g, such that g < e.

2. Allocate mass 1 to vg = E,.gv]:

Suppose first that G is regular, which implies no

discontinuities. In this case, allocating mass at the mean always affects A’s promotion

probability as ¢4(0) = v4(0) > E,.q[v] and ¢4(q) is strictly decreasing, such that there

is a region for which ¢4(q) < E,~g[v]. To see this note that there exists va(q) = v(q) <

Eyoqlv] and ¢a(q) < va(q).

Therefore, the effect on the promotion probability is not

arbitrarily small and so such an adjustment cannot be optimal.

Suppose next G has a discontinuity. Denote by qi\([ the quantile such that ¢ 4(q) > Eywg[v]

for g € [0,¢}7) and ¢pa(q) <0 for q € [¢},1]. Total effort is then given by

ai Elpalglla < ¢i'] + (1 — ¢X )Epgv]

(35)

Note that Elgalalle < ¢i'] < Elvaldlle < ¢}]. Additionally, ¢}'E[valql|le < ¢}] <
Ev~c[v] as Evwg[v] = ¢ Elvaldllq < ¢¥]1+ (1 — ¢§)Efvalg]|q > ¢}]. This implies that

diElpalgla < &1+ (1 — ¢XDEocv] < Eonglv] + (1 — 3 Euuglv]

(36)

This condition only holds with equality if A’s distribution is such that mass § is allocated

to w. Thus, generically, this condition holds with inequality and allocating mass at the

mean does not yield optimal total effort.

Proof of Corollary 2.1: Second Order Stochastic Dominance We show that F} is
second stochastically dominated by F'4 = G. First note that if F; = Fy, then F} is SOSD by
F4 by definition. If both distributions are unequal, it holds that

A(v) = Fa(v) — F}(v) < 0

for v € [0,7), U € [a,wa]. If follows that

(37)
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/0 A(t)dt = /0 Fa(t)dt — /0 Fi(t)dt < 0; (38)

for v € [0,v). Moreover,
/0 " A(t)dt = [t (Falt) - Fy(e)]E — /O " td (Fa(t) — Fp() = 0. (39)

This implies that fg A(t)dt > 0. To establish second order stochastic dominance, it then remains
to be shown that F4(v) — F5(v) is non-decreasing. This holds as F4 is non-decreasing and F
is constant up until @. Therefore for any v < @ we established that A’s distribution SOSDs B’s
distribution. W

Proof of Theorem 5: FOSD Suppose by contradiction that the firm found it optimal to set
Fp # F4, which implies that Fp(v) > F4(v) for some v. We show that in this case, there exists
a profitable deviation to a distribution E, such that Fg(v) > Fp(v) with strict inequality for
some v and Fg(v) > F4(v).

The change from Fp to Fig has two effects: (i) it affects the virtual valuation of worker B and
(ii) it affects the optimal allocation rule for the promotion. We begin by keeping the allocation
rule fixed and show that a change from F'g to F 's increases total effort under the same allocation

rule. Recall that optimal total effort is given by

1 1
E[¢a(9)ya(q)] +Elop(a)ys(q)] = /0 ba(q)yalq)dg + /0 ¢B(0)yB(q9)dg. (40)

As the allocation rule is unchanged, E[¢4(q)ya(q)] is not affected, and we only need to establish
that

1
El¢p(q9)yp(a)] > El¢p(9)yp(a)] <+ /0 (qBB(Q) - ¢B(Q)) yp(q)dg > 0. (41)

Integration by parts implies that

El¢p(q)ys(q)] = apys(1) — E[®5(q)yp(q)] = asys(1) — Elqus(q)ys(q)]. (42)

But if so we get that

1 1
/0 ($B(q) - ¢B(Q)) yB(q)dq = (ap — ap)yp(l) + /0 (qus(q) — qvB(q)) dys(q)- (43)

As Fp first order stochastically dominates Fig, we know that &g > ap and that vg(q) < vp(q).

As the allocation probability is decreasing in ¢ by incentive compatibility, dyg(q) < 0, it follows
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that

E[$4(q)ya(q)] + Elb5(0)ys(a)] > Elpa(a)ya(a)] + Elés(q)ys(q))- (44)

Moreover, if the firm was allowed to set the allocation rule g(gq) optimally, total effort further

increases

E(¢4(0)74(q)] + Eld5(0)75(0)] > Elpa(a)yala)] + Elds(a)ys(q)), (45)

or else the employer would prefer to leave allocation rule unchanged. W

Proof of Theorem 7: Reallocating Value, Fixed Distribution We can restrict attention

to regular G(v). If this was not the case and the employer chooses a G(v) that is not regular,

then we can consider an ironed function G(v), which yields the same total effort, see Hartline

(2013), Theorem 3.14, p.78. This then yields a distribution H(v) = 2G(v), which is also regular.
Define v™, such that

/ dH(v) = 1. (46)
This allows us to define the adjusted distributions,

Fp(v) = H(v) if v € [a,v™) (47)
Fa(v)=H(v) -1 if ve oM, W, (48)

and we show that this distribution yields a higher total effort than G(v).
The virtual values for H, G, F'4 and Fp, respectively, are given by

2 — H(v)
h(v)

1—H(v)

30 (49)

Vi (v) = a(v) = a(v) =v - Yp(v) =v -
This implies that 1y (v) = Yg(v) = Ya(v) for v € [a,vM) and Yy (v) = Ya(v) < ¥p(v) for
v e [vM, w).

If distributions are equal for both workers, then the allocation probability is G(v). Note that

the allocation probability for A is given by
z(va) = P(¢p(va) > ¢(vB)) = P(va > vB) = G(va) (50)

Dropping subscripts and noting that distributions are equal yields z(v) = G(v).
Having calculated the virtual values and allocation probabilities, we can calculate total effort

and show that

TE (Fa(v), Fp(v)) > TE (G(v),G(v)) (51)
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If there is no exclusion, it suffices to show that

/ : ¢A(v)%H(v)h(v)dv+ / ’ wB(v)%H(v)h(v)dv> / wwH(v)%H(v)h(v)dv (52)

as

/: Ya(v)za(v)h(v)do + /U Yp(v)xg(v)h(v)dv > /: wA(v)%H(v)h(v)dv + /U wB(v)%H(v)h(v)dv
(53)

The optimal allocation rule for the promotion must yield a weakly higher total effort than the
allocation rule that is optimal if both workers have the same distribution.

Suppose first, that there is no exclusion. Then,

[ enwr@i@as < [ onapea+ [ ss@a@i@d (60

o / " @ H@h)d < / " s ) H ) h(w)ds (55)
& /:M <v - W) H(v)h(v)dv < /:M (v — 12(‘2])(1})) H(v)h(v)dv (56)

oM

& — /w (2—H(v))h(v)dv < — (1—-H(v)) H(v)dv (57)

M oM

N / " 2= H) Hw)dv > / (1= H(v)) Hw)dv (58)

«

Q
s~

’UM
& H(v)dv >0 (59)

«

which always holds.

Suppose next there is exclusion. Then, adjusting the distribution to F4 and Fp yields again
a strictly higher total effort, compared to both having distribution G. Let the cut off if both
workers have the same distribution be denoted by © and suppose that © < v™. Then, the

comparison of total effort with equal distributions versus distributions F4 and F'g becomes

[v Y (v)H (v)h(v)dv < [v Yp(v)H (v)h(v)dv, (60)

By the same logic as above, this inequality is always fulfilled. Note that the cutoff for B in
the case of distinct distributions is at a lower value than 0, as ¢p(v) > ¢g(v) for all v, thus
increasing total effort under distinct distributions further.

If & > v™, then the comparison boils down to

/ " n (o) H (0)h(v)dv = / " (o) H (0)h(0)dv. (61)

However, we know that the optimal allocation rule with the distinct distribution assigns the

21



promotion with some probability to B if B’s valuation is sufficiently close to v™ (as his virtual
value at v™ equals vM). This establishes that also with exclusion adjusting the distribution

strictly increases total effort. H
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