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1 Introduction

The investigation of structural change in econometric models has received increasing atten-
tion in the literature over the past couple of decades. This development is not surprising.
Assuming, wrongly, that the model structure remains fixed over time has clear adverse im-
plications, such as inconsistency of parameter estimators and associated test-statistics, and
major forecast failures.

Various methods have been proposed to identify and handle structural change. In the
early contributions, changes were supposed to be deterministic, to occur rarely, and to be
abrupt. A number of tests for the presence of parameter breaks of that form exist in the
literature, starting with the ground-breaking work of Chow (1960), who assumed knowledge
of the point in time at which the structural change occurred. The usual fix was the inclusion of
proper dummy variables as additional explanatory variables. Other tests relax the underlying
assumptions, e.g., Brown, Durbin, and Evans (1974), Ploberger and Kramer (1992) and many
others. In this context, it is worth noting that little is being said about the cause of structural
breaks in either statistical or economic terms. The work by Kapetanios and Tzavalis (2010)
provides a possible avenue for modelling structural breaks and, thus, addresses partially this
issue.

A more recent strand of the literature takes an alternative approach and allows the coeffi-
cients of parametric models to evolve randomly over time. Evolution can be either discrete, as
in Markov Switching models (e.g., Hamilton (1989)) or threshold models (e.g., Tong (1990)),
or continuous. In turn, continuous parameter evolution can be driven either by observable
variables, as in smooth transition models (e.g., Terasvirta (1998)), or by unobservable shocks
combined with time series models for the parameters, as in random coefficient models (e.g.,
Nyblom (1989)).

Even more recently, there has been a growing interest in random coefficient models that
also allow for stochastic volatility, e.g., Cogley and Sargent (2005) or Primiceri (2005), who
study the question of whether it was changes in coefficients or in the variance of shocks - policy
or otherwise - that gave rise to the period of macroeconomic calmness (" Great Moderation”)
after 1985. In these papers, and a vast amount of subsequent work, parameters typically
evolve as random walks or autoregressive processes.

Yet another strand of the vast structural change literature returns to the assumption of
deterministic breaks but allows for a smooth evolution of the parameters. Such modelling at-
tempts have a long pedigree in statistics, starting with the work of Priestley (1965). Priestley’s
paper suggested that processes may have time-varying spectral densities which change slowly

over time. The context of such modelling is nonparametric and has, more recently, been fol-



lowed up by Robinson (1989), Robinson (1991), Dahlhaus (1997), Chen and Hong (2012) and
others, some of whom refer to such processes as locally stationary processes. This approach,
while popular in statistics, has not really been influential in applied macroeconometrics where,
as mentioned, random coefficient models dominate. Kapetanios and Yates (2008) is an excep-
tion, using this type of models to revisit the study of the evolution of inflation persistence, in
Cogley and Sargent (2005).

Finally, it is worth noting the work of Muller and Watson (2008) and Muller and Petalas
(2010), who also examine structural change and consider both deterministic and stochastic
time-varying parameters. While both approaches can be used for the same modelling pur-
poses, the underlying models have very distinct properties. Building on this work, Giraitis,
Kapetanios, and Yates (2014) (GKY) have developed a framework for the estimation of ran-
dom coefficient models using kernel methods. They have provided theoretical, Monte Carlo
and empirical results that justify their estimation method and showed that it performs very
well in small samples and has trivial computational cost.

Turning now to instrumental variable (IV) regression, it is clearly a major tool for the
econometric analysis of many economic phenomena. However, a usual assumption made
when carrying out IV regression on time series, or panel, data is that the entertained model is
constant over time, implying that the parameter vector to be estimated does not change during
the sample period used for estimation. This assumption is both crucial for the properties of
IV regression and likely to be suspect in many cases. For example, the impact of education
on GDP growth, or of banks’ size on their profits, can change over time as a consequence
of technological progress. Or the effects of a real forcing variable on inflation can depend
on the business cycle phase. Moreover, the relationship between endogenous variables and
instruments can also change over time. For example, an autoregressive model that links the
current value of a real variable to its past values (the instruments) can exhibit instability over
time. Finally, the endogeneity status of a variable could be also time-varying. Consider, for
example, a regression of inflation on a short term interest rate over a sample where the central
bank switched from exchange rate pegging to inflation targeting.

The problem of modifying IV regression to account for the possible presence of structural
change has received limited attention in the literature. Hall, Han, and Boldea (2012) have
developed inferential and estimation theory for regressions with endogenous regressors by
extending the structural break framework of Bai and Perron (1998). In further work, Boldea
and Hall (2013) and Antoine and Boldea (2018) have addressed a variety of other issues
associated with this problem. While this work is useful, the structural break framework

may be considered restrictive, in light of the above review of time-varying models. On the



other hand, specific parametric assumptions on the model driving parameter evolution can
be restrictive as well. A major contribution that partially resolves this issue is that of Chen
(2015) who extends the deterministic locally stationary framework discussed above to the IV
case. However, the deterministic nature of the assumed structural change remains an issue
for economic and financial data.

Therefore, in this paper we propose non-parametric, kernel-based, estimation and infer-
ential theory for time-varying IV regression, with either deterministic or random coefficients,
extending the framework of GKY. We derive asymptotic distributions for time-varying IV
(TV-1V) estimators, which turn out to be asymptotically equivalent but can differ in finite
samples.

We also derive the asymptotic distribution of a time-varying version of the Hausman
exogeneity test, which compares time-varying OLS and IV estimators, possibly also allowing
for changes in the endogeneity status of the regressors over time. Besides a local Hausman
test, we develop a uniform test for exogeneity with nice asymptotic properties.

As it is well known that IV estimators can have unpleasant finite sample properties, we
evaluate bias and variance related measures for our time-varying IV estimators in an extensive
Monte Carlo study, also in comparison with time-varying OLS. The results are rather encour-
aging, and can be also used to provide indications on the choice of the kernel bandwidth for
empirical applications.

Finally, to illustrate in practice the use of time-varying IV, we estimate a simple Phillips
curve for the USA, using unemployment as a forcing variable for inflation, as this topic has
attracted quite a lot of attention in the academic literature (see, e.g., Stock and Watson
(1989)) and it is also at the center of the policy debate, to understand whether decreases in
the unemployment rate will eventually increase inflation and therefore require a tightening
in monetary conditions. Interestingly, we find substantial fluctuations in the coefficient of
unemployment, which remains negative over the entire sample but less so in the recent period,
and statistically significant only since the early ’90s. Moreover, the time-varying Hausman
test suggests that unemployment was endogenous until the end of the 1970s and for a few
years around 2000, while exogeneity is not rejected in the most recent period.

The rest of the paper is structured as follows. Section 2 describes our time-varying IV
methods and derives the theoretical results. Section 3 discusses the Monte Carlo results.
Section 4 presents the empirical application. Section 5 summarizes the main results and

concludes. All proofs are relegated to an Appendix and an Online Supplement.



2 Theory

GKY introduced a non-parametric time-varying OLS estimation method that can be applied
to a wide set of models, as it boils down to a kernel based generalisation of a rolling window.
The main innovation of their work is to show the asymptotic validity of the estimation and the
provision of confidence bands for the estimators in the presence of time-varying coefficients,
which evolve as persistent stochastic processes. We would like to provide similar results in
the IV regression context.

Let us consider the following model for univariate variable, ;:

yt:l{jﬁt—f_uh = 17"'aT (1)
xy = Wiz + vy, (2)

where z; = (214,..,2p:) is a p X 1 vector of random variables, 8; = (Bi4,.., Bpt) I8 a p x 1
parameter vector, u; is a 1 x 1 noise. Subsequently, in (2), z; = (214, ..., Z»t)" is a n X 1 vector
of random variables, ¥} = (1) is a p X n parameter matrix and vy = (vi4,..,v,) isap x 1
noise vector.

As in the standard IV setting, we assume that endogenous variables x; are correlated with

u; but there exist exogenous instruments z;, uncorrelated with u; and wv;:
Ezu, =0, Ezv, =0, t>1. (3)

In this paper we discuss the IV setting (1)-(2) with time varying parameters §; and ¥}
whose elements are either smoothly varying deterministic functions as in Assumption 2 or
smoothly varying persistent stochastic processes as in Assumption 3.! In addition, we assume
that the elements 2y ;2 + of 2.2, elements 2y 4vy 4 of z;v; and elements 2, yuy ¢ of z4u, are a-mixing
variables as specified in Assumption 1 below.

The objective of this paper is to construct consistent estimators of 5; and ¥, and derive
asymptotic normality for the estimator of j;.

Our main estimator of ; is a kernel type estimate

- T ~ -1,E -
Pre= <§ :bH,|jft|‘I’g‘ij3> (§ :bH,ljft\‘I’}ijﬁ (4)
=1 j=1

LOf course, if the coefficients are actually constant then the time varying estimator we propose is still
consistent albeit inefficient. Similarly, if some variables are actually exogenous then estimation using the IV
estimator is again consistent but inefficient.




computed with kernel weights bz, |;— and bandwidth parameter H defined below in (6) where

VU is a consistent estimate of ¥;. In our case, \T/t is just the kernel OLS estimator

R T T
U, = (Z bL7‘j_t|z]~z;> (Z bL7|j_t|zjx;->. (5)
j=1 j=1

The bandwidth L used in (5) can be different from H, used for (4).
We consider the estimators (4) and (5) with kernel weights

by = (1) )

where H — oo, H = o(T) is the bandwidth parameter and K (x), x € (0,a) is a non-negative

continuous function with a finite or infinite support such that for some C' > 0 and v > 3,
K(z) < C(1+a2")7",  |(d/dr)K(2)] < C(1+2")"", x€(0,a). (7)

Standard examples of functions satisfying (7) are K(z) =I1(0 <z < 1), K(z) < C(1+2*)™!
with v > 3 and K (z) = exp(—cz®) with ¢ > 0 and « > 0.

In addition to 517,5, we study the estimator

~ r N -1,k -
Pay = (Z bH,ljft|‘I’§Zj93§> (Z bH,uft\‘I’Qijj» (8)
j=1

J=1

which, for n = p, and if \Tlt is full rank, further simplifies asymptotically to

T T
(Z bH,\jfﬂZj-?«"}) (Z bH,U,ﬂzjyj) 9)
=1 j=1

The estimators Eu and Bz,t are asymptotically equivalent. There are other possible estimators

such as

N T T T .
B = (( > bag-ni2) (Y brgg-az7) (D bH,\j—t\ijE}))
j=1 j=1 j=1
T T . T
X (D baieni?y) (D brg—nz2) " (O baj-uzy;)
j=1 j=1 Jj=1

which is intuitive, in that it extends the standard IV estimator, based on covariances between



regressors and instruments, to the time varying case. In the just-identified case Bt asymptot-
ically coincides with 317,5, if H = L is imposed. Another potential estimator is the two-stage
least square estimator (2SLS) used by Chen (2015):

~ T B ~
Bap = (E :bH,\j—tl‘I’QZjZ}‘I’j) (E bH,lj—ﬂ‘I’}ijj) (10)
=1

j=1

which is frequently used in applied work. Both Et and B&t are asymptotically equivalent to
517,5 and 527,5. Neither will be considered further in detail, in this paper. However, we include
some comments on 337,& in Lemma 2 and in the context of Theorem 4 showing that El,t might
be preferable with respect to the 2SLS estimate 53715.

We focus mainly on 51775 for theoretical tractability. We note these different estimators to
illustrate the possibilities for different procedures that arise from considering a time varying
setting, as well as to emphasise that, in small samples, there may be materially important
choices to make, as we explore in our Monte Carlo study, where we compare the finite sample

performance of our estimators to that of the OLS estimator given by
R T T
B = (Z bH,lj—tl%w}) (Z bH,U—tl%yj) - (11)
j=1 j=1

Next, we outline assumptions on z;, v; and u; and time-varying parameters 3; and W¥,.

Assumption 1 Elements of z;, vy and u; have the following properties.

(i) There ezists 0 > 8 such that uniformly over ¢ and t,
E|z4’, Elvg,)’, Elu|’ < C < . (12)

(i1) For any (0, k), (zerzkt — Ezorzrst), (zeavie), (zesur), (vie) and (ug) are a-mizing (but not
necessarily stationary) processes with mizing coefficients oy, such that for some 0 < ¢ < 1 and
c> 0,

ap <cof, k>1. (13)

(iti) The matrices .., = E[zz]] and Sy, = Elvv)] are such that max,>q ||S2)}]]s, < oo,

maxs1 | Syl |sp < 00
We denote by ||Al|s, and ||A|| the spectral and Frobenius norm of matrix A, respectively.

We assume that 3, = fr; and ¥, = ¥p, are triangular arrays of vectors and matrices whose

elements (5y;) and (g,) satisfy either Assumption 2 or Assumption 3.
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Assumption 2 () and (Bet) are non-random sequences of real numbers uniformly bounded

in t and satisfy the smoothness condition

|t — s
T

|t — s
T

|Bet — Bos| < C Yot — Y] < C t,s,=1,..,T (14)

where the positive constant, C', does not depend on ¢, k,t,s and T'.

Assumption 3 (Yg.) and (Bey) are random processes that satisfy the smoothness condition

t—s t—s
|Ber — Bes| < (|—T’)1/27"e,ts> Vot — Yors| < (%)I/QCMWS, t,s,=1,...,T (15)

and the distribution of variables X = By, Tots, Yk, Qerts has a thin tail:
P(X| > w) < exp(—colwl), w >0 (16)
for some cg > 0, a > 0 that do not depend on £, k,t,s and T.

For example, a triangular array of deterministic parameters 5y; = ¢,(t/T), t = 1,...,T where
ge(z), z € [0,1] have bounded derivatives, satisfy Assumption 2. In turn, we can specify an
array of random processes as (3¢ = 7Y QuU, t =1,...,T where uy; are random walk processes
with wgy — uge—y ~ NIID(0,1), satisfying Assumption 3. Many other examples of allowable
processes are provided in Giraitis, Kapetanios, and Yates (2014), as well as Section 2.4 of
Giraitis, Kapetanios, and Yates (2018). In particular, time varying parameter processes can
include deterministic and stochastic components, f; = T *ups + go(t/T) and ug, may be

a general unit root process rather than random walk. For example, f,; = T~%/2

up, satisfies
Assumption 3 if u,,; is a unit root process, w; = wus; — ugy—1 is stationary mixing and has
a thin tail distribution. Then ., = (T/(t — 8))Y2(Brs — Bes) satisfies P(|ryss| > ) =
P((t = s)"/*|3""Jw;| > x) and has thin tail distribution, see Lemma 1 in Dendramis,
Giraitis, and Kapetanios (2018).

Next, we assume that the bandwidth parameters H, and L satisfy
ClTl/(0/4—1)+5 < H, L < 02T1—5 (17)

where 6 > 8 is as in Assumption 1, ¢, ¢ > 0 and 6 > 0 is arbitrarily small.

Denote

ogT | H log T
- r o =
9 T,H, H

H
+ <7)1/2 log?/“T. (18)



In the next theorem we establish a uniform consistency rate of estimates {I\It and El,t'
Remarkably, besides the standard IV assumptions Fzu, = 0 and Ezwv; = 0 it allows (uy),

(v), (z1ur), (z:v;) to be serially correlated sequences.

Theorem 1 Suppose z;, u; and v, satisfy Assumption 1 and V, satisfies either Assumption 2

or Assumption 3.

(i) Then, as T — oo, the estimator v, computed with L, satisfying (17), has the property that

max ||U, — ¥y|| =
t=1,..,.T

O,(rr.L) if (V) satisfies Assumption 2, (19)
O,(T1.L.0) if (Uy) satisfies Assumption 3. (20)

(ii) Suppose that the estimator Bl,t computed with the bandwidth H wuses the estimator \/I\ft
computed with the bandwidth L and both H, L satisfy (17). Assume that Yy..v+ = VX, ¥,
has the property

tgllz.lf?cTHE\;/iz\I!,t”Sp SV <00 a.s. (21)

where v does not depend on T'. Then,

t{?aXT ||§1,t — B =

=1,..,

Op(rrg +111) if (Be, V) satisfy Assumption 2,(22)
Op(Frp.al0g " T + 7110 if (Br, Wy) satisfy Assumption 3.(23)

To analyze the asymptotic properties of the estimates B/Lt and §27t, we impose the following
assumptions on bandwidth parameters L > H used in (I\Jt, 517,5 and EM. They guarantee that

rr = op(H™Y?), Frpa = op(H™Y/?).

Assumption 4 The estimator \Tlt 18 computed with bandwidth L and ELt and Eg,t with band-
width H, which have the following properties.

If (B, V) satisfy Assumption 2, then H = o(L/logT), L = o(T?/?).

If (B, V) satisfy Assumption 3, then H = o(L/(log T)™>*(14/2)) [, = o(T'/?).

Lemma 2 establishes the main term of the time-varying IV estimator El,t and its equiva-
lence to 527,5 and to the 2SLS estimator E&t. Theorem 3 analyses convergence properties and

asymptotic distribution of the IV estimator EM. The proofs are reported in the Appendix.

Lemma 2 Suppose that the assumptions of Theorem 1(ii) are satisfied and Assumption 4



holds. Then, for any sequencet =ty € 1,....,T, as T — o0,

~ T —1 T

Brp— B = (Z bH,\j—t\Z\I/zz\I/,j> (\I’Q > bH,\j—t\Zjuj> +op(H'7?), (24)
j=1 j=1

Bl,t - g?,t = Op(H_1/2>7 th - 53,15 = Op(H_1/2)' (25)

To obtain the asymptotic normality of Elyt we will use the result (24). We assume for

simplicity that the variables z;u; are uncorrelated
Elzjujzpug) =0, k#j (26)

and impose on the terms of (24) two additional standard assumptions: as T' — oo,

T
K;1 Z bH:U—t‘E‘I/ZZ‘I/,j —7p 2\I/zz\I/,ty (27)
j=1
T
Kot bai-nziu; —p N0, Se) (28)
j=1

where K, = Z].Tzl b jj—t), Koy = Z?:l b%{,ufﬂ and X, ; = var(zu,) is the variance-covariance
matrix of zyu; (which may vary with ¢). Convergence (27) holds under additional smoothness
conditions on the change of var(z;) similar to those in Assumption 2. Convergence (28) is
achieved by imposing standard additional mixing or martingale difference type assumptions
on the n x 1 vector z;u;. For the sake of brevity, we do not provide a more detailed analysis of
these convergence relations and the underlying assumptions, but refer the reader to previous
work and in particular Giraitis, Kapetanios, and Yates (2014), as well as Theorems 2.2 and
2.3 of Giraitis, Kapetanios, and Yates (2018) and their associated proofs. Denote Yy.,u: =
VATV

Theorem 3 Let assumptions of Theorem 1(ii) be satisfied and Assumption 4, (26), (27)
and (28) hold. Then, for any sequence t =ty € 1,...,T, Eu has the following asymptotic

properties.

(i) If (Be, Vi) are deterministic and satisfy Assumption 2, then

K. ~
K—lzz‘llzz‘ll,t(ﬁl,t - 5t) —D N(O, Z\Ifzu\ll,t)- (29)

2.t



(ii) If (B:, VUy) are random, satisfy Assumption 3, n = p, and V; are invertible, then

K. ~
K—1;2W;12szw,t(5l,t —B) =p N(0,2,.4). (30)

2.t

The normal approximations of Theorem 3 follow from the approximation (24) of Lemma 2
using (27) and (28). Note that we only report a straightforward asymptotic result for the case
n = p. Of course, convergence occurs for the more general case but then ¥, is not square, and
therefore, not invertible, and appears in the limiting distribution, making inference complex.
The above inference results can be operationalised by replacing unknown quantities with their
time varying estimates.

In her original work, Chen (2015) has introduced the idea of IV estimation and inference
for parameter stability in a time-varying setting. We refer to Chen’s paper for the background
literature and intuition behind the IV estimates. For deterministic parameters the main nov-
elty of our work is establishing uniform consistency rates under similar assumptions to Chen
(2015). However, we focus on estimation of the path of parameters ;, ¥y, t = 1,...,7 under
conditions on their increments rather then estimating functions 5(t/71"), W.(¢/T). Imposing
smoothness conditions on 3;, Chen (2015) obtains a slightly better optimal rate o(7%°) in
normal approximation than ours, o(T'/3). Differently from Chen’s work, for simplicity, we
present asymptotic distribution only in the case of uncorrelated noise z;u;.

Our paper develops further the ideas of Chen (2015) by showing that time varying IV
estimation and inference can be applied to a large class of observables y;, z; and instrumental
variables z;. Our setting allows for stochastic time-varying persistent parameters 3;, ¥, that
may be dependent on (x,2;) and the noise (us,v¢). Consequently, a wide class of (non)
stationary processes y; and z; can be sufficiently well approximated by W}z, ;0] so that
residual noises u; and v; can be expected to be standard mixing processes. Methodologically,
this justifies the use of IV estimation and the Hausman test we develop and present below,
in empirical work when it is not realistic to impose multiple restrictions on wus,v; and on
Yr — Ug, Ty — vy Such restrictions are not required in our work, except for the Hausman test
where, under the null hypothesis, we assume independence of (u;) from (y; — wug, x; — vy).
By introducing such an assumption we aim at simplifying the derivation of the asymptotic
distribution of the Hausman type test, which makes it attractive for empirical work. We
develop a local test for exogeneity at the point ¢ and a uniform test for exogeneity over period
(To, T1].

In Theorem 4 we obtain an asymptotic approximation for the OLS estimator Bn which

is used for the time-varying version of the Hausman test. In the first part of the theorem,
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we derive a generic approximation for Bt — BJM that is valid irrespectively of whether z; is
exogenous or endogenous, i.e. when Fv,ju; # 0 or Ev;ju; = 0. In the second part of the theorem
we derive asymptotic normality for the difference Et — EM of the OLS and IV estimates Bt
and El,t when x, are exogenous variables. For simplicity, we assume that the variables u; are

independent.

Assumption 5 (i) (u;) are independent random variables, Euy, = 0, Euj = o,
(i) (uy) and (x4, 2 — vy) are mutually independent,
(i1i) the elements of Xy, and o, satisfy Assumption 2, o, , + 0,; is bounded,

() for endogenous x;, Elvju;] satisfies Assumption 2.

The next theorem focuses on testing for x; being exogenous, in settings relevant to applied
work. It allows unrestricted mutual dependence of {5;, ¥y, x, v, }.

Set Sppe = K" 301 bajjmu i, Seae = Kt Y00 bi i %5, T = Vs, Sny = U E (220, +
E[vv)]. Denote

Vie = (Sza )I/Q(Sm )1/2(@ — Bu), (31)
Hoyr, = ﬁt ;lm oS PV, 0< Ty <Ty <T. (32)

The Hausman type statistic Vr; can be used for testing the null hypothesis Hy : E[vu:] =0
that z; is exogenous at time t while Hr, 7, tests the global null hypothesis Hy : Efviu] =
0, t =Ty +1,...,T} that z; is exogenous over the period ¢ € (Tp, T3]

Theorem 4 Let Assumption 1 hold, (S, V) satisfy either Assumption 2 or Assumption 3, L
satisfy (17) and

T < H < T (33)

for some small 0 < e <1 and c1,c9 >0

Then, for any sequence t =ty € 1,.... T, the following holds.

(1) For endogenous x;, under Assumption 5 (iii)-(iv):

Vi =(1-— Zvthmt) /2E[vtut] + 0,(1). (34)

(ii) For ezogenous x;, assume that (u;) satisfy Assumption 5, H = o(T%3) if Assumption

11



2 holds and H = o(T"/?) if Assumption 3 holds. Then

KKy, 2o i Vi —p N0, 1), (35)

vv,t

If in addition T = Ty — Ty, H are such that H = o(T), H = o(T/TY?) if Assumption 2
holds and H = O(T/T) if Assumption 3 holds, then

HTO,Tl —D N(O, I) (36)

For endogenous x;, when E[vu;] # 0, the local statistic at time ¢ diverges at the rate vH
while the statistic over period (Tp,Ti] at the rate /Ty — Ty > VH. For (Ty,T1] = [1,7],
(36) requires H = o(T"/?) under Assumption 2. If parameters are stochastic, (36) requires
T, —To = o(T).

Properties (35) and (36) remain valid for Vr:, Hp o with B/Lt replaced by the 2SLS
estimator Eg’t, if Assumption 4 on H, L is also imposed. Hence, when testing for z; being
exogenous, the use of EM has some theoretical advantages. The proof of Theorem 4 is relegated

to an Online Supplement.

A common formulation of the Hausman (1978) test is as a quadratic form in the difference
between the (time-varying in our case) OLS and IV estimators. Theorem 4 can be used to
derive the (pointwise and uniform) asymptotic distribution of this version of the time-varying

Hausman test. In particular, if 37} exists, then (35) implies that

K? am ~
Kt V%7tzﬁ%tVT7toﬁ,f —D X]237 (37)
2.t

)

. AM L —1 T ~ ~2 . —1 T ~9
because the estimate Y := K, i1 bH,|j_t|vij and 054 1= K> i1 bH7|j_t|uj based on
. ~ ' a ~ =y S ~92 2
residuals u; = y; — x]ﬂljj, v =z; — W, have the property g5 —p Zyvt, 05t —p Oyt

The correspondingly modified statistic Hrp, 1, has property

HITQ,T1 HT07T1 %D X; (38)

Of course, all the usual statistics related to IV estimation can be generalised to the time-

varying case. For example, a time-varying version of the J-test statistic is given by

K 1, < - S

: R - N

Je = Ky 62 ( Z b |j—11%105) ( Z buji—425%)  ( Z b jj—11251;5) (39)
O = =1

j=1

12



It can be easily shown that, for each ¢, J; follows asymptotically a X;Q; distribution, under the
null hypothesis of valid overidentifying restrictions. Obtaining a test for exogeneity based
on maxer, 7] |Vre| in line with Chen and Hong (2012) test for parameter stability is an

interesting open problem.

3 Monte Carlo study

In this Section we evaluate the finite sample performance of the time-varying IV estimators
EM, Egyt, the OLS estimator Et and the time-varying Hausman test.
As data generating process (DGP), we consider model (1) and (2). Our baseline case is

the exactly identified model, i.e. n =p = 1:
ye = Brxy +ug, xp = Uz +vp, t=1,..,T. (40)
We introduce correlation between u; and v; by specifying them as
ur = sers + (1 —s)easr, v =sers+ (1 —s)esy, (41)

where s = 0, 0.2, 0.5 and (e1;), (e2+) and (e3;) are mutually independent NIID(0,1) se-
quences.

The parameters 3, = T~Y2¢,, o), = T7/2¢,,, t = 1,...,T are generated as two indepen-
dent rescaled random walks, such that & — &1 ~ NIID(0,1) for ¢ = 1,2. This implies
that both the structural and the reduced form regressions have time-varying coefficients. We
assume that (z;) is a sequence of standard normal i.i.d. random variables independent of (1),
(u) and (v;). Exogeneity of z; is implied by s = 0, while for s = 0.2, 0.5, z; is endogenous. The
magnitude of s provides a means for controlling the extent of endogeneity. We also consider

the same set of experiments for an overidentified case where
Ui = Beve +up, T = 14210 + Yopzoe tv, t=1,..T, (42)

where (1 ;) and (z;;) have the same specification as (¥;) and (), Yo = T- V263, t = 1,..., T,
where &4 — &34,-1 ~ NIID(0,1), and (22.) is a sequence of standard normal i.i.d. random
variables.

We consider three estimators of 3: time-varying B, (OLS), time-varying Bl,t and §2¢ (IV).
They are computed using the Gaussian kernel K (x) = exp(—2?/2) with a variety of bandwidth
values H for estimation of 3, and L for v. Specifically, we set H = T™ and L = Th
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with hi,hy = 0.4 and 0.5. In an appendix we also report results for 0.7. Lower values for
the bandwidth increase robustness of estimates to parameter changes but decrease efficiency,
and it is interesting to evaluate the trade-off. Further, we consider four sample sizes: T =
100, 200, 400, 1000.

Next, we proceed with a detailed Monte Carlo analysis, based on 1000 Monte Carlo replica-
tions. To assess the performance of our estimators, we use a variety of performance indicators
that are of relevance for IV regression, where estimator variances may not be finite in small
samples. We consider the following measures of performance: average over all the replications
of the median deviation and of the absolute median deviation

p p
pil Z medt:l,...,T(ﬁr,t - ﬁr,t); pil Z medt:l,...,T Br,t - 67%'7 p= 10007

r=1 r=1

average over all the periods of the interdecile range and of the 95% coverage rates

T3 (Broow — Braon), TP/, covery,

where Et,x% denotes the z-th quantile of the empirical distribution of Et obtained via Monte
Carlo simulations and cover; is the estimated probability that g; lies in the interval (B; —
1.96 std(gt), Bt +1.96 std(gt) where std(gt) is computed using results from the asymptotic
distribution of B;. Tables 1-6 report values of these four measures of performance for all
experiments. The first three tables relate to the exactly identified case, while the last three
present results for the overidentified case.

For the Hausman test, comparing Bt and Eu, Table 7 reports rejection probabilities for
the just-identified case for the middle point ¢ = T'/2 which is representative as in the DGP
there are no changes of endogeneity status. Table 8 focuses instead on the global Hausman
test (calculated over the interval (7y,77) = (5,7 — 5)) for the just-identified case.

Based on Tables 1-3, a number of comments can be made. First, starting with Table 1
where z; is exogenous (s = 0), the median deviations of all the three estimators are very
similar and all close to zero. In terms of median absolute deviations, B\t is the best performer
(as it is indeed best in this context) while gu and 527,5 are comparable. In all cases the reported
values are rather small and decrease when the sample size T  increases. About the bandwidth
parameters H = TM | [ = T"2 typically values around 0.5 for both h; and hs yield the lowest
values of criteria. However, the differences of those values are rather small unless T is very
large (7" = 1000). Moving to the interdecile range, for Bt the key parameters are H = T™
and T (as Bt does not depend on L). Higher values of h; generally shorten the ranges, while
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T has little effect. The effects of H = T" and T on EQJ are similar to those on Bt, as 52715
does not dependent on v, when n = p = 1. However, the interdecile ranges are systematically
larger for EQ’t than for Bt, which is expected with Et being appropriate in this context. For
Eu, it turns out that L = 772 matters more than H = T" and larger values for hy shorten
the interdecile range substantially, for any value of h;. However, the coverage ranges also
diminish substantially when h, increases, so that intermediate values 0.5 for h; and hy appear
as a reasonable choice. A similar comment also applies for 327,& and Bt, as in their case the
coverage rates decrease when H = T™ increases.

Second, the effects of endogeneity on the time-varying OLS estimator B\t are substantial,
the more so the stronger the correlation of x; with the error term. From Tables 2 (s = 0.2)
and 3 (s = 0.5), the median deviation of Bt increases substantially, while that of 517,5 and EM
is much less affected. A similar comment applies for the absolute median deviation and the
coverage rates, while the interdecile ranges are not substantially affected. These results stress
the importance of using a time-varying IV estimator in the presence of endogeneity.

Moving on to the overidentified case, presented in Tables 4-6, we see that our main conclu-
sions remain largely unaffected. One clear difference is that coverage rates worsen somewhat,
compared to the exactly identified case.

Table 7 reports size and power of the time-varying Hausman test for the just-identified
case, constructed using gu, for various values of H = T" and L = T"2. From the panel with
s = 0, where the null hypothesis of exogeneity is valid and the size of the test is reported, it
turns out that size distortions can be sizable, even for very large T. However, intermediate
values of h; and hy reduce the size distortions, with actual size close to the nominal one when
hy = 0.4, hy = 0.5. In terms of power, it increases with s and with 7', but it remains rather
low when hy = 0.4, ho = 0.5. Finally, in Table 8 we present the size and power for the global
Hausman test setting Ty = 5 and Ty = T' — 5. Clearly, it seems to behave as expected both

under the null and the alternative hypothesis?®.

4 Empirical Application

In this section we illustrate the use of time-varying IV with an empirical application. We

estimate a version of the traditional Phillips curve that links inflation to unemployment,

2We have also computed simulations for higher values of the bandwidth parameters. The results are
reported in the Online Supplement, where Tables 9-14 are the counterpart of Tables 1-6, and Tables 15-16 of
Tables 7-8. In general, the results are as expected, in the sense that the average median deviation is higher
and the coverage rate lower, while the decile range is lower. Hence, we get more efficiency but also more bias.
For the time-varying Hausman test, in general the size distortions increase, while for the uniform Hausman
test the size gets closer to nominal but the power decreases.
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based on the idea that lower unemployment leads to higher wages, costs, prices and hence
inflation. The main goal is to understand whether unemployment is indeed significant, it is
endogenous, and there were changes in these two features over time.

We use monthly data for the USA over the period 1959-2013 and, due to their high
persistence, we use the change in inflation (A7) as dependent variable and the change in
unemployment (Au) as explanatory variable (together with one lag of the change in inflation).
Our instruments are four lags of the change in unemployment and one lag of the change in
inflation. The model is:

Ay = ¢+ yAT 1 + alAuy + e, (43)

where e; is a white noise error term.

We compare the results of time-varying OLS and IV estimation. As time-varying IV
estimators, we report results for 5y, with a Gaussian kernel, and H = L = T°7 in order
to estimate the parameters in each time period with a large enough number of observations
(about 90).

Before proceeding, it is worth noting that an LM test for serial correlation with 4 lags
fails to reject the null hypothesis that there is no serial correlation in the residuals of the
time-varying IV model. Figure 1 provides the results for this model. The upper panel of
Figure 1 graphs 7; and 73, with the associated 90% confidence bands. It turns out that the
estimators are similar and feature a substantial amount of time-variation. The estimated
parameter is in the interval [0, 0.5], it increases steadily from the '60s until the mid ’80s, then
decreases until the late '90s and then increases again. Moreover, the estimated parameter is
statistically significant in all the periods after the early '70s. The average value over time for
7 is 0.28, which is comparable to the full sample constant parameter OLS value, about 0.36.

The middle panel of Figure 1 graphs a; and &y, with the associated asymptotic 90%
confidence bands. The time-varying IV estimator is now quite different from the time-varying
OLS, a;. Specifically, a;; returns lower values for a in each time period, in the interval
[—1.2,—0.4] versus [—0.4,0] for a;. The average values over time for a; and a;, are about
—0.15 and —0.71 respectively, which are comparable to the full sample constant parameters
OLS and TSLS values, about —0.18 and —0.93, respectively. Naturally, the confidence inter-
vals are larger for time-varying IV than for time-varying OLS. Yet, the TV-IV estimator for
« is statistically significant over most of the sample period, while TV-OLS only from the late
"70s to the late '80s. Interestingly from an economic point of view, both time-varying OLS
and IV indicate that « is no longer statistically significant in the most recent period, so that
the continued decreases in the unemployment rate should not lead to a pick-up in inflation

(which indeed is what happened).

16



The lower panel of Figure 1 graphs the p-value of the time-varying Hausman test. Taking
0.10 as the significance level, the test rejects the null hypothesis of exogeneity from the mid-60s
until the late "70s. Probability values again decline considerably for a few years around 2000.
From the upper panel of Figure 1, these are indeed the periods when the time-varying OLS
and IV estimators for a deviate most. However, from the Monte Carlo experiment we know
that the finite sample power of the Hausman test is rather limited, so that exogeneity is likely
absent for longer periods, although we also note that for the choice of bandwidth we consider,
the size of the test is also likely to suffer. The global Hausman test rejects exogeneity at the
5% level, the p-value is 0.013.

Given the above, as a robustness check, we repeat the analysis using H = L = T%5, which
were the preferred values from the Monte Carlo analysis, even if in our empirical application
this value for the bandwidth brings down the number of effective observations to estimate
the parameters in each time period from about 90 to 25 and hence we expect a substantial
increase in uncertainty. The results, reported in Figure 2, are indeed similar to those discussed
above except that, as expected, there is a substantial increase in the uncertainty around the
time-varying IV estimator, which makes the Hausman test reject in even fewer time periods
than before. Yet, the global test still rejects, the p-value is 0.026.

As an additional robustness check, we now estimate a forward looking (New-Keynesian)
Phillips curve, along the lines of Gali and Gertler (2008) . The New-Keynesian Phillips curve
is specified as:

Aﬂ't =c+ pAﬂ-f_;'_l + ’YATrt—l + aAut + U, (44)

which can be also written as
A’/Tt =c+ pAﬂ't_;,_l + ’)/Am_l + O{Aut + €, (45)

where ¢, = p(Anf, — Amq) + v, Ay, is the optimal one-step ahead forecast of Am iy
made in period ¢, and v, is an i.i.d. error, uncorrelated at all leads and lags with the forecast
error (Am, — Arnf). It is clear that Amyq is correlated with the error term ¢;, the more
so the less good is the forecast, so that IV is needed. We experiment with the same time-
varying IV estimator as above, using four lags of the change in unemployment and inflation
as instruments, a Gaussian kernel, and H = L = T%7. For comparison, we also compute the
time-varying OLS estimator.

Figure 3 reports the alternative estimators for, respectively, 7, @ and p. Looking at the
first panel of Figure 3, the time-varying OLS estimator for ~ is pretty similar to that reported

in Figure 1, both in terms of temporal evolution and of values (note that the scales of the two
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figures are different). The time-varying IV estimator is also pretty similar, except for a period
around the mid 70s. It has also a larger variability than in the backward looking case, such
that the time-varying OLS confidence intervals are always within those for the time-varying
IV. This finding is also true for p, see third panel of Figure 3. The same panel of Figure
3 also shows that the time-varying OLS estimator for p is statistically significant, while the
time-varying IV estimator does not indicate significance of p, while it pointed to statistical
significance of v, at least since the mid "70s (see upper panel of Figure 3).

In terms of the coefficient of the change in unemployment, «, according to the second
panel of Figure 3 it is close to zero when estimated by time-varying OLS, and never statisti-
cally significant, except for a short period in the early ’80s. The time-varying IV estimator
instead suggests substantially negative values for o but, due to the increased variability of
the estimator, only significantly different from zero until the late '70s. Taking again a 10%
significant value, the time-varying Hausman test, reported in the lowest panel of Figure 3,
rejects exogeneity until the late "70s and again around the mid 90’s. The p-value of the global
Hausman test is however larger than for the backward looking specifications, 0.155.

In summary, this simple but economically interesting empirical application highlights the
relevance of allowing for parameter time variation in an IV setting. In particular, there is a
varying but sizable impact of the change of unemployment on the change of inflation, though
the estimated parameter shrinks substantially in the final part of the sample, till it becomes
not statistically significant. The exogeneity status of unemployment seems to also vary over
time according to the time-varying Hausman test, and exogeneity is clearly rejected at the

10% level in the 70s.

5 Conclusions

Instrumental variable regression is extensively applied in econometric studies but the param-
eters are typically assumed stable over time (or across units). However, the vast literature on
structural change has highlighted that parameter instability is diffuse. Hence, in this paper we
introduce time-varying IV estimators, taking a non-parametric approach in order to remain
as agnostic as possible on the type of parameter evolution.

We derive asymptotic distributions for two time-varying, kernel based, IV estimators,
which turn out to be asymptotically equivalent. We also derive the asymptotic distribution
of time-varying and uniform versions of the Hausman exogeneity test, which compares time-
varying OLS and IV estimators, possibly also allowing for changes in the endogeneity status

of the regressors over time.
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Next, we evaluate the finite sample properties of the alternative estimators and size and
power of the time-varying and uniform Hausman tests in an extensive Monte Carlo study. The
results show that the finite sample bias of the estimators is small, the variability limited and
the capacity to recover the temporal evolution of the parameters substantial. However, the
time-varying Hausman test has rather low power, while the uniform Hausman test performs
better, for the same extent of endogeneity.

Finally, to illustrate in practice the use of time-varying IV, we estimate a simple Phillips
Curve for the USA, using unemployment as a forcing variable for inflation. We find substantial
fluctuations in the coefficient of unemployment, which remains negative over the entire sample
but less so in the most recent period. Moreover, the time-varying Hausman test suggests that
unemployment was endogenous until the end of the '70s and for a few years around 2000,
while exogeneity cannot be rejected in the most recent period and indeed the time-varying IV

estimators get closer to time-varying OLS.
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Figure 1: Empirical results for model (43). The first two panels graph OLS and IV estimates
of v and « respectively. The third panel graphs the p-value of the time-varying Hausman test.
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Figure 2: Robustness check for model (43) using H = L = T%°. The first two panels graph
OLS and IV estimates of v and « respectively. The third panel graphs the p-value of the
time-varying Hausman test.
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Figure 3: Empirical results for model (45). The first three panels graph OLS and IV estimates
of v, a and p respectively. The fourth panel graphs the p-value of the time-varying Hausman
test.
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Table 1: Performance of estimators f;, EM and Bz,t for the model (40)-(41) with exogenous
v s=0, H=TM L="Th,

hi hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
Be B, B2 B B, B2 B B, B2 B B, B2

0.4 04 100 -0.000 0.000 -0.001 0.200 0.296 0.347 1.353 1.766 2.656 0.815 0.899 0.956
0.4 200 0.003 -0.004 -0.002 0.168 0.260 0.298 1.382 1.728 2424 0.830 0.910 0.964
0.4 400 0.004 0.003 0.003 0.141 0.219 0.244 1368 1.676 2.166 0.834 0.907 0.966
0.4 1000 0.001 -0.000 -0.001 0.112 0.177 0.193 1.382 1.633 1.957 0.850 0.913 0.969
0.5 100 0.001 0.004 0.002 0.198 0.267 0.344 1.361 1.414 2.691 0.821 0.830 0.958
0.5 200 -0.001 -0.000 -0.001 0.167 0.231 0.294 1.367 1.442 2429 0.832 0.828 0.963
0.5 400 0.000 0.002 0.004 0.142 0.197 0.248 1.376 1.441 2203 0.836 0.826 0.968
0.5 1000 -0.001 0.002 0.002 0.113 0.159 0.195 1.405 1.455 2.016 0.852 0.818 0.972

0.5 04 100 -0.000 0.000 -0.000 0.201 0.322 0.333 1.186 2.202 2474 0.731 0.937 0.924
0.4 200 -0.000 -0.005 -0.005 0.168 0.274 0.272 1.246 2.060 2.228 0.734 0.946 0.922
0.4 400 0.000 -0.001 -0.001 0.143 0.233 0.227 1.293 1.926 1943 0.730 0.953 0.930
0.4 1000 -0.001 -0.001 -0.000 0.115 0.192 0.182 1.289 1.830 1.768 0.727 0.959 0.930
0.5 100 -0.001 -0.001 0.001 0.199 0.287 0.329 1.213 1.555 2.468 0.737 0.855 0.926
0.5 200 0.000 -0.000 0.000 0.169 0.247 0.281 1.247 1.516 2.216 0.731 0.852 0.926
0.5 400 0.001 0.001 0.000 0.143 0.205 0.225 1.339 1.531 1941 0.725 0.839 0.926
0.5 1000 0.000 -0.000 -0.001 0.115 0.165 0.179 1.296 1.478 1.760 0.722 0.836 0.928

Table 2: Performance of estimators B\t, El,t and Ezt for the model (40)-(41) with s = 0.2.

hi hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
B Bt Bat B Bt Bat B Bt Bat B Bt B2t

04 04 100 0.018 -0.001 -0.003 0.174 0.199 0.208 1.280 1.354 1.455 0.760 0.806 0.839
0.4 200 0.019 0.003 0.001 0.145 0.167 0.173 1.322 1.386 1.452 0.775 0.818 0.843
0.4 400 0.020 0.001 -0.001 0.123 0.142 0.146 1.363 1.416 1.467 0.777 0.820 0.841
0.4 1000 0.021 0.003 0.002 0.098 0.113 0.115 1376 1.415 1.444 0.794 0.833 0.849
0.5 100 0.021 0.004 0.002 0.174 0.203 0.209 1328 1.224 1.508 0.765 0.715 0.844
0.5 200 0.020 0.005 0.003 0.144 0.171 0.171 1.313 1.252 1.435 0.773 0.698 0.842
0.5 400 0.020 0.002 -0.000 0.123 0.147 0.144 1.360 1.328 1.453 0.776 0.690 0.837
0.5 1000 0.020 0.002 0.001 0.098 0.119 0.115 1.391 1.353 1.460 0.793 0.690 0.849

0.5 04 100 0.020 -0.002 -0.002 0.185 0.206 0.216 1.162 1.423 1.319 0.655 0.829 0.765
0.4 200 0.019 0.002 0.001 0.156 0.174 0.182 1.249 1.458 1.364 0.652 0.836 0.757
0.4 400 0.020 0.001 0.001 0.134 0.144 0.150 1.253 1.407 1.327 0.642 0.838 0.740
0.4 1000 0.021 -0.000 -0.001 0.108 0.116 0.121 1.310 1.433 1.361 0.635 0.855 0.729
0.5 100 0.020 0.002 0.002 0.184 0.209 0.215 1.157 1.214 1.324 0.654 0.723 0.766
0.5 200 0.021 0.004 0.003 0.158 0.176 0.180 1.245 1.287 1.356 0.648 0.717 0.753
0.5 400 0.021 0.001 0.000 0.134 0.150 0.152 1.305 1.330 1.368 0.642 0.711 0.744
0.5 1000 0.020 0.001 0.001 0.108 0.119 0.120 1.314 1.336 1.355 0.626 0.697 0.722
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Table 3: Performance of estimators Bt, Bu and EM for the model (40)-(41) with s = 0.5.

hi  hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
B Bt B2t Be Bt B2t B Bt B2t Bt B1.t B2t

04 04 100 0.143 0.034 0.022 0.203 0.187 0.193 1.286 1.326 1.408 0.631 0.771 0.807
0.4 200 0.141 0.022 0.012 0.182 0.157 0.161 1.323 1.355 1.407 0.603 0.783 0.813
0.4 400 0.145 0.019 0.011 0.170 0.133 0.135  1.362 1.377 1.412 0.557 0.792 0.817
0.4 1000 0.141 0.012 0.007 0.155 0.105 0.106  1.381 1.402 1.422 0.497 0.806 0.824
0.5 100 0.147 0.043 0.026 0.203 0.199 0.195 1.320 1.200 1.460 0.631 0.659 0.812
0.5 200 0.148 0.030 0.014 0.186 0.168 0.163 1.314 1.248 1417 0.602 0.663 0.818
0.5 400 0.141 0.023 0.012 0.168 0.143 0.134 1.365 1.310 1.427 0.558 0.649 0.813
0.5 1000 0.139 0.014 0.005 0.154 0.114 0.106  1.408 1.365 1.448 0.497 0.646 0.822

0.5 04 100 0.149 0.024 0.017 0.221 0.196 0.208 1.135 1.360 1.267 0.515 0.795 0.724
0.4 200 0.151 0.017 0.013 0.201 0.163 0.172 1.238 1.380 1.299 0.467 0.808 0.718
0.4 400 0.147 0.009 0.006 0.185 0.136 0.146  1.324 1.440 1.372 0.417 0.815 0.706
0.4 1000 0.148 0.006 0.004 0.171 0.107 0.116  1.320 1.407 1.345 0.334 0.827 0.689
0.5 100 0.147 0.020 0.010 0.220 0.201  0.207 1.144 1.183 1.273 0.514 0.681 0.728
0.5 200 0.147 0.017 0.011 0.199 0.170 0.173 1.244 1.252 1.299 0.473 0.676 0.716
0.5 400 0.150 0.011 0.006 0.186 0.145 0.146 1.270 1.280 1.311 0.414 0.674 0.707
0.5 1000 0.144 0.007 0.004 0.168 0.115 0.115 1.2890 1.297 1.314 0.338 0.659 0.684

Table 4: Performance of estimators /B\tv gl,t and 52775 in the overidentified case for the model
(41)-(42) with exogenous xy, s = 0, H = TM L = T".

hi  hy T Median Deviation Abs. Median Deviation Decile Range Coverage Range
B B B2 B B, Bt B B, B B B, B2

04 04 100 -0.001 0.000 0.001 0.181 0.215 0.228 1316 1.414 1.538 0.788 0.839 0.872
0.4 200 -0.001 0.000 0.001 0.154 0.185 0.193 1.359 1.444 1.540 0.802 0.849 0.876
0.4 400 0.001 0.001 0.001 0.128 0.154 0.160 1.366 1.442 1.505 0.804 0.847 0.869
0.4 1000 0.001 0.001 0.001 0.101 0.124 0.127 1.378 1.436 1.474 0.820 0.858 0.876
0.5 100 0.001 0.003 0.003 0.185 0.217 0.233 1332 1.231 1.568 0.785 0.744 0.871
0.5 200 -0.001 -0.000 -0.001 0.153 0.184 0.195 1316 1.265 1.512 0.797 0.745 0.872
0.5 400 -0.001 0.001 0.000 0.128 0.156 0.163 1337 1.303 1.478 0.806 0.743 0.875
0.5 1000 -0.001 0.001 0.000 0.101 0.124 0.127 1.380 1.352 1.479 0.819 0.734 0.875

0.5 0.4 100 -0.007 -0.005 -0.006 0.190 0.229 0.233 1.182 1.506 1.393 0.682 0.857 0.804
0.4 200 0.000 -0.000 0.000 0.159 0.189 0.190 1.270 1.509 1.408 0.684 0.866 0.794
0.4 400 -0.001 0.001 -0.000 0.136 0.160 0.162 1.287 1.470 1.383 0.676 0.869 0.784
0.4 1000 0.001 0.001 0.000 0.110 0.127 0.129 1.297 1.441 1.363 0.669 0.878 0.769
0.5 100 -0.001 -0.007 -0.006 0.191 0.221 0.232 1.172 1.250 1.386 0.685 0.762 0.806
0.5 200 0.003 0.004 0.004 0.159 0.184 0.190 1.245 1.312 1.392 0.683 0.758 0.795
0.5 400 -0.001 -0.000 -0.001 0.136 0.158 0.162 1.293 1.329 1.377 0.677 0.754 0.787
0.5 1000 -0.001 -0.000 -0.000 0.109 0.127 0.128 1.288 1.325 1.355 0.670 0.745 0.770
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Table 5: Performance of estimators B\t, Blt and Eg,t in the overidentified case for the model

(41) - (42) with s = 0.2.

hi hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
B B B2t B B, B2t B B, B2t B B Ba,¢

04 04 100 0.032 0.008 0.002 0.192 0.272 0314 1.356 1.677 2.490 0.808 0.883 0.943
0.4 200 0.032 0.003 0.000 0.162 0.230 0.257 1.362 1.640 2.180 0.810 0.885 0.948
0.4 400 0.029 -0.002 -0.003 0.137 0.196 0.216 1.339 1.586 1.985 0.820 0.891 0.953
0.4 1000 0.033 0.004 0.002 0.111 0.159 0.171 1.366 1.576 1.843 0.828 0.895 0.959
0.5 100 0.031 0.004 -0.001 0.193 0.252 0.309 1.351 1.335 2.497 0.802 0.808 0.950
0.5 200 0.032 0.007 0.002 0.163 0.215 0.260 1.332 1.370 2.135 0.814 0.793 0.953
0.5 400 0.031 0.006 0.003 0.137 0.182 0.214 1386 1.431 2.018 0.817 0.790 0.952
0.5 1000 0.033 0.006 0.003 0.112 0.149 0.173 1.388 1.415 1.853 0.830 0.790 0.965

0.5 04 100 0.030 0.004 0.004 0.197 0.288 0.302 1.192 2.022 2.156 0.708 0.917 0.898
0.4 200 0.031 -0.000 -0.002 0.169 0.245 0.249 1.256 1.900 1.981 0.703 0.927 0.905
0.4 400 0.030 0.000 0.000 0.143 0.209 0.211 1.292 1.817 1.819 0.702 0.935 0.905
0.4 1000 0.032 0.001 -0.000 0.116 0.168 0.165 1.341 1.750 1.683 0.690 0.945 0.907
0.5 100 0.029 0.001 0.000 0.198 0.265 0.301 1.163 1.439 2.152 0.711 0.827 0.905
0.5 200 0.034 0.009 0.007 0.169 0.233 0.258 1.268 1.489 2.021 0.709 0.819 0.909
0.5 400 0.033 0.004 0.002 0.143 0.190 0.206 1.286 1.451 1.778 0.701 0.809 0.908
0.5 1000 0.032 0.000 -0.001 0.116 0.152 0.161 1.324 1.453 1.665 0.688 0.799 0.906

Table 6: Performance of estimators Bt, Bl,t and Bz,t in the overidentified case for the model

(41)-(42) with s = 0.5.

hi hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
B Bt B2t B Bt B2t B Bt B2t B Bi,t B2t

04 04 100 0.249 0.040 0.020 0.279 0.253 0.283 1.331 1.594 2.267 0.581 0.856 0.934
0.4 200 0.249 0.033 0.017 0.267 0.212 0.234 1.371 1.565 2.043 0.527 0.862 0.940
0.4 400 0.253 0.024 0.010 0.264 0.181 0.196  1.357 1.523 1.865 0.452 0.866 0.943
0.4 1000 0.246 0.015 0.005 0.252 0.144 0.153 1.375 1.524 1.734 0.365 0.872 0.951
0.5 100 0.245 0.052 0.023 0.276 0.245 0.281  1.327 1.298 2.184 0.579 0.750 0.931
0.5 200 0.249 0.043 0.017 0.267 0.206 0.235 1.380 1.371 2.034 0.525 0.754 0.939
0.5 400 0.248 0.034 0.014 0.260 0.176  0.195 1.381 1.386 1.870 0.455 0.747 0.942
0.5 1000 0.254 0.023 0.006 0.260 0.143 0.157 1.388 1.375 1.754 0.356 0.748 0.954

0.5 04 100 0.255 0.032 0.027 0.290 0.268 0.284  1.228 1.905 2.108 0.468 0.901 0.885
0.4 200 0.243 0.013 0.002 0.270 0.223 0.231 1.264 1.790 1.809 0.409 0.909 0.876
0.4 400 0.252 0.015 0.010 0.270 0.190 0.194 1.305 1.707 1.710 0.324 0.916 0.889
0.4 1000 0.263 0.009 0.004 0.274 0.157 0.157 1.340 1.692 1.635 0.221 0.935 0.893
0.5 100 0.248 0.031 0.013 0.287 0.257 0.285  1.172 1.371 2.044 0.472 0.782 0.882
0.5 200 0.254 0.023 0.012 0.279 0.214 0.234 1.265 1.413 1.838 0.398 0.790 0.889
0.5 400 0.250 0.011 0.002 0.269 0.180 0.195 1.309 1419 1.715 0.326 0.778 0.887
0.5 1000 0.256 0.011 0.004 0.267 0.146  0.154  1.344 1.422 1.603 0.228 0.768 0.892
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Table 7: Rejection frequencies for the local Hausman test at t = 7'/2. Model: (40)-(41)

s hy hy T=100 T =200 T =400 1T =1000
0 04 04 0.011 0.014 0.013 0.007
0.4 0.5 0.039 0.031 0.046 0.059
0.5 0.4 0.113 0.142 0.157 0.167
0.5 0.5 0.013 0.021 0.014 0.022
02 04 04 0.018 0.017 0.022 0.024
0.4 0.5 0.071 0.070 0.084 0.075
0.5 0.4 0.162 0.175 0.199 0.213
0.5 0.5 0.023 0.023 0.026 0.039
05 04 04 0.126 0.163 0.313 0.415
0.4 0.5 0.148 0.204 0.247 0.384
0.5 0.4 0.290 0.358 0.416 0.509
0.5 0.5 0.197 0.319 0.457 0.618

Table 8: Rejection frequencies for the global Hausman test. Model: (40)-(41)

s hy hy T=100 T =200 T =400 1T =1000
0 04 04 0.020 0.020 0.020 0.020
0.4 0.5 0.022 0.018 0.026 0.022
0.5 0.4 0.036 0.028 0.024 0.028
0.5 0.5 0.016 0.020 0.016 0.020
02 04 04 0.028 0.042 0.054 0.150
0.4 0.5 0.034 0.052 0.078 0.140
0.5 0.4 0.044 0.052 0.074 0.148

0.5 0.5 0.028 0.032 0.060 0.144
05 04 04 0.574 0.846 0.966 1.000
0.4 0.5 0.518 0.832 0.966 1.000
0.5 04 0.458 0.694 0.890 0.966
0.5 0.5 0.528 0.828 0.942 0.998
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Appendix

The proofs of the Theorem 1 and Lemma 2 exploit a number of additional results, presented

after the proofs. The proof of Theorem 4 is reported in the Online Supplement.

Proof of theorems

Proof of Theorem 1. (i) We start with the proof of (19)-(20). By (2), vy = Wiz + v;.

Hence?

T T
T 1 /
Uy = () buynz2) (D buy-nza))
=1 j=1
T T T
_ AN ' ’
= ( E Dmi-n27) E 22V + E D)%)
=1 =1 =1

=V, + SZ_Z%,:(At + S.0t)

where

T T T
_ -1 § : / _ -1 § : ) o _ -1 § : ) !
Szz,t = Kt bH,‘jfﬂszja At = Kt bH’|j,t|Zij(\I]] \I]t)a Szv,t = Kt bH}‘J,tlzj’Uj.

Jj=1 J=1 J=1

Using the following property of spectral and Frobenius norms, ||AB|| < ||A||sy||B|], it follows

max |[W; — Wf] < max || |op( max [[Af] + max [|Sel]). (46)

777777777777

We will show that

1 o
max (152411 = 0,(1) (47)
max |Ay]| = O,(H/T) if U, satisfies Assumption 2, (48)
max |1A] = O,((H/T)*1og?*T) if W, satisfies Assumption 3, (49)
max [[Sel| = Op(H 10" T). (50)

These bounds together with (46) prove (19)-(20).

3In the proofs we use the generic notation H for the bandwidth for simplicity, only introducing the notation
L when the two bandwidths interact.
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Proof of (47). Write

T T
Szz,t = Kt_l Z bH7|j*t|E[ZJ'Z;] + Kt_l Z bH7|j*t|(ZjZ; - E[’ZJ j]) = Szzt Séi)t

=1 =1
Rewrite S, as

Seot =S+ A), A=5807(S.., — SE).

zz,t

If ||A;Y|sp < 1, then

152 ullsp < HCSE) ™ lsp 102+ B0 lep < NSE) (L = [1A¢] ) ™" (51)
< max ||[(S2) 7 lp(1 = max [|A]]5)"

zz,t

=L..,.L 1= 1,..,

We will show that

ax[[( S e = Op(1), (52)

-----

max [|A]], = 0,(1) (53)

-----

-----

To prove (52), recall that by Assumption 1(111), there exists v > 0 such that for all ¢ > 1,
a'Y..a>1/v>0.

Thus, for any 1 x n vector a = (a1, ..., a,)’ such that ||a||* =1,

T
min a Siz)ta = mm < ZbH @' ja ) > v (K ZbHvU*”) =1/v>0.

al|=1
lal =

Hence, the smallest eigenvalue of 5, is not smaller than 1 /v > 0 which yields (52).

zz,t
To show (53), bound

X 1
180l < 118220 lapl S22 = ST
In view of (52), to verify (53), it suffices to show that

Jmax [[ .., — S| = op(1).
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By Assumption 1(ii), the (s, k)-th component wy, ; = zpj2x; — £z 25 of z;2' is a-mixing
and by (12), for ' = 0/2, E|z;2.;/” < C < oo uniformly over j. By assumption (17),
T 2=10+0 < [ [, < ¢;T'~°. Hence, Lemma 5(i) implies (53):

inaX HSzz,t - Sg?t” = O;D(Hil/2 108;1/2 T) = Op(l)- (54)

t=1,..,T #

Proof of (48). A typical element of A; consists of a linear combination of sums

T
sp = K ZbH,|j_t|wek,j(1/1km,j — Vkm.t)
j=1
where wy j — Fwyy, ; is an a-mixing sequence and E]wgkyjle/Q < C < oo for all j.
Suppose that U, satisfies Assumption 2. Then |Ygm; — Yem: < C(|7 — t|/T) and (90) of
7 |si| = O, (H/T).
Suppose that W, satisfies Assumption 3. Then |Vgm; — Yrms| < (|7 — t]/T)Y? Vg e and (92)

Lemma 5(ii) implies the bound (48): max;—;

.....

-----

Proof of (50). The (¢, k)-th element of the n x p matrix S, is

T
~ _1
Se= KUY bagi 20k,

J=1

where by (3), Ez;v,; = 0. Moreover, by Assumption 1, the sequence (2, ,vy ;) is a-mixing
and |z vy j|%/? < C < oo, uniformly in j. Thus, the same argument as in the proof of (54)
implies (50):

< —1/27,51/2
tirllfi.?j:T|St| O(H *log/=T).

(ii) Next we prove (22)-(23). By definition (1), y; = 28; +u; = 2,8, + 25(8; — B¢) + u;.

Denote z; = \T/;z] Then,
~ T T
B = (D b@ieh) (D bjy—T5u))
=1 =1

T T
= (D buga@ial) " (D bugyu @il By + uy))
j=1

Jj=1

= B+ 851 (AW 4 55, 0) (55)

Tzt
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-1 T ~ 7
where Szop = K Zj:l br|j—4 57,

T T
AV =K D by Wz (B = Br), Seea = K'Y buji T

j=1 j=1
Then,

181e — Bell < 1S5S UIAR]] + 11Szudl]), (56)

1Bre — Be — SatSzuall < 11S5L1IGHIAM]). (57)

If Assumption 2 holds, set 07 5 = (H/T), v = 0, dr g = rp . If Assumption 3 holds, set
g = (H/T)?10g® T, v =1, dr.g = Fr,,a. We will show that

max HA“)II = 0, (05,1), (59)
Jmax IS5 = 0, ((log"* T) dr s + dr.1). (60)

This together with (56) proves (22)-(23).

For notational simplicity we prove (58)-(60) in the scalar case when p = 1 and n = 1.
(The case p > 1, n > 1 reduces to the analysis of a finite number of similar sums of scalar
variables.)

We start with the proof of (58). Denote M; = K, * Zle b jj— Vi El2;25] V. We will show
that

Jnax 1M ]sp = Oy (1), (61)

.....

 max ||Sz2: — M| = Op(log_1 T) = 0,(1) (62)

,,,,,

which implies (58) using the same argument as in the proof of (47).

Using 2, = 2;V; + v}, write

\I/’zj j—(\If \Il')zjx +\I/'z] ]—(\Il’ \I/’)z]a: —1—\11’ z\IJ —I—\I/'z] v
= Bz 2|0 + Wi(22) — Blzjzl)) U + Whzjv) + (U — U)) 22005 + (V) —

J
=g+ .+ 4¢P (63)

W) 20
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Then,

T T
_ 1 — 5
Sers = K7 bupugt) + A K7 baygy”

j=1 j=1
= M, +S® + 8% 48" 4 g (64)

Sioe— My = S+ 87+ 87 + 8}

Observe, Yy.,v ; satisfies assumption (21). Thus, (61) follows using the same argument as in

the proof of (52).
To prove (62), recall that z; and v, satisfy Assumption 1. Note that

18500 — M|l < SN + . + 11521

) Suppose that W, satisfies Assumption 2. Then, using (91), we obtain

e (|57 +[1SP]]) = Op(HT ™ + B2 1og! T) = Oy(rr.m),

.....

In addition,

) < <.maxT||\If -~ malel‘IfjH)rT, (63)

=l,.. L J=1,...

max (||S;V]| +|5°

.....

.....

where 7, "
Under Assumption 2, max;—; 1 ||¥;|| = O(1), so we obtain
max (1511 +11571) = 0,(1) max |18~ W)l = 0, (rr.) (66
This yields
(67)

tE?aXT ||Sx$ t Mt|| - (TT,H + TT,L) - Op(log_l T)

=1,..,

which verifies (62).
b) Suppose that U, satisfies Assumption 3. Then using (93), we obtain

max (S]] +[1S”]]) = Op(Fr.sralog"” T).

.....
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while (65), (20), (94) and (89 ) imply

max (|[S;V]|+115:”]]) = Op(Pr.p.alog"* T). (68)

.....

This yields

 max ||Sz2: — M| = Op({fT,H@ + T Lot logl/o‘ T) = Op(log_1 T) (69)

,,,,,

under (17) which verifies (62) and completes the proof of (58).
Proof of (59). Bound
w160 < (mas [BlDsr, o7 = max Kby allzal(s, - 0l (70

=l L 1=1l,...

7j=1

=1,...,

max_ H\IJ H— max_ H\IJ — . H—l— max || 05[] = op(1 )+ max_ |1 (71)

777777777777777777

To bound sy, we use equation (2) for x; to obtain ||x;|| < |[U;|]]]z]] + [lvil| < (||¥;]] +
DIz + [lvs]]). Thus,

spi= max ([[W]| +1)srx,  sp = max K- me] a1z =+ Mg IDI1B; = Boll-

..........

Jj=1

To bound s%., we apply Lemma 5 with 6 replaced by 6/2.

Let Assumption 2 hold. Then max,— 7 [|¥;|| = O(1) and (90) implies s = O,(H/T).

.....

Hence,

max_ 1A = O, (H/T). (72)

,,,,,

max 1A = 0,((H/T)*10g® T). (73)

This proves (59).

34



Proof of (60). Bound
||S§u,tH S Hsﬁs\u,t - Sx—uu,t“ + HSx—v,u,tH~

We will show that

max HS:Eut S:vf'u,u,tH = Op(dT,L)7 (74>

max 1S:—v.utl] = Op((log"* T) dr 7). (75)

'''''

To prove (74), bound

H‘Sfu,t :t: vutH < K HZbHU t| \IJ \Ijj/)zjujH

J=1

T
< (max |18 = W lDare. o= KoY bagyeallzgul

=1,...,

By Theorem 1, max;—;,_ 7 H\IJ V|| = Op(dr,). Under assumption of lemma, by (89) of

.....

Lemma 5 max;—;, 7 gr: = Op(1). This proves (74).
Recall S;_yut = Kt_lzjll ba,j—4 ¥, zju;.  Thus, (75) follows using (91) and (93) of
Lemma 5. This completes the proof of the theorem. O

Proof of Lemma 2. Let M, be as in (61). Then

||61t_5t 1\11 SZUtH < ||/61t_5t m:ct 1’Ut||+|| xxt xut t_llptszuytH‘ (76)

We will show that

||51t — B — Sz 1 Sauill = Op((H/T)7), (77)
wt = M8 = Op(H/T)Y + drp) (78)

|| :c:vt

where v = 1, dy,, = rp,z if Assumption 2 holds; v = 1/2, dr, = 7r 1 if Assumption 3 holds.
So, (76)-(78) prove (24) since under Assumption 4, (H/T)Y + drj, = o( H~Y/?).
Proof (77). By (57) and (58),

1 1
max 1By — B = S5 Seuell < 1S5 1A = Op(M)1AY] (79)

-----
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with AV as in (55). WehaveHA H—K ZJ e t||]\11 [ [|z525(B; — B¢)|]. Bound
W51 < 1105 = W5+ [ ]] < (195 = W]+ D[] + 1). (80)
Then,

1A < (H/T) (,max (195 = W51l + 1) e,

-----

rre =K Z a1 (11951 + 1) (2525 (8; — BT/ H)|l.

Jj=1

By Theorem 1, max,—; 7 ||\T/] — U,|| = 0,(1). Under assumptions of lemma,

..... r E[(195]] + 1)l|2j25(8; — B)(T/H)V?||] = O(1). This implies Erp, = O,(1) and
Ty = Op(l) which proves (77).
Proof (78). Bound

H mt zut—M 1\I/t zutH < || mt( Zu,t \I/t zut)||+||( mt Mt_l)\I/tSzu,tH (81)
< 1S5 llspl1S2us = WiSausll + 155, = M W[ [|Szuil -

By (57), ||zl lsp = Op(1). We will show

HSEut - \IjtSzu,tH = Op(dT,L)7 (82>
M]S| = 0p(H?). (83)

H zzt

which proves (78).
First we prove (82). Bound

Hsfu,t - ‘IltSzu,tH S Hsiu,t - Smfv,u,tH + Hsmfv,u,t - lI]tSzu,tH-

By (74)7 max;=i,..1T Hsﬁs\u,t - Sxf'u,u,tH = Op(dT,L>-
Next, bound

T
1Ss—vit = CoSeull < (H/TY rrs rre = K'Y baymg (T/H) [ = Wl [|250]].

Jj=1

Under assumptions of lemma, max;_1_.r E[(T/H)"||[¥; — ¥,|| ||zju;||]] = O(1). This implies

Erpy = 0,(1) and rry = O,(1) which proves ||Sy—put — Wt Sausl| = 0,((H/T)Y) and completes
the proof of (82).

36



To prove (83), notice that under assumptions of lemma, E||¥;|| = O(1) and thus ||V,|| =
0,(1), while by (88) of Lemma 5, ||S...|| = O,(H /?1og"/*T). By (58), (61) and (62),

1850 = M| < (1850118500 — Ml [[|M7H] = Op(log™ T) = 0,(log™/* T)

xx,t

which implies (83): [|S5.}, — M, | [|W] ||S.usl| = 0p,(H~/2). This proves (24).

Tt

Proof of (25). By Theorem 1, when L satisfies Assumption 4 the estimate \/I;j of ¥; has

.....

proof of (24) implies that besides Blvt the estimates B;,t and 53775 also satisfy (24) which yields
(25). This completes the proof of the lemma.
U

Auxiliary results

In this section we obtain uniform bounds for sums H ! Zzzl burje—k| (& — E&k),

T T
vrgy=H™' Z bi -k 9k (& — E&), Arpge=H ™' Z b ji—k| ! (gr — gt)£k|7

k=1 k=1

where & — E¢, is an a-mixing (but not necessarily stationary) univariate sequence satisfying
(13) and such that

max E|l&|° <c< oo for some 6 > 4. (84)

Univariate variables g, are specified below. Weights by ;| are as in (6) and computed with

bandwidth H such that for some ¢y > 0 and § > 0,
coTV/ 2=+ < 7 — o(T). (85)
Condition (84) implies that for some ¢ > 0, for all £ > 1,
P(|&| > x) < clz|™?, z>0. (86)
We shall write (z) € £(a), @ > 0 to denote that
P(lzge| > x) < coexp(—cq|x]®), x>0 (87)

where ¢y, c; > 0 do not depend on k,¢.
Lemma 5 Let (§;) be an a-mizing sequence satisfying (84) and (85) holds.

37



(i) Then,

max,_y,. 7 |H ! Sty b (6 — E&,)| = Op(H'/2/1ogT), (88)
maxi—1, . H 'S4 bar i &] = Op(1). (89)

(i) Let |gr — gi| < Clk — j|/T for k,t =1,...,T where C does not depend on k,t,T. Then,

max, | A7 e = Op(H/T), (90)
gltagXT ZW i Op((H/T) + Hﬁl/Q\/logT). (91)

(iti) Let  |(ge—gr)| < (Jt—Fk|/T)Y?vge for t,k =1,..,T and (vg) € E(), (k) € E(r), a > 0.
Then,

max |Ag | = OP(\/ H/T (log T)2/a)7 (92)
max vyl = Op({V/H/T (log T)*/* + H™'/?/log T}(log T)"/*). (93)

(iv) Let (g) € E(a), a > 0. Then,

max |g:| = Op(logl/a T). (94)

1<t<T

Proof. (i) Corollary 7(b) of Dendramis, Giraitis and Kapetanios (2018) (DGK) implies that
for any ¢ > 0,

T
max [H™' by k(& — B&)| = Op(H\/log T + (HT)/"H*1). (95)

1<t<T
k=1

Under Assumption (85), for sufficiently small ¢ > 0, it holds (HT)Y9H*! < H~'/2 which
together with (95) proves (88).

The bound (89) is shown in Corollary 8(b) in DGK.
(ii)-(iil): (90) and (92) are shown in Corollary 10 (b) in DGK.

To show (91) and (93), write

vy =H 'Y, b jt—k| 9k (§x — E&k)
= H 'S bujew(gx — 90) (& — B&) + geH 0 barje—iy (& — E&)

= Arms + GUTH -
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Hence,

max |vr g < max ’zT,H,t’+ max |g;| max |vr .
t=1 t=1 P e ks

.....

and (i). In turn, (93) follows using (92), (iv) and (i).
(iv) is shown in Lemma A.3 (v) in DGK. O
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of technical lemmas, presented after the proof of the theorem. Section “Additional Tables”
contains simulation results for higher values of the bandwidth parameters.

Formula numbering in this supplement is of the form, e.g., (A.1), and references to lemmas
are signified as “Lemma #”. Equation, lemma and theorem references to the main paper do

not include the prefix “A” and are signified as “equation (#)”, “Lemma #”, “Theorem #”.

Proofs for Hausman test

Proof of Theorem 4. (i) Denote V3, =V, = ;/5 tSig/ft(ﬂ B,) where, for ease of notation,
Bt = Bl,t' Write

Bi— By = (B — B) — (Bi — Be) = S iSvut — St Srue + Re, (A1)

T
Rt = ‘Kvt_1 ZbHyU—ﬂwt’ Wy = Szzltxj j(/B Bt) :c:r: tIJ ](ﬂ Bt)
j=1

Thus,
‘/;f = ‘/l,t—i_‘/Qt? (A2>
Vth - ;/gt 31;5;21: zxt :L‘u,t :E:vt ut}
Voir = ;fﬁ,ﬁiﬁRt-
From (A.40),

Vol = O((H/T)7) = 0p(1).

Similar arguments as those used in the proofs of Lemma 8 and 9 imply

Vi — I Eil/QE[UtUt]H = 0p(1)

r—v,x—v,t “zx,t



which yields
V;f = Ei/—zv,x—v,tz;cl,?E[Utut] + Op(]') = (]' - ZUU tzzm t) /2E[Utut] + Op(]'>‘

This proves (34) of (i).

(ii) We split V; into the main term and the remainder:

DS KKV = U+ (A.3)
Up=o0, EvvthK2 t1 2Vl it
Ty =0, EvvthKQ tl 2V2t

From (A.40) and K,K,,”* = O(H'?) it follows
[Iral| < KoK IS0 [ Vaul] < CH'Y2|[Vagll = O(H'?(H/T)'?) = 0,(1)

under assumptions of theorem imposed on H.

It remains to show that

which proves (35).

PTOOf Of (A4) Recau notation Zvv,t - E[Utvé]y 2zz,t - E[thllf]a Ez—v,x—v,t - W;E[thg]\lft,
Z]:m:,t - \PQE[ZtZZ{]\I/t + vaﬂg. Set

Li=%Y2 o Sl?, Bi=o;'5L,. (A5)

r—v,x—v,t“xx,t

L, = 1/2 g=1/2 Ly, = 1/2 g1/2 g1

Tt~ Tzt T N A Y A T SR A

Write
Ky} ZbH jti g, di; = Lix; — Loy, (A.6)
We approximate U; by
U = BiK,,"” ZbH Doty Prj = Ly — L7 Wz (A7)
j=1



We will show

|U: = U || = 0,(1), (A.8)
Uy —p N(0,1) (A.9)

which proves (A.4).
We start with the proof of (A.8). By assumption of theorem, ||B;|| = O,(1). Therefore

T
* —1/2
1U: = UFl] < OE5 " baiogqvegusll, vy = dog — pr.

j=1

Since u; are independent of w; ;, we can estimate ||U; — U/|| using Lemma 6. Bound

1oell < 11(Lne = Le)wsll + [1( Lo — Ly )31 + 11257 (25 — ¥5) ]| (A.10)
< 1 Zae = Lell sl + 1 Law = LT3 = 9501+ 151D 211+ 112 (25 = )]zl

This together with (A.50) and (A.51) Lemma 9 and Theorem 1 allows to bound
o]l < A7 ey (A.11)

where A} = 0,(1), A7 does not depend on j, and max;—y, ¢ Er?; = O(1). Thus by Lemma 6,

U — Ut*H2 = A02 Ky, Zb H,|j— t\ETt] = Op(A0T2) = op(1).

This proves (A.8).
Next we show (A.9). In view of the Cramér-Wold theorem, it suffices to prove that for any

p % 1 vector b, it holds
VUr — N(O,|[b][?) (A.12)

Set k, = b'B;. Then k;p,; is a 1 X 1 random variable, and (k;p, ;)* = kepejpi ;K. Write

T
* —1/2
VU = K5 "> b by kpe ;.

j=1

Notice that u,; is a martingale difference sequence with respect to the sigma field F, =

o(us, xs,xs — vy = 8 < t). So, by the standard argument of the central limit theorem for



martingale differences, the normal approximation (A.12) holds if for some § > 0,

K2t ZT by Ji—t| (ktth)QEu? —p [[B]]%, (A.13)

—(2+6)/2
K2,t( o Zj:l

2+46
bH,|j—t|k7tpt,j = Op(]-)' (A].4)

Denote by jr, the L.h.s. of (A.13). Using notation Sg{t = K,/ 2?21 bF 51 TiY;00 5 Write

T
Jre = K{; Z b%{,|j7t|ktpt,jp:t,jk1/£0’12¢,j (A.15)
j=1
= ktFT,tk;tv FT,t = LtSa(m)tLt + L 1SI2)U:E vtL T— Ltscgr?ifv,t[’til 1595 v:ct

Denote
Fj*’yt = Ltzzz,t[/t + L;lszv,wfv,t[/;l - Ltzxf'u,va,t[f;l - L;lzzfv,xf'u,t[/ﬁ
Notice that

Fiy=Youi— Sovavg = Sougs  keFp ko, = |b]2,
e(Fre — F kil = 311kl (Lol 2+ LT ) (115 — Sl
1 Sa vt 1S5 4wt = Savoval
+ 11820t = Somviamvatl |+ 18P0 = Savamoall) = 0,(1)

by (A.48) and (A.49) Lemma 9. This proves (A.13).

Similar arguments can be used to verify (A.14). This proves Theorem 4(ii).

(iii) By (A.2), Vi = Vi, + Vo, Write

HTO T — UI*“ + T;"u (A16)
Ur = T-1/2 t L K,K;'B;Vy 4, (A.17)
rh = T-1/2 t Lyt KK BV,

We will approximate U} by
~ Tl
T2 3wy, wy = Gymy — Gl — vj) (A.18)
j=To+1
where (i, = By L; and (o = B, Ly 1. We will prove the asymptotic normality for I; and show
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that 7. is a negligible term.

The following three relations together with (A.16) imply the claim (36) of Theorem 4 (iii):

|Ir7l| = 0p(1), (A.19)
|UF = Ir[| = 0,(1), (A.20)
Ir —p N(0,1). (A.21)
Proof of (A.19). From (A.40),
[Vaull < (H/T)" Arqy (A.22)

where A; = O,(1), max,—1__7r Fl||¢:||* = O(1) and v = 1 if Assumption 2 holds, v = 1/2 if

.....

.....

it follows

Ty T
I3l < CT™V2 3 0 ISl Vel S T2 Y7 ||Vl =

t=Tp+1 t=Tp+1

< CH/TY AT Y ladl = Op((H/T)'TV?) = 0,(1)

t=To+1
because
N ue) B g
E[T > lall] =T > Ellall=0(1)
t=To+1 t=Tp+1

and (H/T)"T"? = o(1) under assumptions on H,7T in (iii). This completes the proof of
(A.19).

Proof of (A.20). Recall that

T Ty
Uj*'v = T71/2 ZwT’juj7 wr,; = Z ijle,\t—ﬂBtdt,j <A23)
j=1 t=Tp+1
~ Tl
Ir =T " wjuy, w;=Ge; — Goyle; —vy), (A.24)
Jj=To+1

where d, ; are defined as in (A.6).



To approximate wr ; by w;, define

wT] Z K7'bp - j| Bipe
t=Tp+1
where p,; are the same as in (A.7). Write [1,....,7] = Jp U J¢ where Jp = (Ty, T1], J¢ =
[1L,To]U [T —1+1,T). Set K3 =31 . byje—jy. For j=1,..,T, write

wr; — w; = {wr; — wi)} + {wiI(j € J5)}
) — KK w))I( € Jr)} + {UC KR — Dwjl(j € Jr)}
1 2 3 4
=i dy) +dP) + dP) + d.

To prove (A.20), it suffices to show for i = 1,..,4,
1TV dyil = o,(1). (A.25)

Below we denote by AY., Az generic random variables that have property A% = op(1), Ay =
O,(1) and do not depend on j. We shall show that

T
Rl < Al T3 Br? = 0(1), (A.26)
j=1
" T
1A < AprlY, T3 Er)? = o(1), (A.27)
j=1
T
e 3)2
1| < AW T3 Br? = 0(1), (A.28)
j=1
. T
a9 < Aprfh, T3 ErfD? = o(1). (A.29)
j=1

By assumption, (u;) is a sequence of independent variables which is mutually independent of
dg?j, i=1,...,4. Hence, by Lemma 6 and (A.26),

T
|T—1/2Zd<”||2 p(AF)0p (T D Brr)’) = 0p(1)
j=1

which proves (A.25) for i« = 1. For i = 2,3,4, (A.25) follows from (A.27) -(A.29) using

Lemma 6.



Proof of (A.26). Set mr = max;—;__r||B||. Then
Ty
1 1 -
a1l = wr; —wijll < mr Y7 Kr'bigi-alidiy = pl
t=Tp+1

Under assumptions of theorem, my = O,(1). By (A.11),

e — pejll < A ey,

1 1
||d§“3|| SAOTTH7 TT] = Z Kr bH\J tTt,5-
t=Tp+1
Together with (A.36) of Lemma 7, this implies

T T £4
~_ N2 _ e
Ty B TN (D0 Kaigyy) (s Briy) = O(1)

j=1 j=1 t=Tp+1 777

which verifies (A.26).
Proof of (A.27). We have

YA
2 1 . c . c _
1A = w1 € J5)| < I € Jg)me Y Krtbujollpesl.

t=Tp+1

From definition of p; ;, using (A.50) Lemma 9, it follows that

|[pejl| < Aprey,

77777

YA
2 2 2 e _
a5l < Ay, oy = 1G € J7) 30 Ki'bayqres.
t=Top+1
Together with (A.37) of Lemma 7, this implies

T T
T ZEr%}Q <T7! Z ( Z K;lbiLU_ﬂ)Z( Jmax Ert]) =o(1)

j=1 jeJs t=To+1 777



which verifies (A.27).
Proof of (A.28). From equality

Z K7 b jj-1Ce) s Z Kyt j—yCos) (T — v;).

t=Tp+1 t=To+1

and definition of K j* it follows

wiy — K Kjw; = evra; = eomy(@; — v), (A.30)

T
1
ery = > Ki'bmpi(Cu— Gg),
t=Tp+1

T .
21 = D ey Ko bmji—o (G — o)

By (A.52) of Lemma 9, for ¢ = 1,2, we can bound
levrgzill < Aprry, leamy(z; — v)ll < Apre

.....

where A% = op(1) does not depend on j, and max;—g,41,...1, ErF; = O(1). Then

T
3 1 —_ * . 4 4 . _
1A = (W) — KR K w)I(j € Jr)l| < Agrl), v =1 € Jr) Y Kp'bujj-qrey.
t=To+1

This implies

T ZET%}2 <7 Z Z K. leU 4 ( Jmax Er%j):O(l)

je€Jr j=To+1 t=Tp+1 7 77

which verifies (A.28).
Proof of (A.29). Using (A.50) Lemma 9, we can bound ||w,|| < Apr; where Ap = Op(1) does

not depend on j, and max;_g, 41,7, Er7 = O(1). Then
* 4 . — *
i)l = (K7 K = D) TG € Jr)ll < A}, i) = 10 € Jr)|Kp' K = 1r.

This implies

T
— 4)2 e *
TN B <7 > KRR -1 m%?fTEr;j) = o(1)
jeJr j=To+1



by (A.38) of Lemma 7. This verifies (A.29).

Proof of (A.19). By the same argument as in the proof of (A.12), it suffices to show that for
any p X 1 vector b, it holds

VI — N(0,|b]%). (A.31)

By the central limit theorem for martingale differences, it suffices to show that for some 6 > 0,

g1 =T Y g IV (Cugy = Goglay — 0p)|PBud = |[b], (A.32)
jp=T"2 Zle 1V (Cugzs — oy — v3)) P+ = 0, (1). (A.33)
Write
Jr=V[T7" Y o2 (Cuaailh; + Gylay — vj)(x; — ;)
7=To+1

— Gy — 0;) Gy — Gy — )¢y )b,

We approximate it by

T
Jr = v [T_l Z Ui,j (gl,jzmx,jgi,j + CZ]‘ZZ—U@—DJCQ,]‘
j=Top+1
- gl,jzx—v,x—v,jéé,j - CQ,jEJZ—U,w—U7jC£,j)} b
Ty
=V Y ] =l
j=To+1

To prove (A.32), it suffices to show

jt - jT = Op<1)'

This can be done by summation by parts, using properties (A.53) of (1;, (2; and the bounds
_ k _ k

E|[k=Y2 3000 1 (252 — ElzZ))I1* = O(1), B[k 300 (v0] — Elyj))]|* = O(1) that

hold under Assumption 1.

Condition (A.33) can be verified using similar arguments. This proves (A.19) and completes

the proof of the theorem. O



Technical lemmas

In the next lemma we consider the sum

T
St = E WU
=1

where (wr ;) are random p x 1 vectors and (u;) are scalar zero mean random variables such

that
T

We suppose that ¢t =ty € [1,...T] may vary with 7.

Lemma 6 Suppose (u;) is independent of (wr ;). Assume we can bound
lwrill < Argry, j=1,...T (A.34)
where Ar does not depend on j and Eq%j < 00. Then, as'T" — o0,
1Sral? = 0,(A3) Op(ST, Egl). (4.35)

Proof. Write Sy; = Ar(A7'Sr;). We will show that E||A7'Sr||> = O(Z:f:1 Eq7,;) which
implies ||A7'Sr.|? = O, (Zszl Eq%j) and proves (A.35). We have

T
EIIAFSrolP < 37 B A7 fwrall [fwr ]| Bluu,]|
kyj=1
By (A.34),
EAR lwr sl |wrll] < Elgrigr,] < Eldry, + ar;)-
So,
T
E||A7'Srl]> <2 Eqq | Elujug|
k=1
T T T
<20} Eqr;)( max > |Eluul]) = 00 Eqi )
j=1 " k=1 j=1
which completes the proof. 0
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Lemma 7 Under Assumptions of Theorem 4,

T
T = T Z( Z Kfle,\j—t\)z =0(1), (A.36)

j—1 t=Tp+1

Tor = Z Z > Kp'biji—g)’ = o(1), (A.37)

j=T1+1 t=Tp+1

sy =T Z KiK' — 1] = o(1). (A.38)

7=To
Proof. Recall that K;' = O(H™'). Then,
rp=T" Z {Ky ZbHu t|ZbH\J Ay <7 Z ¢=0(1 (A.39)
t=To+1 t=Tp+1

Next we evaluate 7, p. Let v be a large number. Then

To T T T
Tor < T_I[Z + Z ][( Z Kfle,|j—t|)2 + ( Z Kfle,Ij—t\)Q]
j=1  j=Ti+1 t=To+1:|t—j|>vH t=To+1: [t—j|<vH
=S, + S21-

Similarly as in (A.39) it follows

817T§CH_1 Z bH,S§5U_>07 vV — OQ.

s=vH
On the other hand, for any fixed v,
" To Ti+vH "
S0 <CT'[ Y .+ Y JI<CvHT ' =0
j=To—cH j=T1+1

because, by assumption, H = o(T).
Finally, (A.38) follows, noting that max;_z; 1

.....

max |K*K_ -1 =0 asH,v— o0

and noting that H = o(T). O

11



Lemma 8 Let assumptions of Theorem Jj be satisfied. Denote v = 1 and v = 1/2 if
satisfies Assumption 2 and Assumption 3, respectively. Then Vo1 in (A.2) has property:

[Vaul| < (H/T)"Arq, = Op((H/T)") (A.40)
where Ar does not depend on t,

Ar = Op(1), max Eq = 0(1). (A.41)

,,,,,

Proof. We have

1/2 1/2
Vel < 1132 llspl | Scbellspl| Bell = 115554l 1571 Samtl 1571 | Rl

Z,7,t Tzt sp

We will show that

|1Rel| < (H/T) Avrarg,  ||Sewil V21 < Ao rgag, (A.42)
2 _
jnax B[ See||” = O1),

1 Elgi:|* = O(1), for i = 1,2. Then

.....

where A; 7 = O,(1), max;—;

|Vl < [1Sz24l1"2[| Sl /2] Rell
<(H/T)Arq;, Ar=AirAor, = Q;/tQHSzx,tHlmql,t-

Clearly, Ar = O,(1), while
2 2 2 2
Jmax Eg; < max (Eqiy + |1Seeil* + Egz,) = O(1).

This proves (A.40). O
Proof of (A.42). Recall z; = \Tszj. Using the bound

W51 < 10y = W+ 5 ]] < (195 = Wyl ] + D)+ [[W5]]), (A.43)
we can bound w; in (A.1) as

ol < Ay, Avr = max, (1522 + 18501+ 119 = W51+ 1),

77777

v = (H/T) ;| P11(8; — BT/ H) || + (L + [[Z51D1125(8; — Bo)(T/H)].

12



Then

T
Ry < (H/T) Airqre,  qra=K"Y bujj—qvi

=1

(A.45) and Theorem 1 imply A; 7 = O,(1). On the other hand,

T
Eqt, < B(K;"> buy-yv;) (A.44)
j=1
T
< (]gllax EV;-*)(Kt ! sz li—t]) = mf.i.:fTEV;l =0(1)
J:

because under assumptions of lemma, uniformly in j, ¢,
Ev; < Blla;||* +2E||(8; — B:)(T/H)||* + B(L+ ||9,]])* + Ella;]* < C.

This proves (A.42) for R;.
To verify (A.42) for ||Szz+||, notice that by (A.43),

1252511 < 051112511 < (15 = @511+ 121+ [195]])]12]

Therefore,

T
||S§:\;’v\,t|| = Kt_lsz,U—ﬂHf]/x\;H S AQ,TQ?,T)

j=1

T
Ay = max ([0 = ;|| +1)% qor =K ") by (1 + (1951?21
Jj=1,...T —

7j=1

Again, Ay = O,(1) by Theorem 1 while max;—; 7 Eqr = O(1) follows using the same

-----

argument as in the proof of (A.44).
Finally, as in (A.44), we obtain

..........

This completes the proof of (A.42) and (A.40). O

. . 2 .
In Lemma 9 we consider bounds for random variables Ly ¢+, Lo 4, L, Siw{t, c114, Co,r,; indexed

by j = 1,...,T defined in (A.5), (A.15) and (A.30). We denote by AY. = op(1), Ar = O,(1)

13



generic random variables that not depend on ¢t = 1,....,T and by r; = rr; random variables

such that max;—;

77777

Lemma 9 Let Assumption 1 holds, (B, V) satisfy either Assumption 2 or Assumption 3.
Assume that H satisfies (33) and L satisfies (17). Then, fort € {1,...,T},

Jnax, [[S011 = O0p(1), max [1S2,1| = Oy(1), (A.45)
1Sseall < Arre,  ||Sazell < Arre, (A.46)

1Ss0t = Saall < Adre, |1S55.4 — Somvamoell < A, (A.47)
192, = Saxall < AJre, 1S s = Bavamoell < A, (A.48)

15) i = Zomviomvatll < AJre, (182,00 — Davamuel| < Afre, (A.49)
[Lidl| < Ay, ||Lagll < Agre, || Lel| < Apre, ||L7Y| < Apry, (AL50)

| L1+ — L] < Adry, || Lot — L7 < Ay, (A.51)

lerrll < AJry, learyll < ATTJ'? (A.52)

(T/HY(L; — Li—y)l| < Apry,  [[(T/H)Y'(L;' = L) < AYry, (A.53)

where v = 1 if Assumption 2 holds, v = 1/2 if Assumption 3 holds.

Proof.

Proof of (A.45). To bound ||S;.,||, denote Vr; = K; ' ZT bj—o (V3. 1 V5 + Yy j) where
Y..j = Elz2}], Yo = Elvjv)]. Proof of (57) shows that to verify (A.45) it suffices to show
that

max [[Vit]l,, = 0,(1), (A54)

-----

max ||Szzt — Vrillsp = 0p(1). (A.55)

t=1,...,

To prove (A.54), notice that X, is semi positive definite, and X, ; is positive definite. By
Assumption 1(iii), there exists v > 0 such that a’'3,, ja > v for j > 1, ||a|| = 1. Thus, for
laf| =1,

a’(\I/;EZZJ\IJj + Xpj)a = (V;a)'2,, j(Va) + a'Sy, ;0 > a'Syy ja > v.

This implies

T T
d'Vrpa = (K;l S biynd (WS, 0, + zw-)a> > uE; S by = v >0

J=1 J=1

14



which proves (A.54).
(A.55) can be obtained using similar argument as in the proof of (58). This proves (A.45) for

T

Proof of (A.46) follows from (A.47) noting that |[X,.||| < Az, |[Ee—vz—vil| < Ar.
Proof of (A.47)-(A.49) follows using similar argument as in the proof of (62).
Proof of(A.50) follows using (A.45), (A.46) and Assumption 1.

Proof of (A.51). We will show that ||L;; — Ly|| < A%r;. Notice that

S11|. The claim for ||S=! || can be shown as in the proof of (58).
zx,t TT,t

15885 = 2220 amull = (8363 = 22l om) (828 + B2 0m) (S35 + 2L om) ™
< 1580 — Bomva—ol| [1(Sa2 + 522 0) V2| < Aprr

by (A.47), noting that

105255 + ZaZ00) ™ llop = 1105387 + 220l < Ar

TT,t T—U,T—v Tt T—v,x—v

by (A.45). Similarly it follows that HS;@ - EiftH < A%r;, while (A.45)-(A.46) imply

||S;x1,{2|| < Ar, ||5531\3:/\2t|| < Agr;. Combining these bounds implies the first claim in (A.51).
The proof of the second claim is similar.
Proof of (A.52)-(A.53) follows using similar argument as in the proof of (59) using properties

of L;. This completes the proof of the lemma. U
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Additional tables. Monte Carlo results for higher band-
width

In this Appendix we provide further Monte Carlo results for a higher values of the bandwidth

parameters H and L.
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Table 9: Performance of estimators 3, §1¢ and [, for the model (40)-(41) with exogenous
v s=0, H=TM L="Th,

hi  hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
Be B B2 B B, B2t B B, B2 Be B, B2
04 0.7 100 0.001 -0.011 -0.001 0.198 0.287 0347 1.371 0.850 2.701 0.816 0.629 0.960
200  0.001 -0.004 0.006 0.167 0.256 0.293 1.387 0.926 2.457 0.831 0.571 0.963
400 -0.002 -0.003 0.001 0.139 0.234 0.238 1.359 0.981 2.136 0.836 0.515 0.964
1000 -0.000 -0.004 -0.000 0.112 0.202 0.195 1.374 1.077 1.957 0.850 0.469 0.971
0.5 0.7 100 -0.002 -0.008 0.002 0.199 0.297 0331 1.180 0.834 2.392 0.733 0.648 0.922
200  0.000 -0.002 0.002 0.168 0.263 0.270 1.269 0.907 2.065 0.731 0.584 0.922
400 -0.001 0.002 0.001 0.142 0.236 0.228 1.323 1.004 1.998 0.730 0.540 0.924
1000 -0.000 0.004 0.001 0.114 0.205 0.178 1.293 1.050 1.702 0.726 0.479 0.925
0.7 04 100 0.002 -0.001 -0.007 0.245 0.354 03656 0.772 2720 2.011 0.502 0.961 0.816
0.4 200 -0.000 0.001 0.003 0.224 0.295 0.317 0.858 2.420 1.858 0.440 0.965 0.783
0.4 400 -0.002 -0.001 -0.010 0.204 0.242 0.269 0.944 2118 1.487 0.381 0.964 0.742
0.4 1000 -0.002 -0.000 -0.004 0.179 0.195 0.231 1.045 1.981 1.410 0.322 0.971 0.711
0.5 100 -0.002 0.001 0.001 0.246 0.326 0.357 0.761 2.188 2.000 0.494 0.909 0.804
0.5 200 0.001 0.000 0.001 0.221 0.266 0.302 0.861 1.983 1.618 0.439 0.906 0.772
0.5 400 -0.002 0.001 -0.004 0.202 0.224 0.270 0976 1.870 1.596 0.387 0.914 0.749
0.5 1000 0.001 -0.001 -0.000 0.178 0.176 0.226  1.084 1.727 1.397 0.323 0.916 0.713
0.7 100 0.000 0.010 0.008 0.242 0.314 0.355  0.747 0.958 2.036 0.507 0.704 0.822
0.7 200 -0.003 -0.007 -0.010 0.225 0.281 0.307 0.868 0.991 1.684 0.432 0.626 0.770
0.7 400 0.001 -0.003 -0.004 0.202 0.252 0.272 0.980 1.050 1.525 0.382 0.572 0.739
0.7 1000 -0.001 0.002 0.002 0.178 0.215 0.232 1.063 1.120 1.448 0.325 0.518 0.732

Table 10: Performance of estimators 3, El,t and Bg,t for the model (40)-(41) with s = 0.2.

hi hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
B Bt Bat B Bt Bat B Bt Bat B Bt B2t
0.4 0.7 100 0.021 0.003 0.003 0.175 0.256  0.211 1.307 0.754 1.484 0.764 0.470 0.845
200 0.019 0.0056 0.001 0.147 0.236 0.176  1.326 0.847 1.468 0.775 0.413 0.847
400 0.021 0.005 0.002 0.124 0.211 0.147 1.344 0.961 1.451 0.781 0.369 0.844
1000 0.021 0.004 0.002 0.098 0.186 0.115 1.356 1.061 1.432 0.794 0.308 0.852
0.5 0.7 100 0.021 0.008 0.004 0.186 0.260 0.214 1.161 0.751 1.317 0.651 0.472 0.760
200 0.023 0.006 0.003 0.157 0.232 0.182 1.229 0.846 1.331 0.650 0.427 0.753
400 0.022 0.006 0.003 0.135 0.213 0.153 1.283 0.954 1.354 0.641 0.370 0.738
1000 0.021 -0.000 0.000 0.108 0.187 0.119 1.328 1.068 1.370 0.631 0.311 0.727
0.7 0.4 100 0.015 -0.003 -0.006 0.238 0.224 0.261 0.756 1.613 0.946 0.422 0.877 0.590
0.4 200 0.018 0.001 -0.004 0.223 0.183 0.237 0.862 1.571 0.977 0.351 0.881 0.508
0.4 400 0.018 -0.001 -0.001 0.201 0.155 0.211 0958 1.523 1.044 0.314 0.889 0.459
0.4 1000 0.021 0.001 0.002 0.178 0.121 0.185 1.057 1.490 1.110 0.257 0.897 0.387
0.5 100 0.023 0.004 0.006 0.243 0.225 0.262 0.738 1.341 0917 0414 0.772 0.581
0.5 200 0.021 -0.002 0.001 0.221 0.189 0.237 0.860 1.387 0.985 0.362 0.780 0.521
0.5 400 0.022 0.002 0.002 0.201 0.157 0.211 0951 1.363 1.030 0.310 0.764 0.450
0.5 1000 0.021 0.001 0.002 0.180 0.124 0.185 1.080 1.399 1.126 0.254 0.762 0.381
0.7 100 0.023 0.003 0.002 0.240 0.259 0.263 0.741 0.762 0.906 0.416 0.523 0.587
0.7 200 0.021 0.001 0.002 0.222 0.238 0.237 0.854 0.868 0.986 0.357 0.453 0.518
0.7 400 0.021 -0.004 -0.004 0.198 0.211 0.210 0940 0.945 1.020 0.316 0.403 0.459
0.7 1000 0.019 -0.002 -0.001 0.180 0.191 0.187 1.087 1.085 1.142 0.252 0.330 0.380
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Table 11: Performance of estimators 3, El,t and 52775 for the model (40)-(41) with s = 0.5.

hi  hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
B Bt B2t Bt Bt B2t Bt Bt Ba.t Bt Bt B2t

04 0.7 100 0.148 0.040 0.024 0.206 0.257 0.196 1.303 0.744 1.419 0.625 0.415 0.808

200 0.144 0.028 0.015 0.184 0.236  0.162 1.335 0.840 1.422 0.604 0.363 0.817

400 0.145 0.022 0.012 0.171 0.210 0.135 1.366 0.955 1.418 0.557 0.331 0.817

1000 0.143 0.015 0.007 0.157 0.186 0.107 1.380 1.055 1.417 0.491 0.276 0.822

0.5 0.7 100 0.147 0.022 0.016 0.218 0.255 0.207 1.177 0.756 1.292 0.518 0.437 0.729

200 0.141 0.016 0.007 0.195 0.234 0.171 1.232 0.835 1.305 0477 0.374 0.709

400 0.148 0.013 0.007 0.184 0.211  0.144 1.283 0.958 1.328 0.415 0.334 0.707

1000 0.148 0.008 0.004 0.171 0.187 0.116 1.301 1.031 1.325 0.334 0.283 0.691

0.7 04 100 0.143 0.011 0.008 0.269 0.206 0.256  0.773 1.530 0.912 0.329 0.847 0.539

0.4 200 0.138 0.004 0.004 0.250 0.170 0.230 0.865 1.487 0.963 0.275 0.853 0.473

0.4 400 0.142 0.004 0.005 0.236 0.143 0.209 0.956 1473 1.009 0.219 0.867 0.416

0.4 1000 0.144 0.002 0.002 0.220 0.112 0.185 1.060 1.439 1.104 0.164 0.872 0.347

0.5 100 0.138 0.006 0.004 0.266 0.212 0.255 0.763 1.281 0.911 0.332 0.739 0.541

0.5 200 0.137 0.002 0.000 0.250 0.179 0.234 0.880 1.339 0.973 0.270 0.737 0.467

0.5 400 0.145 0.004 0.002 0.237 0.151 0.211  0.964 1.366 1.036 0.221 0.744 0.426

0.5 1000 0.139 -0.000 -0.003 0.218 0.121 0.185 1.056 1.367 1.097 0.165 0.732 0.347

0.7 100 0.148 0.014 0.011 0.270 0.259 0.260 0.766 0.771 0.940 0.330 0.477 0.546

0.7 200 0.147 0.011 0.007 0.255 0.237 0.235 0.828 0.820 0.937 0.264 0.410 0.476

0.7 400 0.140 0.005 0.003 0.233 0.211  0.208 0.964 0.953 1.024 0.221 0.361 0.412

0.7 1000 0.143 0.001 0.001 0.217 0.187 0.183 1.085 1.070 1.122 0.165 0.300 0.349

Table 12: Performance of estimators 3;, 51 and B, in the overidentified case for the model
(41)-(42) with exogenous zy: s =0, H =TM L =T".

hi hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range

Bt Bt Ba.t Bt Bt Ba.t Bt Bt Ba.t Bt Bt Ba.t

0.4 0.7 100 0.003 0.006 0.006 0.182 0.259 0.228 1.339 0.775 1.578 0.785 0.510 0.869

200 -0.001 -0.001 -0.002 0.152 0.234 0.194 1.328 0.850 1.502 0.798 0.457 0.871

400 -0.000 -0.000 0.001 0.127 0.211 0.159 1.357 0.954 1.484 0.803 0.402 0.869

1000 -0.000 -0.001 -0.000 0.101 0.187 0.128 1.351 1.043 1.450 0.824 0.352 0.877

0.5 0.7 100 -0.000 0.006 0.005 0.188 0.257 0.229 1.147 0.759 1.353 0.691 0.534 0.811

200 -0.003 -0.002 -0.001 0.161 0.238 0.195 1.236 0.848 1.377 0.681 0.464 0.795

400  0.001 0.001 0.001 0.136 0.212 0.163 1.306 0.978 1.404 0.675 0.425 0.783

1000 -0.000 0.000 0.001 0.109 0.190 0.128 1.339 1.080 1.400 0.673 0.356 0.772

0.7 0.4 100 0.004 0.006 0.008 0.245 0.249 0.275 0.749 1.733 0.946 0.439 0.902 0.632

0.4 200 0.001 -0.001 0.001 0.222 0.205 0.244 0.863 1.665 1.017 0.385 0.907 0.568

0.4 400 -0.002 0.000 -0.001 0.201 0.170 0.215 0.926 1.542 1.020 0.337 0.908 0.505

0.4 1000 0.001 0.000 -0.000 0.178 0.132 0.187 1.034 1.498 1.081 0.275 0.916 0.418

0.5 100 0.003 0.001 0.004 0.242 0.236 0.274 0.742 1.384 0.954 0.442 0.812 0.625

0.5 200 0.002 0.003 0.003 0.220 0.198 0.239 0.856 1.413 1.004 0.386 0.820 0.571

0.5 400 0.000 -0.001 -0.001 0.199 0.165 0.212 0.925 1.380 1.019 0.336 0.804 0.502

0.5 1000 0.000 -0.000 -0.000 0.178 0.133 0.188 1.045 1.388 1.092 0.279 0.809 0.434

0.7 100 -0.006 -0.007 -0.007 0.240 0.264 0.267 0.754 0.785 0.947 0.443 0.566 0.630

0.7 200 0.001 0.002 0.001 0.219 0.240 0.239 0.848 0.863 0.980 0.389 0.509 0.573

0.7 400 -0.003 -0.002 -0.002 0.201 0.217 0.216 0.966 0.971 1.053 0.336 0.444 0.501

0.7 1000 -0.001 -0.001 -0.001 0.176 0.189 0.186  1.053 1.0563 1.103 0.279 0.379 0.430
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Table 13: Performance of estimators B\t, gu and B&t in the overidentified case for the model

(41)-(42) with s = 0.2,

hi  hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range

B Bt B2t Bt Bt B2t Bt Bt B2t Bt Bt B2t

0.4 0.7 100 0.033 0.010 0.001 0.196 0.283 0.320 1.335 0.796 2.526 0.801 0.584 0.946

200 0.029 0.000 0.004 0.162 0.251 0.254 1.344 0.877 2.197 0.812 0.525 0.947

400 0.035 0.010 0.007 0.138 0.228 0.215 1.370 0.984 1.998 0.813 0.482 0.953

1000 0.033 0.005 0.002 0.111 0.199 0.174 1.358 1.058 1.841 0.830 0.428 0.962

0.5 0.7 100 0.033 0.002 0.001 0.198 0.288 0.300 1.222 0.812 2.223 0.705 0.597 0.902

200 0.033 0.011 0.008 0.168 0.256  0.248 1.231 0.862 1.899 0.702 0.538 0.903

400 0.032 0.006 0.006 0.144 0.232 0.209 1.310 0.992 1.873 0.698 0.491 0.904

1000 0.031 0.002 0.002 0.115 0.201 0.160 1.297 1.052 1.650 0.689 0.423 0.904

0.7 0.4 100 0.026 -0.001 -0.004 0.246 0.308 0.338 0.768 2.440 1.773 0.467 0.943 0.768

0.4 200 0.032 0.001 0.003 0.224 0.256 0.295 0.848 2.139 1.569 0.408 0.947 0.737

0.4 400 0.030 0.002 -0.002 0.204 0.213 0.257 0.936 1.961 1.403 0.359 0.953 0.705

0.4 1000 0.032 0.001 0.002 0.180 0.171 0.221 1.026 1.816 1.312 0.304 0.960 0.690

0.5 100 0.034 -0.001 -0.000 0.244 0.296 0.337 0.757 2.009 1.835 0.480 0.894 0.778

0.5 200 0.034 0.003 0.006 0.224 0.249 0.295 0.854 1.920 1.585 0.416 0.891 0.738

0.5 400 0.033 0.002 -0.004 0.204 0.209 0.260 0.944 1.766 1.381 0.363 0.891 0.718

0.5 1000 0.034 0.002 0.005 0.183 0.163 0.223 1.047 1.618 1.350 0.296 0.889 0.679

0.7 100 0.034 0.006 0.004 0.248 0.302 0.340 0.763 0.881 1.902 0.469 0.650 0.780

0.7 200 0.030 -0.002 -0.005 0.225 0.269 0.293 0.866 0.947 1.624 0.406 0.575 0.726

0.7 400 0.035 0.004 0.003 0.204 0.241 0.259 0.958 1.014 1.455 0.359 0.520 0.710

0.7 1000 0.032 0.001 0.002 0.181 0.210 0.222 1.050 1.074 1.331 0.300 0.461 0.695

Table 14: Performance of estimators 3;, 51+ and B, in the overidentified case for the model
(41)—(42) with s = 0.5.
hi  hs T Median Deviation Abs. Median Deviation Decile Range Coverage Range
Be B Ba.¢ Be B Ba,¢ Be B Ba,¢ Be B Ba.t

04 0.7 100 0.246 0.051 0.029 0.278 0.278 0.280 1.328 0.761 2.232 0.579 0.525 0.930

200 0.242 0.039 0.012 0.262 0.251 0.231  1.348 0.861 2.015 0.533 0.469 0.935

400 0.245 0.032 0.011 0.257 0.228 0.193  1.372 0.967 1.868 0.459 0.427 0.940

1000 0.247 0.028 0.008 0.253 0.199 0.152 1.383 1.073 1.731 0.363 0.368 0.949

0.5 0.7 100 0.248 0.031 0.014 0.288 0.286 0.284  1.195 0.797 1.983 0.474 0.550 0.881

200 0.250 0.033 0.012 0.274 0.254 0.234 1.280 0.887 1.854 0.405 0.491 0.886

400 0.250 0.018 0.012 0.268 0.226 0.193 1.309 0.943 1.706 0.324 0.445 0.884

1000 0.251 0.011 0.004 0.263 0.201 0.152 1.327 1.051 1.568 0.231 0.383 0.882

0.7 04 100 0.238 0.027 0.013 0.318 0.283 0.329 0.764 2.192 1.595 0.313 0.927 0.737

0.4 200 0.240 0.020 0.006 0.304 0.236  0.288 ~ 0.863 2.013 1.482 0.250 0.934 0.707

0.4 400 0.238 0.009 0.004 0.292 0.193 0.255 0.978 1.859 1.387 0.193 0.940 0.686

0.4 1000 0.241 0.008 0.001 0.284 0.155 0.219 1.091 1.774 1.335 0.132 0.951 0.652

0.5 100 0.247 0.019 0.013 0.321 0.280 0.325 0.772 1.921 1.699 0.312 0.863 0.746

0.5 200 0.235 0.012 0.006 0.301 0.231 0.283 0.856 1.768 1.462 0.252 0.870 0.708

0.5 400 0.235 0.005 -0.003 0.290 0.193 0.253 0.965 1.649 1.355 0.195 0.871 0.680

0.5 1000 0.246 0.005 0.003 0.285 0.155 0.217 1.077 1.551 1.300 0.132 0.878 0.669

0.7 100 0.235 0.000 -0.009 0.315 0.296 0.326 0.781 0.885 1.645 0.322 0.609 0.742

0.7 200 0.245 0.013 0.010 0.306 0.263 0.285 0.835 0.905 1.465 0.243 0.539 0.706

0.7 400 0.233 0.003 -0.000 0.289 0.235 0.254 0.960 0.988 1.373 0.193 0.479 0.669

0.7 1000 0.245 0.003 0.002 0.286 0.205 0.218 1.080 1.077 1.363 0.131 0.421 0.654
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Table 15: Rejection frequencies for the local Hausman test at ¢ = 7'/2. Model: (40)-(41)

s hy hy T=100 T =200 7T =400 1T =1000

0 04 07 0.129 0.159 0.178 0.202
0.5 0.7 0.107 0.177 0.181 0.205
0.7 04 0.316 0.333 0.376 0.434
0.7 0.5 0.267 0.305 0.316 0.428
0.7 0.7 0.022 0.039 0.059 0.067

0.2 04 0.7 0.181 0.225 0.257 0.269
0.5 0.7 0.147 0.222 0.238 0.287
0.7 0.4 0.363 0.428 0.431 0.528
0.7 0.5 0.279 0.347 0.435 0.505

0.7 0.7 0.044 0.065 0.079 0.125
0.5 04 0.7 0.280 0.320 0.346 0.401
0.5 0.7 0.258 0.343 0.428 0.510
0.7 0.4 0.443 0.470 0.497 0.551
0.7 0.5 0.430 0.519 0.568 0.627
0.7 0.7 0.336 0.562 0.725 0.841

Table 16: Rejection frequencies for the global Hausman test. Model: (40)-(41)

s hy hy T=100 T =200 T =400 1T =1000
0 04 07 0.054 0.066 0.064 0.126
0.5 0.7 0.026 0.052 0.058 0.092
0.7 0.4 0.060 0.100 0.134 0.122
0.7 0.5 0.056 0.066 0.084 0.088
0.7 0.7 0.010 0.026 0.026 0.058
02 04 0.7 0.078 0.080 0.116 0.196
0.5 0.7 0.038 0.072 0.112 0.178
0.7 0.4 0.142 0.156 0.204 0.234
0.7 0.5 0.082 0.094 0.166 0.200
0.7 0.7 0.026 0.058 0.084 0.160
05 04 0.7 0.460 0.730 0.912 0.996
0.5 0.7 0.426 0.762 0.936 0.990
0.7 04 0.380 0.532 0.680 0.820
0.7 0.5 0.338 0.550 0.726 0.840
0.7 0.7 0.426 0.700 0.878 0.984

20



School of Economics and Finance

o

%Q Queen Mary

University of London

This working paper has been produced by
the School of Economics and Finance at
Queen Mary University of London

Copyright © 2020 Liudas Giraitis, George
Kapetanios and Massimiliano Marcellino

All rights reserved

School of Economics and Finance Queen
Mary University of London

Mile End Road

London E1 4NS

Tel: +44 (0)20 7882 7356

Fax: +44 (0)20 8983 3580

Web: www.econ.gmul.ac.uk/research/
workingpapers/



	covers editable.pdf
	Blank Page


