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Abstract

In this thesis we present various non-perturbative results about Argyres-Douglas (AD)
theories and their chiral algebras. We also study renormalization group flows emanting
from AD theories with accidental supersymmetry enhancement.

In the first introductory chapter we motivate the use of extended symmetries as a
means to understanding strongly coupled quantum field theories. Various candidates
for these symmetries are discussed, with the most attention given to supersymmetry.
We close with a short summary of the coming chapters and their relations to each other.

After an introduction in the second chapter to N' = 2 supersymmetric quantum
field theories in four dimensions, we present a summary of the key techniques used
throughout the thesis. Topics include the superconformal index, the 4D/2D chiral
algebra correspondence and the main subject of our thesis, Argyres-Douglas theories.

Our discussion in the third chapter explores the simplest Argyres-Douglas general-
ization of Argyres-Seiberg S-duality. In particular, we study interesting properties of
the exotic AD theory emerging from this duality by bootstrapping its chiral algebra.

In the fourth chapter we use a relation between characters of affine Kac-Moody
algebras to give a free field realization to certain observables in a subsector of an
infinite family of AD theories. Interestingly, the free fields turn out to be non-unitary.

In chapter five we consider another family of AD theories and relate their loga-
rithmic chiral algebras to a set of rational conformal field theories. We then study
renormalization group (RG) flows emanting from our AD theories and show how cer-
tain pieces of the topological data associated with the infrared (IR) theory can be
calculated from that of the ultraviolet (UV).

In the sixth chapter we introduce another infinite set of RG flows and argue that
they lead to supersymmetry enhancement from A" = 2 to A/ = 4 in four dimensions.

We conclude in chapter seven with a summary of our main results and some ques-

tions they raise.
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Chapter 1

Introduction

The second half of the last century saw an incredible advance in our understanding
of the subatomic world. This was made possible by a series of particle discoveries
in accelerators, hinting at an inner structure within protons and neutrons. This was
explained theoretically by quantum chromodynamics (QCD), the theory of the strong
interaction between quarks and gluons. QCD was later combined with theories behind
the electromagnetic and weak interactions into a framework called the Standard Model
(SM).

The Standard Model turned out to be one of the most successful theories in all of
science. Its numerical predictions have been verified extensively and with unparalleled
accuracy. Notably, the discovery of the Higgs boson in 2012 filled the last remaining
hole in the Standard Model’s particle predictions.

Despite its long list of successes, the Standard Model does have its limitations as it
fails to incorporate neutrino masses or a dark matter candidatate and requires unex-
plained input parameters to work. It also makes no mention of gravity and therefore
has to break down eventually at short distances, before gravity becomes relevant.

Mathematically, the Standard Model is described by a special type of quantum
field theory (QFT) called gauge theory, in which gauge bosons are responsible for
mediating interactions betweeen matter particles. The strengths of interactions are
determined by values of gauge coupling constants. It was one of the greatest insights
gained into the behaviour of quantum field theories that coupling constants depend on
the energy scale we are observing the theory at. This phenomena of running couplings is
called renormalization group flow. In quantum electrodynamics, the theory behind the
electromagnetic interactions, the coupling constant decreases as we go to low energies
where particle accelerators do their measurements. This enables us to calculate physical
quantities perturbatively in the coupling constants. In practice this is done via the
pictorial formalism of Feynman diagrams that encode contributions of certain physical

processes.
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In QCD however the opposite happens and the coupling constant gets stronger at
low energies, gaining it the name of strong interaction. This is known as asymptotic
freedom and it produces remarkable phenomena such as color confinement, wherein
quarks get locked inside color neutral particles called hadrons, and thus cannot be
observed directly. This however also presents a huge challenge since at low energies
perturbation theory is no longer valid and we lack effective tools to study the non-
linear dynamics of the strong interactions. We can use numerical techniques in the
form of lattice simulations but these do not explain the underlying phenomena behind
their predictions.

This challenging situation calls for the study of non-perturbative, analytical tech-
niques. This is unfortunately not an easy problem and a sensible way to proceed is to
temporarily abandon QCD for theories with more symmetry. More symmetry means
more constraints which make it easier to obtain non-perturbative results. The hope is
that sometime in the future, we can use the experience gathered and our tools sharp-
ened on these toy models to come back and solve QCD at strong coupling.

One way to introduce more symmetry is to leave behind four spacetime dimensions
and study quantum field theories in two dimensions. QFTs that sit at endpoints of
renormalization group flows enjoy conformal symmetry which is an infinite dimensional
symmetry group in two dimensions. These conformal field theories (CFTs) are relatively
well studied and large amounts of non-perturbative information have been gathered
about them over the years. Another interesting class is that of integrable quantum
field theories where are an infinite number of conservation laws exist and as a result,
scattering factorizes. In both cases the bootstrap approach proved very useful which
solves some well defined problem simply by enforcing consistency conditions.

We can also stay in four dimensions and introduce various symmetries there. Con-
formal symmetry can be one of those and even though it is less powerful in 4D than in
2D, the (numerical) bootstrap technique can still be used effectively, as demonstrated
first in the seminal paper [5]. Another approach is to study QFTs with various amounts
of supersymmetry. Ours will be somewhat of a blend of these, as we will be studying
QFTs that are both conformal and supersymmetric, using a relation they have with
2D CFTs.

Back to SUSY, the minimal amount of supersymmetry is called N' = 1 and offers the
most realistic models. It predicts that all particles come with superpartners that have
opposite spin statistics. Although somewhat discouragingly superpartners still have not
been observed in the Large Hadron Collider, N' = 1 supersymmetric models provide
the most promising candidates to beyond the standard model physics. For example
one of the unresolved puzzles of particle physics is why the Higgs mass is so incredibly
tiny compared to the Planck scale, even though quantum corrections are expected

to drive the former closer to the latter. This can be explained naturally with the
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help of supersymmetry, as in SUSY theories these quantum corrections cancel between
superpartners and therefore leave the Higgs mass sufficiently small. Supersymmetry
also provides dark matter candidates in the form of the lightest superpartners.

Besides their clear phenomenological appeal, SUSY theories are also important for
another reason, namely in supersymmetric theories quantum corrections are kept much
more under control, which lets us derive exact relations about quantities protected
by supersymmetry. We can therefore gain invaluable insights into the inner workings
of QFTs even at strong coupling. Confinement can be studied and many new and
interesting phenomena have been discovered such as duality, which relates low-energy
limits of two different QFTs. Surprisingly, this is often a strong-weak duality, meaning
that the strong coupling region of one theory can be described by the weakly coupled
region of the other!

We can do even more in theories with extended supersymmetry, at the cost of aban-
doning direct phenomenological relevance. The maximum allowed supersymmetry in
four dimensions is called N = 4 SUSY, because it has four times as much supersym-
metry as the minimal A/ = 1. These theories have interesting connections with String
Theory and the AdS/CFT correspondence, and they even compute certain pieces of
scattering amplitudes of QCD. On the other hand, they are believed to be determined
uniquely by their gauge group' and therefore display much less diversity than N = 1
theories.

Between the two extremes of ' =1 and N = 4 lie ' = 2,3. No purely N' = 3
Lagrangian theory can exist and non-Lagrangian N' = 3 QFTs [6] are also quite severily
restricted [7]. N = 2 theories on the other hand strike a good balance between the
variety displayed by N' = 1 supersymmetric theories and the manageability of N' = 4
ones. They will be the main subjects of this thesis.

More precisely we will study a certain class of A/ = 2 superconformal field theo-
ries (SCFTs), called Argyres-Douglas theories and their RG flows. AD theories are
inherently strongly coupled, meaning that they do not admit a weak coupling limit.
What is more, they lack the usual Lagrangian construction we are accustomed to in
the study of ordinary QFTs. AD theories then provide a useful arena to develop and
test non-perturbative techniques to their limits.

In Chapter 2 we begin our review of N = 2 theories with their Lagrangian construc-
tion and spaces of vacua. N’ =2 SUSY can be combined with conformal symmetry to
get the powerful N = 2 superconformal symmetry. The corresponding superconformal
algebra and its representations are introduced next, along with an index that counts
multiplets protected by the superconformal symmetry. We discuss the crucial invari-
ance of the index under continuous deformations, and a simple recipe to calculate it

in Lagrangian theories. Sometimes the full index is not available and we have to con-

"'We will come back to this statement in the sixth chapter.
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tend with its special limits discussed in Sec. 2.2.5. The so-called Schur limit takes an
important role in Sec. 2.3, where we consider a non-perturbative correspondence con-
necting our superconformal field theories with two dimensional chiral algebras. Finally,
in Sec. 2.4 we introduce the main protagonists of our story, Argyres-Douglas theories.
We discuss their key properties that set them apart from other SCFTs, and a useful
way of constructing a large class of them coming from 6D.

In Chapter 3 we study the AD counterpart of a famous duality. Despite the fact
that not much is known about 7'3’% , an AD theory involved in the duality, we uncover
many of its interesting properties including the Schur limit of its superconformal index
and its chiral algebra, the latter with the help of a particular form of the bootstrap
principle. We also discuss various consistency checks of our proposals.

In Chapter 4 we explore the connection between free fields and (Aj, Dy4), another
AD theory that appears in the previous duality. Through the study of its chiral algebra
we discover its relation to another chiral algebra, whose 4D ancestor is a free but non-
unitary SCFT. Surprisingly, this non-unitary SCFT then describes certain observables
in a subsector of the strongly coupled (A1, D4) theory. We end the chapter by extending
this result to an infinite family of AD theories.

We turn in Chapter 5 to the analysis of a particular set of RG flows between AD
theories that is very natural from the 6D point of view. Motivated by the study of the
chiral algebras of the AD theories sitting at the starting points of the RG flows, we
find that some basic quantities underlying the chiral algebras of the SCFTs at the two
endpoints of the flows are related via Galois conjugation.

In Chapter 6 we study an interesting RG flow starting from the 73 3 theory we first
encountered in Chapter 3, along with its generalizations. The importance of this set
of RG flows is emphasized by the fact that they lead to supersymmetry enhancement
from N = 2 to N = 4. We analyse in particular the RG flow starting from ’75 3 to
gain a better understanding of the SCFT at the endpoint of the flow.

In Chapter 7 we conclude the thesis with a summary of our main results along with

some open questions and recent developments.
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Chapter 2

Review

In this chapter we conduct a lightning review of the most important concepts used
later in the thesis. We first introduce N/ = 2 quantum field theories in the Lagrangian
setting and examine their moduli spaces. We then turn to N' = 2 superconformal field
theories where the additional superconformal symmetry enables us to discuss theories
without reference to a Lagrangian construction. The next topic is the superconformal
index and its various limits, one of which plays an important role in the 4D /2D chiral
algebra correspondence presented in the following section. These two will be the main
tools in our exploration of SCFTs. Finally we introduce our main object of study,
Argyres-Douglas theories. This is where our “Lagrangian free” language pays off as
these theories lack such a description, and we instead present a construction coming
from 6D. Our aim in this chapter is to present an overview and we refer the reader for

details to the original literature.

2.1 N =2 Quantum Field Theories

In the first section of this review chapter we collect some basic facts about 4D N = 2
QFTs that will be useful later. A large part of this section is dedicated to Lagrangian
theories, despite the fact that we will be concerned mainly with non-Lagrangian the-
ories later on. The reason for this is twofold, first, we will also encounter Lagrangian
components and second, some of the properties of Lagrangian theories carry over to
non-Lagrangian theories as well and are much easier to introduce in the Lagrangian

framework.

11
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2.1.1 N =2 SUSY algebra

In A = 2 supersymmetry, the supercharges transform as doublets of the SU(2)g part”
of the U(2) automorphism group of the supersymmetry algebra

(@0, Qja} =20 Pas . {Q10, @75} = {Qm,%} 0, (2.1)

where undotted and dotted greek indices are chiral and anti-chiral Lorentz spinor indices
respectively, while i, j are spin half SU(2), indices. In the rest of the section we will

restrict to theories with genuine global SU(2)r symmetry.

2.1.2 Lagrangian Theories

There are two fundamental building blocks in Lagrangian N = 2 gauge theories, the
hypermultiplet and vector multiplet. We will use A/ = 1 SUSY multiplets to describe
them.

The N = 2 vector multiplet contains an N’ = 1 vector multiplet with components
(Ao, Ay) and an N = 1 chiral multiplet (P, Ao)

Ao — A, N =1 vector multiplet
0 I (2.2)
d +—— A N =1 chiral multiplet,

vertical arrows indicate the action of the other N' = 1 supersymmetry that is not
manifest in the AV = 1 description above. The SU(2)g R-symmetry rotates the Weyl
fermions Ag, Ao into each other while leaving the bosons unaffected. All component
fields in the vector multiplet transform in the adjoint representation of the gauge group.

The hypermultiplet contains an A/ = 1 chiral multiplet (Q,?) and an N/ = 1
antichiral multiplet (QF, ")

Q <+ N =1 chiral multiplet
0 I (2.3)
of «——  Qf N =1 antichiral multiplet.

Here the scalars Q, Q' are SU (2)p doublets, while the fermions are singlets. The
N =1 chiral and antichiral multiplets transform in the same representation R of the
gauge group and therefore the two chiral multiplets with bottom components Q and Q
transform in conjugate representations R and R.

When R is pseudo-real, we can obtain a special case of the hypermultiplet by

2This is referred to as R-symmetry when it descends to a genuine global symmetry of the theory.

12
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imposing the following constraint on the A’ = 1 chiral multiplets
Qa = eabe . (24)

The resulting multiplet is called the half-hypermultiplet in representation R, since it
effectively contains half the degrees of freedom of a full hypermultiplet.

Now that we have our building blocks at hand we can construct ' = 2 Lagrangian
gauge theories out of them. The conventional way of obtaining Lagrangians for such
theories is to start with Lagrangians for their N’ = 1 component superfields and combine
them in an SU(2)p invariant way. This requirement fixes the relative coefficients of
terms related by SU(2)p. The resulting Lagrangian for an SU(N) gauge theory with
Ny hypermultiplets @7, Qfl in the fundamental representation (a is the gauge and i is
the flavor index) takes the following form [8]

I .
mT/d49tr ofelV 1o + /dQGZTtI‘WaWa—FCC. + (2.5)
4m 8T

/d40<Q“eri n Qie*V@j) n </ 420 O'dQ; +cc.> n </ 420 1,0°Q; +cc.> ,

where gauge indices are suppressed, 7 is the complexified gauge coupling combining the
gauge coupling and the theta angle

47y 0

T=—F+— 2.6

g2 + 2T ’ ( )

and finally V and W, are the N/ = 1 vector and field strength superfields respectively.
Armed with a Lagrangian, in the next section we turn to analyzing the space of

supersymmetric vacua, known as the moduli space. Due to Lorentz invariance, these
moduli spaces are parametrized by the vacuum expectation values of scalar fields in
the theory.

2.1.3 Moduli space

Classically the moduli space can be found by looking at zeros of the scalar potential
corresponding to zero energy field configurations. In non-supersymmetric theories the
classical moduli space is generally lifted by quantum corrections unless protected by
some global symmetry and the quantum moduli space consists of only a set of isolated
points. Not so in supersymmetric theories where large parts of the classical moduli space
remain even in the quantum theory due (at least perturbatively) to supersymmetric
cancellations in loop diagrams.

To find the classical moduli space of an N = 2 gauge theory we must find zeros of the

scalar potential coming from D-terms and F-terms in the Lagrangian. The equations

13
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we need to solve can be found in [8], with mass terms set to zero they take the following

form
[@T : @} —0
(@i - Qla") — 0, Q.0 =0 (2.7)
traceless traceless

¢Q; = Qe =2'Q;=Q'e" =0,

where the traceless part of an N x N matrix is defined as
1
X|trace1ess =X - NtrX . (28)

In general it is hard to solve the above equations simultaneously, but the problem
simplifies considerably if we concentrate on parts of the moduli space where either
hypermultiplet or vector multiplet scalars get VEVs.

The subspace where only hypermultiplet scalars get nonzero VEVs is called the
Higgs branch. Since these VEVs generally break the gauge group completely, we end
up with just a bunch of massless neutral hypermultiplets in the low-energy theory,
which is said to be in the Higgs phase. Quantum mechanically the Higgs branch turns
out to be very simple as due to a non-renormalisation theorem in [9] it is classically
exact.

The physics is richer on the Coulomb branch where we give VEVs only to N' = 2
vector multiplet scalars. In this case the classical constraints in (2.7) reduce to just a
single equation

[qﬂ,@} —0, (2.9)

which means ® is diagonalisable and can be conjugated to an element of the Cartan
subalgebra of the gauge group G. At generic points on the Coulomb branch the gauge

group is broken to the Cartan subalgebra U(1)™%¢

and the corresponding rank G
vector multiplets remain massless. The other dim G — rank G vector multiplets aquire
masses through the super-Higgs mechanism and can be integrated out from the low-
energy theory which is therefore in an IR-free abelian Coulomb phase.

Unlike the Higgs branch, the Coulomb branch does receive quantum corrections
and as a result singular points can appear where additional massive degrees of freedom
become massless. These are not extra gauge bosons however, and we will have much
to say about the physics at these singularities. The exact low-energy theory on the
Coulomb branch was found by Seiberg and Witten [10,11]. We will give a quick review
of this beautiful topic based on [10-12] in the next section.

For completeness we mention that the mixed branch where both hypermultiplet

and vector multiplet scalars have nonzero VEVs is locally a product of the Coulomb

14
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and Higgs branches [9].

Seiberg-Witten theory

As a concrete example in this section we will give a taste of the Seiberg-Witten solution
of N'=2 SU(2) pure Yang-Mills theory [10].

The classical moduli space can be parametrized by the following gauge invariant
combination of the expectation value of the SU(2) vector multiplet scalar ® satisfy-
ing (2.9)

1

1
u="Trd? = §a2 , ¢ = §a03 , (2.10)

with o3 = diag(1,—1). We take the variable u to parametrize the quantum moduli
space but then the relation between the modulus u and the VEV a receives quantum
corrections and a becomes some function a(u).

The low-energy effective theory of massless degrees of freedom on the moduli space
of any N' = 2 gauge theory is described by an AN/ = 2 nonlinear sigma model whose
Lagrangian is fully determined by a single holomorphic function called the prepoten-
tial F(®). In particular the complexified gauge coupling is related to the prepotential

by the equation
B 0*F
092

since we can integrate this relation to obtain the prepotential we will concentrate on

T (2.11)

determining the complexified gauge coupling as a function of the moduli space coordi-
nate u.

The existence of singular points on the Coulomb branch follows from considering
the positiveness of Im7 = 47/g?. If the prepotential was holomorphic everywhere
on the Coulomb branch, Im 7 would have to be a harmonic function and unless it was
constant it would necessarily be negative somewhere. This would result in the existence
of negative norm states leading to violation of unitarity’. Consequently the prepotential
can only be holomorphic in patches around singular points on the Coulomb branch.

Seiberg and Witten [10,11] found a way to give geometric meaning to 7 guaranteeing
positivity of its imaginary part in the process. They introduced the auxiliary object
called the Seiberg-Witten curve which takes the following form for our example of
N =2 SU(2) pure Yang-Mills [10]

y? = (:C—A2)(:U—|—A2)(:L‘—u) , (2.12)

where A is the dynamically generated mass scale.

3This condition can be relaxed in non-unitary theories such as the ones considered in [13]. Note
however, that the authors of that paper still find Seiberg-Witten curves for their theories. We will also
encounter non-unitary theories in Chapter 4.

15
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This family of elliptic curves describes the double cover of the complex x plane with
branch points at {—A2, A% u,00}. The two sheets are connected by the branch cuts
between the pairs of branch points (—A2, A%) and (u, 00). Topologically this complex
one dimensional space can be thought of as two spheres connected by tubes along
the branch cuts. This is equivalent to a torus as illustrated in Figure 1. To establish
connection between the complexified gauge coupling and the Seiberg-Witten curve, first
we need to introduce some quantities of the torus associated to the latter.

[ee]

A-cycle

A-cycle

Figure 1: The two-sheeted z-plane representing the Seiberg-Witten curve (2.12) and
the corresponding torus [12].

The modulus 7 of a torus is defined as the ratio of its periods
= (2.13)

in turn the periods are computed by the following integrals around nontrivial cycles of

the torus

d—x wp = d—x . (2.14)
AY B Y

Since the imaginary part of the modulus of a torus is guaranteed to be positive def-

w =

inite, it is natural to identify it with the complexified gauge coupling. Starting with
the Seiberg-Witten curve then, the complexified gauge coupling can be obtained as a
function of u by performing the period integrals in (2.14).

The singular behaviour occurs on the Coulomb branch at the points u = —A2, A2, 0o
where two branch points collide and the corresponding torus degenerates with one or
both of its nontrivial cycles shrinking to zero size.

Another important class of quantities we can compute directly from the curve are the
masses of a stable BPS particles with electric and magnetic charges (ne, n,,) determined

by the following formula

M? =2|Z|? = 2|nea(u) + npmap(u)]? (2.15)

16
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where ap = 0F /0a is dual to a, and classically it is given by the relation ap = 7a.
Similarly to the periods, the dual quantities a and ap can be computed from the curve

by integrating the Seiberg-Witten differential

V2 (x —u)

d\= —
2ty

dz | (2.16)

along the nontrivial cycles of the torus

a—%d)\, aD—?{d)\. (2.17)
A B

We can see the emergence of massless dyons at points on the Coulomb branch where

the torus associated to the Seiberg-Witten curve degenerates.

Generalizations

The above construction can easily be generalized for N' = 2 gauge theories with larger
gauge groups or hypermultiplets.

For a general gauge group G, the Coulomb branch is an r = rank G complex di-
mensional space with r coordinates uy. The Seiberg-Witten curve describes a genus 7
Riemann surface that is the double cover of the x plane with r 4+ 1 branch cuts. The
complexified gauge coupling becomes a matrix 777 that can be computed by integrals
around the 27 nontrivial cycles of the Riemann surface analogous to (2.14).

The introduction of hypermultiplets lead to further singularities on the Coulomb
branch at points where some of the hypermultiplets turn massless.

It is clear that the crucial ingredient to obtaining the low-energy effective theory
on the Coulomb branch of an N/ = 2 gauge theory is its Seiberg-Witten curve. The
question is then how can we find such a curve? Unfortunately there is no known
prescription in general, although in simple cases it can often be guessed. For 4D N = 2
theories with M-theory/brane origin the curve can be derived systematically [14,15].

We will encounter such a construction a bit later when we introduce theories of class S.

2.2 N =2 Superconformal Field Theories

In this section we introduce N/ = 2 superconformal field theories that will be the main
focus of the thesis. Conformal field theories are important because they represent
endpoints of renormalization group flows of UV complete QFTs." As such, they enjoy
an enlarged symmetry group compared to ordinary QFTs which enables us to obtain
more detailed information about them. When we combine this conformal symmetry

with A/ = 2 SUSY, the resulting N' = 2 superconformal symmetry allows us to depart

4See [16] for a detailed review on the topic of scale versus conformal invariance.
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from the conventional Lagrangian setup and consider more general theories that arise
quite naturally in the study of N'= 2 SCFTs. First though, we introduce Lagrangian
SCFTs.

2.2.1 Lagrangian N =2 SCFTs

Conformal field theories are necessarily scale invariant which translates into the vanish-
ing of their gauge coupling’s beta function. In supersymmetric theories the beta func-
tion is one loop exact and is determined by the Novikov-Shifman-Vainshtein-Zakharov
formula. In the case of N' = 2 Lagrangian gauge theories it takes the following simple

form [8]
d 872 .
A 20 (adj) — Z C(R:) , (2.18)
where the first term on the right hand side is the contribution of the N/ = 2 vector
multiplet in the adjoint of the gauge group while the second term comes from the N’ = 1
chiral multiplets (indexed by 7) inside hypermultiplets, transforming in representation
R; of the gauge group’. C is the Dynkin index of the representation defined by the
equation
tr p(T*)p(T") = C(p)s™ , (2.19)

where p(T'*) are the gauge group generators 7% in representation R.
In an SU(N) gauge theory with fundamental hypermultiplets, the N/ = 1 chiral
multiplets transform in the the adjoint, fundamental and anti-fundamental representa-

tions. The corresponding Dynkin indices are the following

1

Cladj) =N,  C(O)=CO) =3 .

(2.20)
With these in hand we can calculate the beta function for an N' = 2 SU(N) gauge

theory with Ny hypermultiplets

2
A;j\i;; =N — Ny~ Ny =2N - N | (2.21)
In the case of Ny = 2N hypermultiplets, the beta function vanishes giving us our first
example of an N = 2 SCFT.

The second important example of an SCFT is the NV = 2 gauge theory with a single
hypermultiplet transforming in the adjoint representation, which is just the N/ = 2
formulation of A/ = 4 super Yang-Mills theory.

In both of these cases the gauge coupling is exactly marginal, meaning that its beta

5If the gauge theory also involves non-Lagrangian matter components in the form of strongly coupled
SCFTs then their contribution to the beta function can be computed from the central charge of their
flavor current algebra, part of which is being gauged [17].
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function vanishes independently of the value of the coupling. Different values of the
exactly marginal coupling then all define distinct CF'Ts. Spaces of such CFTs are called
conformal manifolds and have many interesting properties [18,19]. In particular it can
be shown for SCFTs, that a marginal coupling can only fail to be exactly marginal if it
pairs up with a conserved current of a global flavor symmetry (from the point of view
of N'=1 SUSY) and in this case it must be marginally irrelevant [18]. As a direct
consequence, dimension two A/ = 2 chiral operators (also known as Coulomb branch
operators) must be exactly marginal, since the corresponding deformations in the La-
grangians are uncharged under flavor symmetries and therefore cannot pair up with
flavor currents [20,21]. We will encounter conformal manifolds in the next chapter, but

for now we turn to analyzing the superconformal algebra (SCA) and its representations.

2.2.2 N = 2 superconformal representations

The N = 2 superconformal algebra contains the conformal algebra extended by su-
percharges Q°,,Q;s and conformal supercharges S;%,S5'®. Together these form the
superalgebra SU(2,2|2).° The spectrum of SCFTs organise into representations of the

SCA indexed by quantum numbers of its maximal bosonic subalgebra
SO(4,2) x U(2) Cc SU(2,2|2) , (2.22)

where SO(4, 2) is the conformal algebra in 341 dimensions and U (2) is the R-symmetry
group. The conformal algebra contains generators of the Lorentz group along with
those of scale and special conformal transformations. The quantum numbers under the
Lorentz group SU(2)1 x SU(2)2 will be denoted by ji, j2 and E stands for the conformal
dimension. A U(1) factor is now truly part of the R-symmetry group of the SCA along
with the usual SU(2) we have encountered before for non-conformal N' = 2 theories.
We denote the quantum numbers under these as r and R respectively.

Superconformal representations are built upon states called superconformal pri-
maries annihilated by the conformal supercharges S and S, by the action of the 8
supercharges @, Q and SU(2) r generators. In general this construction leads to a mul-
tiplet that is 28 = 256 times as large as the Lorentz times R-symmetry representation
of the superconformal primary state, this is called a long multiplet. When quantum
numbers of the SC primary satisfy some specific relation, a subset of the supercharges
annihilate it and we end up with a short multiplet. A complete classification of short
multiplets and their shortening conditions in 4D N = 2 SCFTs can be found in [22].
Instead of discussing these in detail, here we present only some of the short multiplets
that will be useful for us later.

E . where the

First, a few words on notation, long multiplets are denoted by Ay r(j1,j2)

6See [22] for more details, e.g. generators and commutation relations of SU(2,2/2).
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indices are the quantum numbers of the SC primary. Short multiplets can be identified
by the type of shortening condition and a subset of the quantum numbers, since the
remaining can be determined from the shortening condition itself.

For example &, g) = &, multiplets’ are annihilated by all of the unbarred Q super-
charges, and as a consequence satisfy the conditions ¥ = r and R = 0. In Lagrangian
theories superconformal primaries of &£. multiplets are gauge invariant composites of
vector multiplet scalars parametrizing the Coulomb branch. Similarly in Lagrangian
gauge theories the Higgs branch is parametrized by SC primaries in Br multiplets
that are the gauge invariant composites of hypermultiplet scalars. Although in non-
Lagrangian theories these primaries lack the interpretation in terms of vector multi-
plet or hypermultiplet scalars, their vacuum expectation values still parametrize the
Coulomb and Higgs branches, whose definition can be extended to non-Lagrangian
theories as the subspaces of the moduli space where U(1), and SU(2)r are broken
respectively.

Temporarily going back to the realm of Lagrangian theories, free vector multiplets
and hypermultiplets sit in Dy g) D 150(0,0) and B 1 multiplets respectively. A cousin of
the former is the D 1(0,0) & D 1(0,0) multiplet that houses extra supersymmetry currents
on top of the N' = 2.

Superconformal primaries of C-type multiplets satisfy r = jo — ji. The most impor-
tant multiplet of this type is 60(070)’ also known as the stress tensor multiplet because
it contains the stress tensor along with the conserved R-symmmetry and supersymme-

try currents. Generalizations of this multiplet of the form éo( contain higher-spin

J1:32)
currents corresponding to decoupled free sectors of the SCFT.
Finally, we mention the B multiplet which includes the conserved flavor symmetry
current of the theory and is therefore called the flavor-current multiplet. We will learn
more about short multiplets in the next section where we introdce the superconformal

index.

2.2.3 Superconformal Index

The superconformal index [23] is a useful quantity as it contains information about
the protected spectrum of an SCFT. It is insensitive to continuous deformations of the
theory which renders it computable in many cases of interest.

We define the index with respect to a chosen Poincaré supercharge Q, as a trace

over the Hilbert space H of the theory in radial quantization on S [24]
Z(p;) = Try (—1)F e miTie=89 (2.23)

where F' is the fermion number, § = 2{Q, QT} and the T; are a complete set of com-

"The letter & refers to the particular shortening condition in [22].
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muting operators that also commute with Q.° This index is a generalization of the
Witten index [25] with the chemical potentials p; introduced to refine the counting and
regulate contributions from an infinite number of states.

The superconformal index is actually independent of 3 since any state ¢ with § £ 0
pairs up with state Q¢ whose quantum numbers under the T; are the same but their
fermion numbers differ by one and therefore their contributions to the index cancel
pairwise. This Witten index argument shows that only states with § = 0 contribute to
the index making it independent of 5. Since states with § = 0 are annihilated by Q and
Qf, the index counts states in certain short multiplets of the superconformal algebra.
This also means that long multiplets do not contribute to the index and neither do
sets of short multiplets that are allowed to combine into long multiplets by the rules of
superconformal representation theory, see e.g. [26]. This property makes it difficult to
extract precise information from the index about the spectrum of short multiplets that
can recombine into long ones.” At the same time it is also responsible for the usefulness
of the index as we explain next.

At the level of the spectrum, exactly marginal deformations of an SCFT can at
most lead to splitting of a long multiplet into several short multiplets or recombination
in the reverse direction, but since the index is independent of these collections of short
multiplets by construction, we conclude it is invariant under all exactly marginal de-
formations of the theory. Furthermore, the index can be viewed as a supersymmetric
partition function on S x S, in which case it also makes sense for theories without
conformal invariance. This supersymmetric partition function can be shown to be in-
variant under RG flow, which enables us to calculate the index of an SCF'T associated
with an IR fixed point of an RG flow from the index of the UV theory, so long as the
UV symmetries are non-anomalous along the flow and are identified correctly in the
IR.

2.2.4 N =2 index

So far we have not defined the superconformal index concretely enough for our later
purposes. We remedy this situation in the current section, focusing on the 4D N = 2
index. We choose the index defining supercharge to be Q = Q1; 10" and define the index
as [26]

r

I(p, q,t) = Try (—1) p/ T2 77 g2 T ()7 (2.24)

i=1

8This definition of the superconformal index is also suitable for non-conformal field theories in which
case it is referred to as the supersymmetric index.

9Note however that there are certain short multiplets that are absolutely protected and cannot
recombine at all, for N' = 2 SCFTs these include £-type multiplets, B%, Bi, Do, D% and their
conjugates [27].

ODjifferent choices lead to equivalent indices for 4D A = 2 theories.
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Field El| ji |j2|R| r | Z(pg,t)
¢ 1[0 |0]|0|~1] pg/t
A1+ Sl lo | 3| -L] —p —q
N o]
Fi 210 | 1]0] 0 pq
O_i My +0,:0- =0 % 0 % % _% pq
q 1Ll ojof3]o0 Vi
2 5| 0 13 |0] 5] —pa/vt
Oy 1|+3]3]0]0 P q

Table 1: Quantum numbers and index contributions of fields in N = 2 vector multiplets,
half-hypermultiplets and derivatives [26].

where the fugacities p, ¢, t are exponentials of the chemical potentials and the x;
are fugacities counting flavor symmetry weights f; of the rank r flavor group. For our

chosen supercharge § = 2{Q, Q'} = F—2j, —2R+r and therefore only states satisfying

E—2js—2R+r=0, (2.25)

contribute to the index.

With the help of the explicit formula (2.24) we can easily compute the supercon-
formal index of N' = 2 Lagrangian SCFTs. Table 1 lists the “single letter” index
contributions of component fields in N/ = 2 vector and half-hypermultiplets. Note that
two components of the derivative operator contribute to the index, so if we want to
calculate the index of a vector multiplet or hypermultiplet, we need to include an infi-
nite tower of states obtained by the action of these derivative operators on single letter

fields. To account for this, we will multiply the single letter indices by the following

[o.¢] [o.¢] 1
> gt = - (2.26)

m=0n=0

The index of the N/ = 2 vector multiplet can now be assembled with the help of Table 1

factor

_pg/t—p—q—t+pgtpg  p . paft —t
(1-p)(1-4q) TT1op 1-¢q (-pl-gq° (2.27)

i,(p,q,t) =

where the last +pq term in the numerator accounts for the overcounting due to the

equation of motion constraint d_; A1y + 0, A1~ = 0 and its derivatives. Switching to

22



CHAPTER 2. REVIEW

the half-hypermultiplet (N = 1 chiral multiplet) we have

_ Vt—pg/Vit

i, (P, g, 1) = A-pi-q (2.28)

To account for products of fields and their derivatives we can use of the Plethystic

Exponential defined as

PE.[f(ar,...,a,)] = exp [Z %f(a?, . ,a;;)] . (2.29)
n=1

The full index contributions of the Lagrangian components are the Plethystic Expo-
nentials of the single letter indices (2.27) and (2.28) [28]. In general vector and hyper-
multiplets come in representations of the gauge and flavor groups of the theory. Our
discussion can easily accomodate these if we include group theory characters y for these
representations. For example the index of an N = 2 vector multiplet in the adjoint

representation of the gauge group G takes the form

Zy(p,q.t,U) = PE. [is(p, 4. )x5(U)] (2.30)

where U is an element of the gauge group and XaGdj(U ) is the character of the adjoint
representation of GG. Similarly the index of a full hypermultiplet in representation Rg

of the gauge and R of the flavour group F' is

In(p:q:t,U, V) = P.E. igh(p,q,t)(XRG(U)XﬁF(V)+X7QG(U)XRF(V))} o (231)

with V an element of the flavor group and bars denoting conjugate representations.
Using the above ingredients we can finally write down the superconformal index of a

conformal N' = 2 SQCD, with the help of the following gauge integral

Z(V,p,q:t) = (2.32)

/[dU] P.E. [igh(p,q,t)(XRG(U)xm(V) + X6 (U)X (V) +1u(p. a0, ) x5 (U]

where the Haar measure [dU] filters out contributions from operators that are not gauge
invariant.

This gauging prescription is applicable more broadly in gauge theories where some
subset of the hypermultiplets are replaced by isolated non-Lagrangian SCFTs. We will
make use of this shortly in the next chapter. This concludes our discussion about the

index in its full generality and we now turn to its special limits introduced in [26].
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2.2.5 Limits of the index

Interesting limits of the index can be obtained by taking certain limits in some of the
p, q,t fugacities. These special indices count only a subset of operators that contribute
to the full index and consequently some information about the spectrum is lost. On the
other hand, those multiplets that do get counted enjoy more supersymmetry and there-

fore the corresponding limit is easier to compute. Our discussion closely follows [26].

Macdonald limit

The Macdonald limit'' is defined by taking p — 0, leaving two independent parameters
q and t. In this limit the definition of the index (2.24) reduces to

Tar(g.t) = Tryy (—1)F g2 (B-2n—2R-ngfer (2.33)
where Trj; means we are only tracing over the subspace of states satisfying

E+2j1—2R—r=0. (2.34)
These states are %—BPS, being annihilated by two supercharges Q1+ and the usual Ql;.
They can be found only in C, D, D and B—type multiplets. The single letter indices of
half-hypermultiplets and vectormultiplets in the Macdonald limit reduce to
Lh Vi —t—gq

ifr (g, 1) = T—¢ in(a,t) = 1—q (2.35)

Hall-Littlewood limit

The Hall-Littlewood limit can be obtained from the Macdonald by also taking ¢ — 0,

the trace formula for the index now becomes
Tup(t) = Tryp (1) tEF (2.36)
where we are tracing over states satisfying
E+2j;—2R—r=0. (2.37)

These two constraints taken together with (2.25) mean that states contributing to the
Hall-Littlewood limit satisfy

j1=0, Jo=1, E=2R+r. (2.38)

The first three limits are named after classes of symmetric polynomials relevant for their evaluation.
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These states are annihilated by three supercharges Q14+, Qi—, Ql; and sit in short
multiplets D and B. Corresponding operators form the Hall-Littlewood antichiral ring,
which is a consistent truncation of the A/ = 1 antichiral ring. The single letter indices

of the half-hypermultiplets and vector multiplets take the simple form
2= Vi, (1) = . (2.39)

Schur limit

The Schur limit of the superconformal index will play a central role in the following
chapters due to its involvement in the 4D /2D chiral algebra correspondence discussed in
the next section. It is obtained from the general index by setting ¢ = ¢ which eliminates
the fugacity t. The resulting index turns out to be independent of p and is therefore a

function of ¢ only. In the Schur limit, the trace formula becomes
Ts(q) = Tr(=1)"¢" 1. (2.40)
In addition to (2.25) states contributing to the Schur limit of the index also satisfy
r=7J2—7J1 . (2.41)

Like the Hall-Littlewood limit, the Schur limit is also a special case of the Macdonald
limit obtained by taking ¢ = ¢, due to its independence of p. At the same time the
Macdonald and Schur limits count the same set of operators called Schur operators,
but the former achieves a more refined counting owing to the extra fugacity ¢.

There is a single conformal primary Schur operator living in every ¢ , D, D and
B—type short multiplet and they are the highest weight components of their Lorentz
and R-symmetry representations [27]. The other Schur operators in these multiplets
can be obtained from the conformal primaries by the action of 9, ; which itself satisfies
the Schur conditions (2.25) and (2.47). Schur operators in Bp multiplets are also
the superconformal primaries, whose vacuum expectation values parametrize the Higgs
branch.

The single letter indices for the half-hypermultiplets and vector multiplets take the

following form in the Schur limit

29

— 2.42
L (2.42)

the factor 1/(1 — q) accounts for the derivative contributions.
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Coulomb branch limit

Finally, the Coulomb branch limit of the index is defined by p, ¢,t — 0 with the ratio

pPq

7+ =T kept fixed. In this limit, the trace formula becomes

Zo(T) = Tre (=1)F itz (2.43)
where the trace is restricted to states satisfying
E+4+2j3+2R+r=0. (2.44)

which are annihilated by Q2 i and Ql;. These states reside in the chiral é_’r(jho) and
ﬁo(jho)—type multiplets.'? The single letter indices simplify considerably to

(T) = 0, (1) =T . (2.45)

As its name suggests, only the vector multiplets contribute to the Coulomb branch
limit and information about flavor symmetry is lost.
Having introduced special limits of the index, we now turn to the chiral algebra

correspondence and its close relation to Schur operators.

2.3 Chiral algebra correspondence

In this section we summarise the 4D/2D chiral algebra correspondence discovered
in [27], which associates to any 4D N = 2 SCFT a chiral algebra in two dimensions.""
Since chiral algebras enjoy an infinite dimensional symmetry group, this relation affords
us glimpses into the world of 4D N = 2 SCFTs, even when they are strongly coupled.
For example, the chiral algebra encodes information about the moduli spaces of SCFTs.
The fact that it knows about the Higgs branch [30-35] does not come as a surprise, as it
is related to the Schur sector of the SCFT which includes the Higgs branch operators as
a subset. The Higgs branch can even be identified with the so-called associated variety
of the chiral algebra [36]. Surprisingly, the chiral algebra also captures information

about the Coulomb branch [37-40].

2.3.1 Chiral algebra from 4D N =2 SCFT

To construct the chiral algebra of a four-dimensional N' = 2 SCFT we first fix the
chiral algebra plane r; = x2 = 0 in R* and introduce on it the complex coordinates

2 = x3+ixs and Z = x3 —ix4. We then pick out the nilpotent supercharge Q= Q' 4 S2

12Exotic chiral operators with j; > 0 cannot exist in local SCFTs [20,29].
13Chiral algebras are the set of symmetries of left-movers or right-movers of 2D CFTs. They are
often called vertex operator algebras, especially in the mathematics literature.
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and look for operators inserted at the origin that define nontrivial cohomology classes

with respect to this supercharge
{Q,0(0)] =0, 0(0) £ {Q O'(0)] . (2.46)
Such operators must satisfy the following relations among their quantum numbers
E=j+753+2R, r=j2—J1 . (2.47)

These are the same conditions defining Schur operators (2.25) and (2.47) we have
encountered earlier!

We have to be careful in defining these operators away from the origin, since trans-
lations in the z direction are not @-exact, and therefore take us out of the cohomology
class defined by the Schur operator at the origin. To remedy this situation we have
to prescribe a very specific Z dependence using a translation operator twisted by a
particular SU(2) generator such that the twisted translation operator will be @Q-exact.
There is a concise formula for the resulting twisted-translated operator in terms of
the ordinary Schur operator defined at the point (z,z) and other components from its

SU(2)p representations
O(Z, 2) =ur, (2) T Uy, (E)OILNI% (Z> 2) ’ (2‘48)

where uz(z) = (1,2) and we index spin k SU(2)p representations 0712k using 2k
binary indices Z; = 1, 2. Since now the dependence on %z is §exact, cohomology classes
of twisted-translated Schur operators depend holomorphically on their insertion points
while their correlation functions are meromorphic, giving us operators and correlation

functions of a 2D chiral algebra.

2.3.2 Notable elements of the chiral algebra correspondence

In this section we introduce the most important elements of the map x between objects
in 4D N = 2 SCFTs and their chiral algebras arising from this construction. Most im-
portantly the SCFT — chiral algebra map is not empty since any local 4D A/ = 2 SCFT
has a stress tensor multiplet 60(070) which contains a Schur operator. This operator is
the highest SU(2) , weight component of the SU(2), current Jﬂr The corresponding

operator in the 2D chiral algebra is the stress tensor T'

X [Jﬂ] =-——T. (2.49)

This can be seen by computing the OPE of the twisted-translated J}rl+ with itself,

which is determined by A = 2 superconformal invariance in terms of the central charge
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cqq [27]. Ignoring Qexact operators, the resulting OPE is the well-known 2D stress

tensor OPE 5 9T(0 9T(0
c2d/ N ( )+ (0)

T(2)T(0) ~ 2.
(T(0) ~ 242 20 20 (2.50)
with the 2D central charge identified as

Cod = _12C4d . (2.51)

We thus learn that the chiral algebra of a 4D N = 2 SCFT necessarily contains a
Virasoro subalgebra generated by modes of T'. This last relation also implies that the
chiral algebra associated with a unitary SCF'T must itself be non-unitary.

If the SCFT enjoys a continuous flavor symmetry then the corresponding conserved
current J,q sits in a By multiplet. The Schur operator of this multiplet is the highest
SU(2), component of the moment-map M!7 transforming in the adjoint representation
of the flavor group. The self-OPE of the twisted-translated Schur operator M is
determined in terms of the flavor central charge k4g and the structure constants of the
Lie-algebra of the flavor group. This reduces (modulo @-exact terms) to the self-OPE

of the affine current in 2D

JA(2)JB(0) ~ kQ‘fQAB - Zz’fABCJCZ(O) : (2.52)
C

with the level of the affine algebra given by

k
fogg = ——ad (2.53)
2
We conclude that the flavor symmetry of the 4D SCFT enhances to affine symmetry

in the 2D chiral algebra
1

X [Mll} = 222

The final piece of the correspondence we mention here concerns the superconformal

J . (2.54)

index of the 4D SCFT. As we saw earlier, the Schur limit of the index is counting Schur
operators'* and because these are in one-to-one correspondence with operators of the
chiral algebra, it is natural to expect this limit to be related to the partition function
of the chiral algebra. We will now see how this relation works out precisely. The torus
partition function of the chiral algebra is defined as the following trace over its local
operators

Z(x,q) = TraMigbo (2.55)

the transverse spin and holomorphic dimension (eigenvalue of the Ly operator) can be

1 Actually we also saw that the Macdonald limit counts Schur operators as well and there are indeed
results on how one can obtain the more general Macdonald index from the chiral algebra [34,41,42].
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4D Schur sector 2D chiral algebra

stress tensor multiplet | Virasoro symmetry

flavor current multiplet affine symmetry

Schur limit of . ]
partition function

superconformal index

94t 0:

Table 2: Summary of notable elements of 4D /2D chiral algebra correspondence.

expressed in terms of 4D quantum numbers as

_E+jitie

Mt =ji—js, h 5

—E-R, (2.56)
where we used the Schur relation (2.47). We set © = —1 and identify the fermion

number F in (—=1)7% = (=1)¥. The torus partition function then becomes
Z(—1,q) = Tr (=1)" 7 2¢" = Tr (=1)7¢" 7, (2.57)

we recognise the last expression as the Schur limit of the superconformal index intro-
duced in (2.40)! Under the chiral algebra map then, the Schur limit of the supercon-

formal index becomes the torus partition function of the chiral algebra

x[Zs(g)]l = Z(=1,q) - (2.58)

We will use this relation extensively in the following three chapters to study non-
Lagrangian SCFTs known as Argyres-Douglas theories. Before moving on to introduc-
ing these theories, let us digress briefly about various characters of chiral algebras.

The torus partition function is also the character of the vacuum module and due to
modularity, these often satisfy differential equations called linear modular differential
equations (LMDEs).'” In fact characters of rational conformal field theories (RCFTs)
can be classified by listing LMDEs that produce characters with nonnegative integer
coefficients in their g-expansions. So far this strategy seems to be viable only for
RCFTs with a small number of characters, see [44,45] and more recently [46]. One
can also wonder about the role non-vacuum characters might play in the chiral algebra
correspondence. Remarkably, these turn out to be related to surface defects in the 4D
SCFT [47-51].

5For a recent review of LMDEs in the context of 4D A = 2 SCFTs and their relation to the
identification of the Higgs branch as the associated variety of the chiral algebra, see [43].
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2.4 Argyres-Douglas theories

Argyres-Douglas theories are the main focus of this thesis, in this section we describe
their most important properties and discuss known ways of constructing them.

The first AD theory was found in [52], as the low-energy theory at a singular point
on the Coulomb branch of N = 2 SU(3) SYM, with the help of the Seiberg-Witten
solution to N' = 2 gauge theories discovered shortly beforehand. The special property
of this singular point is that dyons with nonzero Dirac pairing turn massless there.
To explain the consequence of this, we define the Dirac pairing of two particles with

electric and magnetic charges (n,m) and (n/,m’) as
nm' —mn’ . (2.59)

This is invariant under electromagnetic duality transformations that act on charge vec-
tors by elements of SL(2,Z). Consequently, if two dyons exist with nonzero pairing
then it is impossible to go to a duality frame where only electrically charged parti-
cles exist, that is characterized by zero pairing. Since we do not know of a way to
write down a manifestly Lorentz invariant Lagrangian for such theories, we call them
non-Lagrangian. Another peculiar feature of AD theories, which we take to be their
defining property is that they contain Coulomb branch operators with fractional scaling
dimensions. To see this for the original AD theory we can look at its Seiberg-Witten
curve [53]

=24 mztu. (2.60)

The scaling dimensions of the parameters appearing in the curve can be found by
setting the dimension of the Seiberg-Witten differential A = x dz equal to one, and re-
quiring that each term is homogeneous in scaling dimension. This leads to the following
dimensions

[u] = = . (2.61)

Parameter u has scaling dimension 6/5 and corresponds to the single Coulomb branch
operator of the theory. In a Lagrangian gauge theory, Coulomb branch dimensions
are given by the degrees of Casimirs of the gauge group and are therefore integers. It
follows that the existence of fractional dimension Coulomb branch operators is a direct
manifestation of the non-Lagrangian nature of these theories.

Soon after the discovery of AD theories, more examples were found in SU(2) gauge
theories with enough hypermultiplets, and were shown to be interacting SCFTs in [54].
This was generalised for the cases of SU(N) and SO(N) gauge theories and was given
an ADE classification in [55,56], see also [57] for some corrections. This type of con-
struction using the Seiberg-Witten curve of the parent theory, taking a singular limit
to obtain the SW curve and through that the Coulomb data of the AD SCFT facili-
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tated the discovery of AD theories, but it only offers information about their Coulomb
branch. A family of AD theories indexed by two ADE gauge groups (G, G’) were con-
structed in [58], using type IIB String Theory compactified on a Calabi-Yau threefold

16

with the pair of ADE singularities.’” The construction we will make most use of is

however the class S construction, which we will detail in the next section.

2.4.1 Review of Class S theories

Theories of class S [62,63] are 4D N = 2 SCFTs obtained as compactifications of 6D
(2,0) SCFTs on punctured Riemann surfaces. Although the 6D (2,0) theory is non-
Lagrangian and not well understood, many physical properties of a class S theory are
encoded in the geometry of the Riemann surface C. For example, we can construct
the Seiberg-Witten curve from the Hitchin integrable system defined on C, or we can
calculate the Schur index from correlators of a topological quantum field theory (TQFT)
defined on the Riemann surface [30,64-66]. Although not all 4D N = 2 SCFTs are in
class S, it is still a very rich set of theories and we quickly review their construction in

the next section.

2.4.2 Class S construction

The class S construction [14,47,63] starts with a choice of 6D (2,0) theory of type
g = ADE, which is a strongly coupled non-Lagrangian SCFT. This theory is then
compactified on a Riemann surface with punctures coming from codimension-two de-
fects of the parent 6D theory. The punctures carry flavor symmetries and come in two
different types, regular and irregular [53,63,67,68] the latter of which are necessary
to construct class S Argyres-Douglas theories. The punctures correspond to boundary
conditions of the Higgs field ¢ which constitutes a solution to Hitchin’s equation on C.
We can recover the Seiberg-Witten curve of a class S theory from the spectral curve of
the Hitchin system:

det (x —p(2)) =0, (2.62)

where ¢ is the holomorphic part of the Higgs field.

We can understand why the Hitchin system comes into play by noting that the
Hitchin moduli space is the Higgs branch of the 5D maximal super Yang-Mills (MSYM)
theory obtained from compactifying the parent 6D theory on a circle transverse to
the Riemann surface. If we further compactify the 5D MSYM on C, we get a 3D
N = 4 theory which is the mirror of the direct S' reduction of the 4D class S theory,

5More recently in [59-61], the authors found certain A/ = 1 preserving deformations of ' = 2
Lagrangian SCFTs that trigger RG flows to some of the (G,G’) type theories. In principle, this
connection allows us to calculate the full superconformal index, which has been checked against the
known Schur indices of these theories.
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and therefore its Higgs branch is identified with the Coulomb branch of the direct
reduction [69].

Regular punctures [62,63] correspond to the Higgs field with first order pole near
the singularity, with the coefficients of the pole identified as the mass parameters of
the flavor symmetry induced by the regular puncture. S-duality has a very nice ge-
ometric interpretation for class S theories, as different S-duality frames of an SCFT
with punctured Riemann surface C correspond to different pants decompositions of C
into thrice punctured spheres. The basic building blocks of class S are then the theo-
ries associated with thrice punctured spheres, often referred to as trinions, any other
class S theory can be engineered from their exactly marginal gaugings. Geometrically,
the gauge coupling is identified with the complex structure moduli of the punctured
Riemann surface. Regular punctures are classified by Young Tableaux and there is no
upper limit to the genus of the Riemann surface or the number of regular punctures we
can use to build class S theories from.

Irregular punctures [53,63] correspond to solutions with higher order poles in the
Higgs field and are necessary to end up with fractional scaling dimension Coulomb
branch operators and dimensionful coupling constants, two characteristic properties of
AD theories.'” The latter are encoded in the coefficients of the higher order poles of the
Higgs field, while as in the regular case, the coefficient of the first order pole contains
the mass parameters. Compared to Riemann surfaces with only regular punctures, the
ones with irregular punctures are much more restricted. If we want to get an SCFT
then the only allowed Riemann surface is the Riemann sphere and there can either be
an irregular singularity alone or together with a regular singularity.'® Even though the
allowed number of irregular punctures is thus very limited, the richness of this type of
puncture is demonstrated by the fact that they can realize any theory engineered using
regular punctures on the Riemann sphere [53]. Classification of irregular singularities
is done via a series of Young Tableaux Y,, C Y,,_1 -+ C Y7 corresponding to poles of the
Higgs field, where each Young Tableau is obtained from the previous by partitioning of

its columns. We will encounter irregular punctures throughout the coming chapters.

17 An important exception to this lore was found recently in [70] for class S theories engineered using
type A2n (2,0) theory with Zs twisted regular punctures. Many of the AD theories considered in this
thesis can be constructed this way.

18Multiple irregular punctures break U(1)g and lead to asymptotically free theories.
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Chapter 3

N =2 S-duality Revisited

In this chapter we study an exotic Argyres-Douglas theory ’7}) s involved in the AD
counterpart of the famous Argyres-Seiberg S-duality (AS-duality). In order to com-
pute the Schur limit of its superconformal index we need to invert a gauge integral
in an index relation which follows from the invariance of the index under S-duality.
An inversion formula borrowed from the study of elliptic hypergeometric integrals was
applied successfully for the original AS-duality, but it is highly nontrivial that it can
also be applied in our case, where some of the free fields are replaced by the (A, Dy)
AD theories. What nevertheless makes a modification of this method work is the un-
canny resemblance between the indices of (A1, D4) and free fields, hinting at a possible
connection between the two.

Having obtained the index of ’75 s using the inversion formula, we can study its
spectrum and we soon discover that 7?3 3 is actually a combination of a more elementary
AD theory Tx and free hypermultiplets. From the Schur index of Tx we also make a
simple conjecture for its chiral algebra, which we support by a bootstrap argument.'’
We use this in Sec. 3.6 to conjecture a simple closed-form expression for the Schur index
of Tx. In general the index can be viewed as the partition function of the theory on
53 x ST and this form of the index allows us to take the ¢ — 1 limit, which corresponds
to the shrinking of the radius of the S! factor. The result should then agree with the
partition function of the proposed S! reduction of 7x and indeed we find agreement
between the two. In Sec. 3.7 we discuss some operator relations in the Hall-Littlewood
chiral ring of Tx and their consequences for the Schur sector. These relations follow
from our chiral algebra ansatz and the Hall-Littlewood limit of the index that we
compute in Appendix D using the 3D mirror of Tx. We also comment on the Witten
anomaly of Tx. The proof of an important index identity for (A;, Dy), details of the

197% has also found its place among the rank-two instanton SCFTs considered recently in [71]. The
authors of that paper find the same chiral algebra using bootstrap approach on a minimal ansatz of gen-
erators descending from the Higgs branch chiral ring. They also arrive at the same result independently
using a free field realization.
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inversion formula and computations related to the ¢ — 1 limit of the index are relegated
to separate appendices.

This chapter is based on [1].

3.1 Introduction

Four-dimensional superconformal field theories often admit exactly marginal deforma-
tions, we refered to these deformation spaces as conformal manifolds in the previous
chapter. In the context of theories with N' > 2 supersymmetry, one can easily obtain
examples with exactly marginal deformations by coupling a vector multiplet to pre-
cisely enough matter so that the one-loop beta function vanishes. A canonical example
of this phenomenon occurs in SU(N) N = 4 Super Yang-Mills. At the level of the

“U as we vary the exactly

Lie algebra and the local operators, this theory is self-dual:
marginal gauge coupling, 7, towards a strong-coupling cusp on the conformal manifold,
an S-dual weakly coupled SU(n) N' =4 SYM theory emerges. A similar story holds
in SU(2) N = 2 gauge theory with four fundamental flavors [11].

On the other hand, the S-duality in SU(3) NV = 2 gauge theory with six fundamental
flavors is dramatically different [17]. As one takes the gauge coupling to infinity, Argyres
and Seiberg found that, instead of getting a weakly coupled S-dual description in
terms of another SU(3) gauge theory with fundamental matter, one instead finds a
dual consisting of an SU(2) theory coupled to a doublet of hypermultiplets and an
SU(2) C eg factor of the global symmetry of the Minahan-Nemeschansky Eg SCFT [73].

The message of [17] is clear: sometimes, starting from vanilla building blocks, the
“matter” that appears via N' = 2 S-duality is not standard matter (i.e., hypermulti-
plets) but is instead a strongly coupled isolated SCFT*' whose global symmetry (or a
proper subgroup thereof) is weakly gauged. Moreover, S-duality can be a machine for
generating exotic isolated theories.

This latter point was driven home in [62]. Indeed, Gaiotto generalized [17] to
higher-rank gauge theories and, in the process, found an infinite number of new isolated
SCFTs—the so-called T theories—at strong-coupling cusps on the resulting conformal
manifolds.”” Since a Ty theory has SU(N)? global symmetry?’ and the following

central charge corresponding to each such SU(N) flavor current algebra (and hence

208ee [72] for a discussion of subtleties at the level of the gauge group and the line operators.

21By “isolated,” we mean a theory that lacks an exactly marginal deformation.

22The Ty case is just the Eg SCFT of [73], and the T» case is eight free half-hypermultiplets. However,
the Ty SCFTs with N > 4 are new isolated theories.

23The Ts case has an enhanced Fg O SU(S)3 global symmetry, but the discussion below applies to
this theory as well. A similar discussion holds for the T theory, which has Sp(4) D SU(2)* global
symmetry.
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(A1, Da) (3 (A1, Da)

Figure 2: The quiver diagram describing the simplest (i.e., lowest rank) AD generaliza-
tion of Argyres-Seiberg duality in the SU(3) duality frame. The total flavor symmetry
is U(3). In [75], this theory was called the “7;’2%7%” SCFT.

1-loop beta function contribution upon gauging)

T .
ks, = 2N, i=1,2,3, (3.1)

one can always find a non-trivial conformal manifold by taking two T theories and
gauging a diagonal SU(N). Indeed, the contributions from the T theories in (3.1)
cancel those of the SU(N) gauge fields

—loo
Bsp(np = —4N +2N +2N =0, (3.2)

One can then proceed to construct a conformal manifold consisting only of arbitrarily
many T theories and conformal gauge fields.

While the above set of theories is quite vast, the Ty theories (and their cousins) are
somewhat special: their A” = 2 chiral primaries have integer scaling dimensions.”* The
underlying reason is that these theories emerge in a duality with a Lagrangian theory.””
On the other hand, the most generally allowed values for the scaling dimensions, 4A;, of
N = 2 chiral operators are widely believed to be A; € Q, and non-integer rational values
are indeed realized in Argyres-Douglas theories as we have seen before in Chapter 2.
These theories cannot emerge in an N’ = 2 S-duality with a Lagrangian theory.

Motivated by a desire to understand N' = 2 S-duality more broadly, it is then
natural to ask what is the minimal (which we will define to be lowest rank”’) AD
generalization of Argyres-Seiberg (i.e., non self-similar) duality [75]. Since the starting
point cannot be a Lagrangian theory, one must engineer such a conformal manifold from
a weakly coupled gauging of a global symmetry of a collection of AD building blocks
(potentially with additional hypermultiplets). An answer, using general consistency

conditions and the class S Argyres-Douglas theories in [53], was given in [75] and is

21By N = 2 chiral primaries, we mean superconformal primaries that are annihilated by all the
anti-chiral Poincaré supercharges of N' =2 SUSY.

ZWe called these &.-type operators earlier, by the rules of [22] these cannot disappear from the
spectrum or, by the discussion in [74], have their dimensions renormalized as we vary 7, so the T
N = 2 chiral ring generators must correspond to some subset of the gauge Casimirs of a Lagrangian
theory.

26By rank, we mean the complex dimension of the Coulomb branch.
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Figure 3: The quiver diagram describing the theory dual to the one in Fig. 2. The
SU(3) C U(3) symmetry is furnished by the 7—3% theory while the U(1) C U(3) symmetry
is furnished by the (A1, D4) SCFT. In [75], this theory was called the “Tj , %” SCFT.

3
15

reproduced in Fig. 2 (there, this theory was referred to as the “75127%7%” SCFT). This
theory is constructed by gauging the diagonal SU(3) symmetry of three fundamental
flavors and a pair of (A;, Dy) SCFTs (the (A1, D4) theory, originally discussed in [54],
has SU(3) flavor symmetry and a single N' = 2 chiral ring generator of dimension
3/2). The resulting global symmetry is U(3) and is furnished by the three fundamental
flavors.

The S-dual frame of this theory is given in Fig. 3 and consists of an SU(2) gauge
theory coupled to an (Aj, Dy) factor and a more exotic AD theory called the 7})%
SCFT [75] which has flavor symmetry G O SU(3) x SU(2).”" Therefore, in rough
analogy with Argyres-Seiberg duality, the strongly coupled (A1, D4) theory plays the
role of the hypermultiplets on the SU(2) side of the duality and the 737 3 theory plays
the role of the Eg = T3 theory.

However, upon closer inspection, the analogy with Argyres-Seiberg duality seems
to break down. Indeed, the anomalies of the 7y 3 theory were computed in [75] and
found to be

7—3,3 TS,S T, 3 9 T, 3
kSU?Q):B’ kSU??)):G, c >3 =1 a®2 =2. (3.3)

Using these symmetries, one cannot construct conformal manifolds built only out of
arbitrary numbers of ’73 3 SCFTs and conformal gauge fields. The reason is that the
contribution to the SU(2) beta function in (3.3) is too large and the required SU(2)
gauging would be infrared free. This state of affairs is quite unlike the Eg = T3 case
described above, where an arbitrary number of such theories can be concatenated by
gauging enough diagonal symmetries.

Still, there are some puzzles in the above picture. To begin with, the flavor symme-
try group of the 75’ 3 theory is not obvious. One standard way to find such symmetries
for SCF'Ts that, like the ’75 3 is of class S is to construct the Hitchin system corre-
sponding to the theory [53,63]. In particular, in the case of the 7:’3% SCFT, one can

2"This latter theory first appeared in the classification of [53] (using the nomenclature of this thesis,
7;’% is a “Type 1117 theory with Young diagrams [2,2,2],[2,2,2],[2,2,1,1]).
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@‘@ :

Figure 4: The quiver diagram describing the mirror of the S* reduction of T3 3

construct the corresponding Higgs field ¢ using the methods in [53]
1
o(z) = zM; + Ms + ;Mg + 0(2’72) , (3.4)

where we have expanded around a third-order pole at z = oo (¢ is non-singular at all

other points z € C = CP'), and the M; are the following diagonal traceless matrices

M, = diag(a1,a1,ae,as,as,as) , M2:diag(61751a62,52363753)7

Ms = diag (m1,m1, Mg, Mo, M3, M) . (3.5)

The flavor symmetries are then read off by studying the independent parameters ap-
pearing as coefficients of the simple pole, i.e., the entries of M3.”"® This traceless matrix
has three degrees of freedom which correspond to the Cartans of SU(3) x SU(2). There-
fore, according to this description, G, 3= SU(3) x SU(2). One reaches the same con-
clusion by constructing the Seiberg-Witten curve via the spectral curve det (z — p(2)) =
0, and looking at the mass parameters (i.e., the simple poles in the SW 1-form, A = zdz).

On the other hand, one often computes flavor symmetries of strongly interacting 4D
N = 2 theories by taking their S reductions and studying the mirror theory (which may
sometimes be described by a Lagrangian that flows to the same 3D A/ = 4 SCFT). Now,
the ’G% theory has a proposed Lagrangian mirror for its S' reduction given in Fig. 4
(following the rules in [53]) that predicts flavor symmetry G%‘-i% = SU(3) x SU(2)2.
Indeed, IR dimension-one monopole operators in this theory describe the enhancement
of the manifest U(1)? topological symmetry to SU(3) x SU(2)? [75]. In particular, there

is a free monopole operator in the IR that gives rise to an additional SU(2) factor.”’ By

28This data gives us the Cartans of the flavor symmetry. By studying various limits of the Hitchin
system, we can often identify the full flavor symmetry by matching onto Hitchin sub-systems with
known flavor symmetries.

2 This result is somewhat counterintuitive since the rules derived in [76] for the case of linear quivers
suggest that the presence of a free monopole operator can be detected by looking at each gauge node
in the quiver and counting the number of local flavors. If this number reaches a certain threshold,
then the theory produces a free monopole after one turns on the corresponding gauge coupling(s) and
flows to the IR (the theory is then referred to as “ugly” in the nomenclature of [76]). However, it is
straightforward to check that the quiver in Fig. 4 should have no free monopoles by these tests and
no accidental superconformal R symmetries. The resolution to this puzzle is that the free monopole
depends on the global topology of the quiver—it has non-trivial flux through each gauge node—and so

37



CHAPTER 3. N =2 S-DUALITY REVISITED

Ts

[SI
Il
—_

& | Tx

)

Figure 5: The factorized form of the 7;% SCFT into a decoupled free hypermultiplet
and the interacting 7x SCFT.

mirror symmetry [77], one expects, upon performing an S! reduction, the enhancement
of GT&% — SU(3) x SU(2)? with a decoupled hypermultiplet.

A priori, there are various possible resolutions to the different predictions for G7; 3
First, it could be that the extra SU(2) factor is an accidental symmetry at energies
E < R7! (where R is the radius of the compactification circle). Second, it could be
that the 4D description around (3.4) from the M5 brane simply misses some flavor
symmetries.”’ Finally, it could be that neither description gets the correct symmetries.

We claim the 3D quiver of Fig. 4 captures the full flavor symmetry and the 4D
description around (3.4) does not. In particular, we will argue that the 75} 3 SCFT
splits into a free hypermultiplet and an interacting theory, Tx, as in Fig. 5 and that
the SU(2) symmetry detected around (3.4) corresponds to a diagonal subgroup of the
SU(2)? C GT& ; factor. Happily, the interacting 7y theory then has (N = 2) flavor

symmetry G7,, = SU(3) x SU(2) and the following anomalies’!

13 47

T> _ T _ Tx _ Tx _

k5§(2)—4’ ks’é(g)_G, CX—6, aX—24. (3.6)
In particular, we can now, in more direct analogy with the Eg = T3 theory, con-

struct conformal manifolds just from arbitrarily many 7y theories and conformal gauge
fields.”” On the other hand, we need to be careful when constructing theories by gaug-
ing the SU(2) factor since it has a Zs Witten anomaly [78]! Indeed, as argued in [75],
the (diagonal) T3 3 SU (2) factor is anomaly free. However, since a single hypermultiplet
has a Witten anomaly, the Tx theory must have a non-trivial compensating anomaly.

In order to substantiate our claim in Fig. 5 and also to further examine the analogy
between the Tx theory and the T theories, we must go beyond the simple description

around (3.4). To that end, we will focus on the Schur sector of the various component

the linear quiver tests of [76] do not apply.

30 A similar phenomenon occurs in some theories with only regular punctures.

31Somewhat intriguingly, as an A = 1 theory, the flavor symmetry is SU(3) x SU(2) x U(1). Note
that since the U(1) symmetry comes from the N' =2 U(1)r x SU(2)r symmetry, it is chiral (although
the SU(3) x SU(2) factors are not by the general analysis of [21]). We are not aware of another method
in field or string theory to impose a minimality condition and find SU(3) x SU(2) x U(1) as a set of
symmetries. However, note that these are genuine (global) symmetries and not gauge symmetries as
in the Standard Model.

32Since now we can build an infinite linear quiver of 7x theories where we alternate gauging SU(2)
and SU(3) flavor symmetry factors.
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theories in our duality which contains a wealth of information and is often exactly
solvable, due to the chiral algebra correspondence we saw earlier in Chapter 2.

In order to get a handle on the Schur sector, we will compute the Schur limit of the
superconformal index that captures contributions only from operators in this sector.
For our starting point in Fig. 2, this computation can easily be carried out using the
results of [30,38]. Invariance of the Schur index under S-duality guarantees that we
then also have the index for the theory in Fig. 3.%°

Obtaining the index of the Tx theory itself is somewhat more delicate. However,
using a recent conjecture in [31] (proven in [79] and reviewed in Appendix A), we are
able to find the Schur index of Tx from the index of the quiver in Fig. 3 using the
inversion theorem in [80]. Our use of the result in [80] is in the same spirit that it was
used by the authors of [81] to determine the index of the Eg SCFT (however, there
are some technical differences, because our SU(2) duality frame involves an additional
strongly interacting factor).

In order to check our index computation and also to gain more insight into the
Tx theory, we bootstrap its chiral algebra, x(7x), (and hence by the chiral algebra
correspondence we find its Schur operators) using techniques described in [82]. In
particular, we show that there is a unique consistent chiral algebra with the (minimal)
number of generators required, via the correspondence in [27], for compatibility with
our inversion result and the anomalies in (3.6). Then, using arguments closely related
to those in [82], we argue for an exact expression for the vacuum character of x(7x) in
terms of certain “diagonal” ST](\Z)_Q X S/(\3)_3 Affine Kac-Moody (AKM) characters.
By the correspondence of [27], this gives us a simple closed-form expression for the
Schur index of the Tx theory and allows us to recover the S? partition function of the
proposed 3D mirror in Fig. 4 by taking the ¢ — 1 limit of this quantity.

As we will see, our expression for the Schur index in terms of AKM characters
reveals a much deeper connection with the T theories: the “structure constants” that
emerge are precisely those of the T5 theory (although the AKM characters we sum over
are different, they are in one-to-one correspondence with those we sum over in the 15
case). We explore these connections in greater detail below and also comment on some
consequences of the non-trivial Witten anomaly of the Tx theory for the 2D /4D chiral
algebra correspondence.

In the next section, we will apply the chiral algebra correspondence to argue for the

factorization in Fig. 5. Along the way, we also make use of the results in [30, 38].

33Moreover, the consistency of the resulting picture we will find below bolsters the claimed duality
in Fig. 2 and Fig. 3 beyond the checks that were performed in [75] at the level of the SW curves and
dimensional reductions.
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3.2 A chiral algebra argument for 73s = Tx @ hyper

To understand why the 7;) 3 theory factorizes, note that a simple consequence of the
duality discussed in the introduction is that the spectrum of gauge invariant operators
arising from the quiver in Fig. 2 must match the spectrum of such operators arising
from the quiver in the dual frame in Fig. 3. In particular, the SU(3) side of the theory
clearly has dimension three and SU(2)r weight % baryons

B=¢"*Q!QbQ5, B=epQ.QlQF, (3.7)

that are charged under the baryonic U(1) C U(3) factor of the flavor symmetry. More-

over, we have
[Q2;73:| = [QI—,B] = [QQ;aB] = [QI—,B] =0, (3.8)

and so these degrees of freedom are Schur operators of type B 3 by (2.56) such operators
are in turn related to 2D chiral algebra primaries B and B of holomorphic scaling
dimension h = E — R = 3.

As a result, the SU(2) side of the duality must also have operators B and B. Since
the (Aj, Dy4) factor in this duality frame is responsible for the baryonic symmetry, 5 and
B must either be Schur operators of the (A1, Dy) sector or composite gauge-invariant
operators built from Schur operators of this sector and Schur operators of at least one
other sector. However, we know the Schur sector of the (Aj, D4) theory exactly: it
corresponds, via the chiral algebra map described in Sec. 2.3, to the S/U(\S)_ 3 AKM
chiral algebra [30,38,83,84]%* generated by the AKM current ‘]éU(:%) (I=1,---,8isan
adjoint index of SU(3)).

Therefore, x [(A1, D4)] has no operators with the quantum numbers of B and B
(since JéU(?,) has h = 1, there are no operators with h = % in the STJ(\?))_% vacuum
module). As a result, we must construct B and B as composites of the holomorphic
moment map of the (Aj, Dy) theory, uéU@), with a field of dimension one (and h =
1/2).% In other words, we must have a sector consisting of a hypermultiplet, Q;
(with ¢ = 1,2), charged under the gauged SU(2) (recall that the hypermultiplet has
Sp(1) ~ SU(2) flavor symmetry) from which we can construct

B = quU(g)Qi ) B= ﬂiSU(g)Qi ) (3.9)

where “f@U(:&) and [LgU(g) are the two doublets descending from the eight Mé‘U(B) moment

34See also the beautiful generalization in [32].

35In fact, the baryons map to generators of the chiral algebra related to the theory in Figs. 2 and 3.
Note that, in accord with the bound in [19], this chiral algebra has at least three generators, since there
are also multiple generators with h = 1 as well.
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maps under the decomposition of SU(3) into representations of the SU(2) gauge group
(we have 8 =14 2x2 + 3). In particular, we see that the 7})% SCFT splits into a free
hyper and another theory which we call Tx (as in Fig. 5).°® Moreover, as discussed
in the introduction, since the 7}) 3 theory does not have a Witten anomaly for its
SU(2) global symmetry subgroup but the free hypermultiplet does, the SU(2) global
symmetry subgroup of the Tx theory has a Witten anomaly. We will see an interesting
consequence of this fact below. This discussion also derives the result in (3.6) from (3.3).

In the next section, we begin a deeper exploration of the 7Tx theory. To do so, we
first construct the Schur index of the theory. After finding this index, we will conjecture
a chiral algebra, x(7x), that reproduces it and then use bootstrap techniques to confirm

our conjecture.

3.3 The Schur index of 7x from S-duality and inversion

In order to get more detailed information about the 7x theory, we compute its Schur
index using the S-duality described in Fig. 2 and Fig. 3. Indeed, since the index is
invariant under S-duality, the Schur indices of the theories in these two figures must

agree. On the SU(3) side of the duality, it is easy to compute the Schur index as follows

Tsu) (g, 8,21, 22) = fdMSU(:g)(ﬂ?l,fUz) X Tyeet (¢, 21, 22) X Thavors(q; 1, T2, 8, 21, 22) X

X Tiaypy(g71,22)% (3.10)

where the measure of integration is the SU(3) Haar measure, Zgayors is the index of
the three fundamental flavors, Z(4, p,) is the index of the (A1, Dy) theory, and Zyecy is
the vector multiplet index (see Appendix B for detailed expressions). The fugacities,
s and (z1, 22), are for U(1) C U(3) and SU(3) C U(3) flavor subgroups, respectively.
All terms appearing in the integrand of (3.10) have known closed-form expressions
(Z(a,,p,) was computed in [30,38]). Now, on the SU(2) side of the duality, we have

ISU(Q) (Q7 5, 21, ZQ) = %d/‘LSU@) (6) X Ivect(Qa 6) X I(Al,D4)(Qa €, 8) X 1-7;’% (Qa €, 21, 22) )
(3.11)
where I7-3 , is the Schur index of the 75 s theory. From the general discussion in the
i) ’2

previous section and Fig. 5, we must have

ITS% (q7 €, 21, 22) = I’Tx (Q> €, 21, z2) X Ihyper(Qa e) s (312)

360One may also derive this result using facts about the moduli spaces of vacua for the theories in our
duality. However, our arguments at the level of the chiral algebra provide a stronger consistency check
of the duality in [75] as well as of the picture we propose in Fig. 5.
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where the second factor on the RHS is the Schur index of a free hypermultiplet, and
the first factor is the index of the 7x SCFT.

In order to compute the index in (3.12), we will use an inversion procedure based on
the theorem in [80] to extract it from the expression in (3.11). Roughly the same basic
procedure was first used in [81] to extract the index of the Eg SCFT from Argyres-
Seiberg duality. However, there are some technical differences (due to the fact that our
SU(2) duality frame has an additional strongly interacting factor) in our use of [80]
that are reviewed in Appendix B. One important precondition for our inversion proce-
dure involves the use of a conjectured form for Z( 4, p,)(q; z1,z2) due to Xie-Yan-Yau
(XYY) [31] (proved in [79] and reviewed in Appendix A) that is compatible with its

known form in [30, 38]

q
L(ar.p0) (a5 w1, 22) = PE. | -— qQXAdj(ﬂﬁl,m) ; (3.13)

where we defined the Plethystic Exponential in (2.29). Indeed, the surprising fact that
the index of the strongly interacting (A, Ds) SCFT in (3.13) is related to the index
of a free adjoint hypermultiplet by the rescaling ¢ — ,/q allows us to use the inversion
theorem of [80] (as in [81], we will a posteriori justify the assumptions used in applying
this theorem by finding a consistent symmetry structure for our index). One surprising
fact we will uncover later on is that, when appropriately re-written, Zr, will also be
closely related to a Schur index for free fields.

Applying the procedure in Appendix B, we find that the Schur index of the 73 3

theory can be written as

1 1 w? q
I’Gg (q,w, 21,22) = (wigq; q) |:1 — wQISU(3) (q,wq, 21, 22) + w2 — 1ISU(3) (g, 0’ 21, 22)
(3.14)
where (a;q) denotes the ¢g-Pochhammer symbol
oo
(a;q) = [](1 - ag™), (3.15)
n=0
and we also use the condensed notation
(a™59) = (a;9)(a™5q) - (3.16)
Expanding (3.14) perturbatively in ¢ we obtain
1 3
Ir, . (G w,21,22) = 14x1¢2 + (2x2 + Xx1,1)0 + 2(x1 + X3 + x1x1,1)q2 + (4 + 3x2+
2

4+ 3xa +3x11 +3xax11 + x22)¢ + (81 4+ 5x3 + 3x5 + Txax11+
5
+ 4dxsxia + Xixs,0 + X1X0,3 + 2x1x2,2)q2 + (6 + 15x2 + 6xa+
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+ 4xe+10x1,1 + 12x2Xx1,1 + 9Xx4aX1,1 +3X3,0 + X2X3,0 + 3X0,3+
7
+ X2X03 + 3x22 + 4x2x22 + X33)8° + O(q2) | (3.17)

where x) = xa(w) is the character of the spin % representation of SU(2) and xx, , =
X he (21, 22) is the character of the SU(3) representation with Dynkin labels Ao €
Z>0.

One check of (3.14) and (3.17) is that they are compatible with the factorization we
argued for in Sec. 3.2 and explained at the level of the index in (3.12). In particular,
we see a free hypermultiplet at (’)(q%). Moreover, the total global symmetry of the
75% theory is then, as explained in the introduction, SU(2)? x SU(3) with one SU(2)
factor coming from the free hypermultiplet.”” Although this enhancement is not quite
as dramatic as the Fg enhancement of flavor symmetry observed in the example studied
in [81], we will find a much deeper statement about the (hidden) symmetries of this
theory (and hence the consistency of our picture) by bootstrapping the chiral algebra
associated with 7x below.

As a first step towards this goal, we arrive at the index of the Tx theory by dividing
both sides of (3.12) by the free hypermultiplet contribution

Tr(g w2z, 20) = 1+ (x2+ x1,00 + X1X1,142 + (2 x2 + X4+ 2x1,1 + xoX1,1+
X2.2)0° + (X1 + 2X1x1,1 + X3X1,1 + X1X03 + X1X3,0+

X1X2,2)q% +(2+4x2 + xa + X6 +5x1,1 + 3x2x1,1 + xax1,1+
2x3,0 + 2X0,3 + 2X2.2 + 2X2X2.2 + X33)¢° + O(q%) ) (3.18)

+ 4+ +

which has, as promised, SU(2) x SU(3) global symmetry (we see currents in the ad-
joint of this symmetry group at O(q), and the index organizes into characters of this
symmetry).

In the next section, we use this expansion to conjecture the generators of the asso-
ciated chiral algebra, x(7x). We then bootstrap this chiral algebra and show that it
is consistent with Jacobi identities. Moreover, we will argue that it is the unique such
chiral algebra with the generators we conjecture and the anomalies required from the

discussion in the introduction.”®

3"Note that, on the SU(2) side of our duality, we gauge the diagonal SU(2) C SU(2)? to construct
the theory in Fig. 3.

38We will also see that, for example, the central charge of the chiral algebra is fixed to be caq = —26
given our generators and AKM levels. Similarly, the AKM levels are fixed given our generators and
c2d = —26 (here we assume that the 2D chiral algebra is related to a unitary 4D SCFT by the chiral
algebra correspondence).
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3.4 A chiral algebra conjecture

From the simple expansion presented in (6.8), we can immediately conjecture the gen-
erators of the corresponding chiral algebra. Indeed, using the map in (2.57), (6.8) is
also an expansion for the character of the vacuum module of the chiral algebra we want
to find.

The only possible contributions in the vacuum module at O(g) must come from
AKM currents, which, in this case, are for k@(\QLQ X 57](\3)73. We have used (3.6)
and (2.53) to fix the levels of the AKM algebras to the so-called critical levels (these
are k = —h", where h" is the dual Coxeter number). As in the case of the Ty theories
(with the exception of the T3 = Eg theory which has enhanced Eg O SU(3)? flavor
symmetry and the Ty theory which has Sp(4) D SU(2)? symmetry and no AKM cur-
rents as generators), this discussion means that the holomorphic stress tensor of the
chiral algebra must be an independent generator, since the Sugawara stress tensor is
not normalizable (note that from (3.6) and (2.51) we have ¢ = —26 for the Virasoro
subalgebra®). Looking at (’)(q%), we see that there must be at least one operator, O,
transforming in the 2 x 8 representation of the global symmetry (since all the other
generators are integer dimensional).”’ This operator is mapped to an AKM primary,

X[Our] = Wyr. Therefore, the minimal conjecture for x [Tx] is the following

Conjecture: The chiral algebra, x [Tx], is generated by a stress tensor, 7' (with ¢ =
—26), AKM currents, J§‘U(2) and JéU(?)) (with A = 1,---,3 and I = 1,---,8) for
S/U(\QL2 X 5?]-(\3)73, and an h = % AKM primary, W, (witha=1,2and I =1,---,8),
transforming in the 2 x 8 representation of SU(2) x SU(3).

Note that this conjecture is consistent with the simplicity of AD theories: to get
the chiral algebra of Tx, one needs to add only a single additional generator (really 16
generators if one counts all the allowed a, I pairs) beyond the universal ones required
by 4D symmetries. Indeed, this algebra is considerably simpler than those of the
interacting Ty theories (even the T5 = Fg theory has a larger number of generators by
virtue of its large global symmetry).

We will give convincing evidence for this conjecture in Sec. 3.5, where we will show
there is a unique consistent chiral algebra satisfying this conjecture. For now, we also
give some powerful circumstantial evidence in favor of our proposal. In particular, if
this conjecture is correct, then all contributions appearing in (6.8) can be generated by

plethystic exponentials of our generators modulo constraints. Assuming our conjecture

39 Amusingly, this value is the same as the ¢ anomaly for the be ghost system.
49This operator must be of type B 3 The only other Schur multiplets of the appropriate statistics

that can appear at O(q%) are Do(o,%) ® 150(%’0). However, these operators have the wrong multiplicity

and, on general grounds, should not be present in this theory [20] (note that they also satisfy free field
equations of motion and so presumably should not appear on such grounds as well).
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is correct, we find some natural operator relations at low order in ¢

e A singlet relation at O(¢?). As we will see in greater detail below, we expect that

TrJ5u ) ~ TrJép ) » (3.19)

where we will fix the non-zero constant of proportionality in the next section. The
motivation for this relation is that the ST](\ZLQ X S?J(\?)L3 subalgebras of x(7Tx)
are at the critical level. Therefore, in their respective modules, the LHS and RHS
of (3.19) separately vanish. However, it is natural to expect that, as in the case of
the T theories [82], one linear combination of these operators becomes non-null

in the full chiral algebra and therefore remains as a non-trivial operator.
o At (’)(qg) we have two operator relations with quantum numbers 2 x 8.

e At O(¢®) we have many operator relations. One important set of relations are

the singlets of the form
TrJgys) = Tr I8y = ng Ws,r=0. (3.20)

The first relation again follows from the fact that the flavor symmetry is at the
critical level and is a non-trivial statement, while the last two relations are a

simple consequence of bosonic statistics.

3.5 Bootstrapping the Chiral Algebra of Tx

One strong piece of evidence in favor of our conjecture in the previous section is that
there exists a (unique) set of operator product expansions (OPEs) among the generators

described there that is consistent with Jacobi identities

[01(21) [O2(22)O3(23)]] —[03(23) [O1(21) O2(22)]] = [O2(22) [O3(23) O1(21)]] = 0, (3.21)

where we take |29 — 23| < |21 — 23], [- - -] is the singular part of the OPE of the operators
enclosed, and we have assumed the O; are all bosonic (as will be the case for x(7x)). To
understand this statement, let us consider the most general OPEs among the generators.

The non-vanishing singular parts of the OPEs among the stress tensor and the SU(2) x

45



CHAPTER 3. N =2 S-DUALITY REVISITED

SU(3) currents are completely fixed by Ward identities to take the form

Cad 2T 0T
TETO) ~ 25+ 5+ —
Tsu@y  0T6ue
T(2) Ty (0) ~ =52+ —2
JL oJL
SU(3 SU(3
T(z)JéU(3)(O) ~ Zg( ) B ©) ; (3.22)
A B k‘gdU@)‘SAB Z‘GABCJSQU@)
J502)(2)I502)(0) ~ 5,2 . :
RSV IR

JéU(?))(Z)Jé‘]U(S)N 9.2 + 2 )

where f7x is the structure constant of SU(3) and, as discussed in the previous section,

Cog = —26, kfg@) = —2 and k:QSdU(S) = —3. Moreover, since there is no generator with

—_—

h = 1/2, W,! has to be a primary of the Virasoro and SU(2)_, x SU(3)_, algebras.
This fact implies the following singular parts of the OPEs:

WL ow,!

I a a

TEW0) ~ g +
JA Wb[

JSU(2)(Z)Wa (0) abzz ) (3.23)
FLIEW,

T&u() (2)Wa” (0) . :

where the o# are Pauli matrices.
On the other hand, the OPE between W,! and W7 is not fixed by the symmetries.
Therefore, we adopt the following general ansatz for the singular parts of this OPE:
ead’’ 1 (a

Wa! ()W (0) ~ =T5— + | 50" ot Tsua + eap (a2 /775 + ag d”K>JSU<3>K>

1
+ -
z

€ard”’ <a4 T + as J§‘U(2)J5U(2)A + ag Jé{U(g)JSU@)K)

ar ag
t5 0" o Tsuya + as€an I oy + 3 o I Tsu (@) adsu s K

+ eap(aro [T + an d ) Ak Ty ) Tt ) + 2012 EangJ(:&) J;T)J(B)] ,
(3.24)
40

3
and the W, are normalized so that the coefficient of €,,077 /2 is one.*' The twelve

dIJK

where is the totally symmetric tensor of SU(3) normalized so that d!/Xdy ;=

4 Note that the coefficient of eab5u/z3 is non-vanishing because otherwise W, is null. Therefore,
this normalization is always possible.
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coeflicients, aq,--- ,a12, are free parameters to be fixed in such a way that the Jacobi
identities are satisfied. Note that (3.24) is the most general OPE written in terms of
the generators, T, J§4U(2)7 JéU(g) and W,1.*

To fix the above constants and test the consistency of what we have written, we
impose the various Jacobi identities among the generators. In particular, the Jacobi
identities among O, W,!, and W’ for O € {T, J§‘U(2), JéU(:s)} imply that

1 24 0 1 2 —3as
a1 = a» = aqqg = —— aa = a = aqs = —— ag =
1 ) 2 9 3 3 10 ) 4 4 (§ 12 )
1 1 1
ar = ai 9 as 3 a2 12 ( )

Note that this condition fixes all the OPE coefficients except for as. Moreover, it turns
out that, with ag = (2 — 3as)/12 imposed, the undetermined parameter as is only
coupled to a null operator. Indeed, under the condition ag = (2 — 3as)/12, the only

as-dependent term in (3.24) is

1
as <J§4U(2)JSU(2)A - 4J§<U(3)JSU(3)K> : (3.26)

Since the OPEs of this operator with the generators only involve operators of holo-
morphic dimension larger than or equal to its own dimension, (3.26) is a null operator.
Therefore, we set a5 = 0 in the rest of this section.

Let us now look at the Jacobi identities among W1, W},7, and W.X. With the
condition (3.25), they are automatically satisfied up to the following operators:

B b iflK
oaptsu(2) AW + 5

Jsu)sWak dUKJSU(S)JWaK . (3.27)

Since the OPEs of these operators with the generators of the chiral algebra only involve
operators of holomorphic dimensions larger than or equal to their own dimensions, the
above two operators are both null. This means that (3.25) is consistent with all the
Jacobi identities among the generators. The existence of such a consistent WIW OPE
is strong evidence for our chiral algebra conjecture in the previous section.

Another interesting observation is that the chiral algebra generated by T, W,!, and
J é‘4U(2)7 J éU(:&) at the critical levels exist if and only if the Virasoro central charge is
coq = —26. Indeed, when we do the above analysis with cog unfixed, we see that the
Jacobi identities among the generators imply cog = —26. Similarly, if we take cog = —26
with the levels of the AKM algebras unfixed, we can show that the Jacobi identities
imply that kgy(o) = —2 and kgp(z) = —3."

42Tn particular, note that J gIU(S) J ;}1(3) is vanishing and therefore does not appear as an independent
term.
43This last statement is true as long as the 2D chiral algebra is related to a unitary 4D SCFT by the
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We have seen there are at least three null operators up to h = % The first one is
shown in (3.26) and is a singlet of SU(2) x SU(3) with h = 2. The second and third
null operators are shown in (3.27) and are in the 2 x 8 representation of SU(2) x SU(3)
with h = % These three null operators are perfectly consistent with the 4D operator
relations discussed in Sec. 3.4.

Finally, we note that the following normal-ordered product
T We 0. (3.28)

does not vanish. On the other hand, as we will see below when we discuss the HL chiral
ring, there is a non-trivial operator relation for the 4D Bg ancestors of these opera-
tors. However, as we will explain in greater detail below, this statement is consistent
with (3.28) because of the SU(2) g mixing described in 2.48 which induces a non-trivial
¢ 1(0,0) component for the chiral algebra normal-ordered product.””

Given this chiral algebra, we will argue that its vacuum character has a surprisingly
simple exact expression in terms of certain ST](\2)_2 X 57](\3)_3 characters. This expan-
sion will turn out to be remarkably similar to the expansion one finds for the T5 theory
(although the precise characters we sum over are different). In addition to pointing to
some mysterious connections between AD theories and Ty SCFTs, we are able to use
this formula to take the ¢ — 1 limit and make contact with the S partition function

of the 3D quiver appearing in Fig. 4.

3.6 Re-writing the index in terms of AKM characters

Since x [Tx] has AKM symmetry, it is reasonable to organize the index in terms of

AKM representations. In particular, we claim that (6.8) can be re-written as follows

2
S
ITX<Q7w721722 Zq )\PE |: +2q 2q)\+1 ChR(;\[(Z)( )ChRA(/\)((L 21722) ’
(3.29)

U(2)

where chiA and Chiﬁ\](f) are AKM characters with highest-weight states transforming
in representations of SU(2) and SU (3) characterized by Dynkin labels A and A} = A\g =
A respectively.

In fact, (3.29) is a completely explicit formula, since AKM characters of su(N) at

chiral algebra correspondence

#Therefore, the Schur operator sitting in this ¢ 1(0,0) multiplet does not map to a generator of the
chiral algebra. This situation is quite similar to what happens in, say, the chiral algebra of the T5 = Fs
theory, where the stress tensor is not a new generator of x(Fs) due to the SU(2)r twisting of the
moment maps and the mixing in of the CA’O(O,O) multiplet in the corresponding normal-ordered product.
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the critical level have the following simple closed-form expression (e.g., see [82])

P-E-[quardj (w)]XRX (x)

- gSAP R[N 2 dimy Ry

chp () ) (3.30)

where X is a vector containing the N — 1 Dynkin labels characterizing the SU(N)
quantum numbers of the highest-weight state, p is the Weyl vector, (-, -) is the standard

inner product,” and the g-dimension is defined as

Bk+maﬂq, (3.32)

dimg By = 11 =51

aEA L

where A, denotes the set of positive roots, and the g-deformed number is given by

(3.33)

[N S
(SIS ESIE

g 2—q
[z]q=—7 -
q 2 —q
Amusingly, we can give an argument in favor of (3.29) that parallels the discussion
in [82] for the T case. The first term, q%)‘, is related to the dimension of the non-trivial
AKM primary, W7, and the dimensions of its products. The plethystic exponential

“structure constants”
2q2

1—gq

P.E.

+2¢ -2 (3.34)

have a simple interpretation as well. Indeed, the first term adds in normal-ordered
products of the stress tensor and its derivatives with the other operators in the theory
(note that these operators vanish in the AKM modules at the critical level) and also
adds in normal-ordered products of the h = 2 state built out of Casimirs of currents
orthogonal to (3.26) with other operators in the theory (since this linear combination
should not be null in the full chiral algebra). The second term in (3.34) adds back in
the level one modes of these two operators, and the final term subtracts relations (for
A = 0, this relation is required by the invariance of the vacuum under these modes).
We have also conducted many highly non-trivial checks of (3.29). For example, we
have checked that, perturbatively in ¢, (3.29) coincides with the expression in (6.8) to

very high order. Non-perturbatively in ¢ = e # we have also performed various checks.

For SU(N), we have (X, p) = > NF"p; = > i X" (where we have used that p = (1,---,1)
in the last step) and F% is the quadratic form matrix (i.e., the inverse of the Cartan matrix). In the
cases of interest, this inner product reduces to

1 -
<>\ap>SU(2) = 5)‘1 ) <)‘7P>SU(3) =M+ (3.31)
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For example, it is straightforward to see that

52

5 (3.35)

lim log Z7y (¢, w, 21, 22) =
B5—0

This behavior is consistent with the expected Cardy-like scaling discussed in [85-87]*°

2 7.[.2

lim log Z(q,x):—%(a—c)—i—---:%dim@/\/llf—i—--- : (3.36)
where, the last equality holds by U(1)r 't Hooft anomaly matching in theories with
genuine Higgs branches (i.e., moduli spaces where, at generic points, the theory just
has free hypermultiplets). In the case of the Tx theory, we expect there to be a genuine
Higgs branch since the mirror of the S' reduction of the 757% theory in Fig. 4 has a
genuine Coulomb branch (the result in (3.35) can also be taken as further evidence for
the proposal in Fig. 4).

An even more interesting non-perturbative in ¢ check of our above discussion is
to take the 8 — 0 limit of (3.29), drop the divergent piece in (3.35), and study the
resulting S® partition function, Zgs. As we review in greater detail in Appendix C,

using the prescription in [88] we obtain

Div. x /OO dm sintm((1 — (o) sinmm(2¢; + (2)
o Sinh 2rm sinh mm sinh (¢ — ¢2) sinh m(2¢1 + ¢2)

sin mm(2¢2 + (1) sin 2rm(

sinh 7w(2¢2 + ¢1) sinh 27¢ 7

lim ITX (Q7w721722) =
B—0

(3.37)

where the “Div.” factor is the flavor-independent divergent piece in (3.35), w = e =€, 2, =
e~"% and the summation over \ in (3.29) becomes an integral over m. On the other
hand, we can compute the partition function of the mirror of the quiver in Fig. 4, given
in Fig. 18 of Appendix C, (or of the original quiver in Fig. 4 itself) and divide out by
the contribution of a decoupled hypermultiplet to obtain

. 1 [ inh2 _ 2min(z1+x2)
Zg;uver = Div. x / dl‘ld{rg St (7‘(’(1’1 /$2))6 ;
oo coshm(zy — 29 —m/) cosh(zg — 21 — m/)

X

coshmm/ cosh w(x1 — my) cosh m(xg — my) cosh w(z1 — ma)

" (3.38
cosh w(zg — mg) coshmw(x1 + mq + mg) cosh(ze + my + ma) ( )

A direct calculation carried out in further detail in Appendix C reveals that (up to an

463uch behavior holds for theories whose S® partition function (upon performing an S ! reduction)
is finite. On the other hand, we are not aware of any A/ = 2 SCFT counterexamples to this behavior.
Moreover, this scaling has been observed in many classes of strongly interacting N' = 2 SCFTs [30,66].
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unimportant overall constant)

. | __ rrquiver
éli% (D1v. X ITX) =Zg (3.39)
when we identify m; <+ ¢; and m/ <+ ¢.'" This result is a strong check of our discussion
and also of the proposal in [53,89].
In the next section we move on and discuss the HL limit of the index and some
additional predictions for the Schur sector of Tx. Before doing so, let us make a few

brief comments on what we have found in this section

e The structure constants given in (3.34) that multiply the AKM characters in (3.29)
are precisely those of the free Ty theory [82]. While the set of modules we sum
over is “diagonal,” it is not the same set of modules we sum over for the 75 theory
(although the modules are in one-to-one correspondence). We will explain this
observation in Chapter 7, based on the recent findings of [70]. It is quite re-
markable that all the component Schur indices in our duality described in Fig. 2
and 3 are so closely related to those of free fields. We will explore this relation for
the case of (A1, Dy) in Chapter 4. Moreover, the form of the partition function
in (3.29) suggests simple generalizations to other (hypothetical) SCFTs.

o We have found strong evidence in favor of the quiver given in Fig. 4 for the mirror
of the S' reduction of the 75 3 theory. Note, however, that the corresponding
2

mirror for the S' reduction of the Tx theory contains 3D monopole mass terms
IWrr=o = mp+O4 + mep_O_ | (3.40)

where Oy are the monopoles in the UV theory that map to the free (twisted)
hypermultiplet according to the discussion in Footnote 29, and ¢4 are fields we
add by hand in order to reproduce the IR, SCFT that the Tx theory reduced on
a circle flows to. This situation is quite unlike what happens for the mirrors of
many of the dimensional reductions of the AD theories discussed in [53,89] (see
also the discussions in [37,66,90]).

4"The fact that there are no imaginary FI parameters turned on is consistent with the 4D Ur
symmetry flowing to the Cartan of the 3D SU(2)r C SO(4)r. This statement is also consistent (at
least as far as the N/ = 2 chiral operators of the Tx theory are concerned) with the SU(2) quantization
condition discussed in [37].
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3.7 A remark on the Hall-Littlewood chiral ring of 7x and

the Schur sector

In this section, we briefly discuss the Hall-Littlewood (HL) chiral ring of the Tx theory
in order to tease out some additional information about the Schur sector of the Tx
SCFT. Based on our discussion above, the HL ring is generated by the following 4D
Schur operators

Wsue) € B, msy@ €Bi, Of€Bs (3.41)

(NI

where A and I are adjoint indices of SU(2) and SU(3) respectively, and «a is a funda-
mental index of SU(2).

In (3.28), we saw that W/ = x[O¢] and JéU(?)) =X [MéU(S)] had a non-trivial
normal-ordered product in the 2 x 1 channel of SU(2) x SU(3). On the other hand, as
we show in Appendix D, the HL limit of the Tx index has the following expansion

3
Il?i(t’ w,21,22) = 14 (x2+x11)t +xax11t2 + (L4 x4+ x11 + Xxox11 + x2.2)t*+
5
+ (xax1 +FxEXL1 F XAX30 + X1X03 + X1Xx22)t2 + O(t?) . (3.42)

Note that, compared with the Schur index in (6.8), the HL index is missing a contribu-
tion of the form y; at (’)(tg) ~ (’)(q%) (recall that the power of the fugacity in the HL
limit of the index is also given by h = F' — R). The only apparent explanation, given
our generators and the above discussion, is that there is a relation in the HL ring of
the form

ugU(g)og ,=0. (3.43)

In order to reconcile this relation with (3.28), we conjecture that the theory has a

111
++
SU(2) g twisted OPE of the ,uéU(?)) and Of operators (in the sense described in (2.48))

so that

¢ 10,0 multiplet with Schur operator, O and that this operator appears in the

Hou(s) (2,2)07(0) > 0L1(0) . (3.44)

At the level of component (untwisted OPEs), we have
d, " T_- .
Jg'Uf?)) (2)07(0) > ?Ofi(O) ; (3.45)

where the operator on the far left of this inclusion is the R = 0 partner of the holomor-
phic moment map, :“éU(s)' It is straightforward to check that such mixing is compatible
with /' = 2 superconformal Ward identities and that therefore @}:j maps to a normal

ordered product of generators of x(7x).** This discussion is analogous to what happens

480Often one must use highly non-trivial superspace techniques to determine which short multiplets
are allowed by N' = 2 superconformal symmetry to appear in the OPE of two short multiplets (e.g.,
see [91,92]). However, in our case, a more pedestrian approach suffices to show that (3.45) is allowed.
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Tx 2 2

Figure 6: The above SCFT is inconsistent because of the SU(2) anomaly of the Tx
theory. It would be interesting to study how this inconsistency is manifested in the chiral
algebra setting.

in the OPE of moment maps in the rank one theories discussed in [27] (there the 2D
interpretation of the corresponding OPE is that the stress tensor is a Sugawara stress
tensor; in the case of the Tx theory, the conclusion is quite different).

In the next section we will switch gears and focus on the implication of the non-
vanishing Witten anomaly of SU(2) D G, for the 2D/4D chiral algebra correspon-

dence.

3.8 Witten’s anomaly and the chiral algebra

One of the deepest questions in the 4D/2D chiral algebra correspondence of [27] is to
understand which chiral algebras in 2D are part of a “swampland” of theories that
cannot be related to consistent (and unitary) 4D A = 2 SCFTs. One example of a
constraint all chiral algebras that are not part of this swampland must obey (unless
they are part of the special set of chiral algebras related to a finite subset of free SCFTs
in 4D with sufficiently few fields) follows from the analysis in [91]

22
Cad S —— - (3.49)
5
We would like to point out that another constraint chiral algebras outside the

swampland must obey is that they are not related to 4D A = 2 SCFTs that have

Indeed, we can show that such terms exist in free SCFTs. To that end, consider a free hypermultiplet

where 7 is an SU(2)r spin-half index. Let us construct B and B% multiplets of the form ¢*¢”) and

q(igj (jk) respectively (where “(---)” denotes symmetrization of the enclosed indices). This theory has
acC 1(0,0) multiplet with a primary of the form €;;¢'¢’¢". The associated Schur operator is (up to an
overall normalization) ~ }

OVl ~(Q0,:Q-Q0.;Q)Q . (3.47)
We then see that (3.45) is allowed by supersymmetry since a trivial computation in free field theory
reveals that (at separated points)

(QQ" - QAN (2)QRAW)(QT8, Q" — QTa, . QNQRT)(0)) £ 0. (3.48)
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a gauge symmetry with a Witten anomaly [78]." Indeed, the corresponding 4D theory
is inconsistent. Interestingly, our 7x theory allows us to construct an infinite number
of pathological SCFTs by gauging the SU(2) global symmetry (of course, we can also
construct infinitely many conformal manifolds that are consistent and have no Witten
anomaly; note that the Ty theory on its own is also perfectly consistent since the SU(2)
symmetry is global).

A simple example of such a pathological theory is given in Fig. 6. To construct this
SCFT, we gauge a diagonal SU(2) flavor symmetry of the T and Tx theories (where
the Tx contribution is the anomalous SU(2) factor and not a subgroup of SU(3)).
The putative chiral algebra of this pathological theory can be constructed using the
gauging prescription described in [27]. If this BRST procedure leads to a consistent
chiral algebra, then (modulo the caveat described in footnote 49) it necessarily lies
in the chiral algebra swampland. Using the expression for the 75 index given in [82]
and our expression in (3.29), it is straightforward to verify that the naive index of the
pathological theory is”’

2¢° SU(2 SU(2
gt 2" | ehp (g, y1)ely @ (g, y2)

I(Q7y17y2azla22) = ZqZ)\PE |:
A

X Ch;[i(f)(q, 21,22) , (3.50)

where y; 2 are SO(4) fugacties, and zj o are the SU(3) fugacities introduced above.

It would be interesting to understand how (or even if!) this pathology is manifested
in the 2D setting. One possibility is that such chiral algebras (like the one whose
vacuum character is given in (3.50)) are somehow pathological (or perhaps the non-
trivial representations of these chiral algebras are pathological). Another possibility
is that the chiral algebras and their modules are perfectly consistent at the level of
2D QFT but still detect the pathology of the 4D theory. While we have not fully
investigated this question, we suspect the latter possibility holds (we should also note
that, in principle, it could be that the chiral algebra and its representations are perfectly
consistent and also do not detect the 4D pathology). We hope to return to this question

soon.””

“However, it is conceivable that two different 4D NV = 2 SCFTs might have the same chiral algebra
(although we are not aware of any such examples). Therefore, we cannot immediately rule out the
(perhaps remote) possibility that one might have a 2D chiral algebra that is related both to a well-
defined 4D SCFT and a pathological one of the type described here.

"0We are making this statement at the naive level of operator counting. Note that the Zg1,gs
partition function (which differs from the index by certain pre-factors) may have additional pathologies.

511t may be possible to use some of the theories described in [93,94] to study this question as well.
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Chapter 4
A Non-Unitary Surprise

In this chapter we pick up on the curious connection between (A;, D4) and free fields
noted in Chapter 3. We start with the chiral algebra of (A1, Dy), which is a non-unitary
AKM algebra and find that its unrefined characters are related to those of a unitary
AKM algebra. Furthermore, this unitary chiral algebra is known to have a construction
in terms of free fermions. This leads us to conjecture in Sec. 4.3, that the 4D parent
theory of this unitary chiral algebra is a free but non-unitary SCFT. We verify this
conjecture directly by carrying out the steps of the chiral algebra construction starting
from the Lagrangian of the non-unitary SCFT. In Sec. 4.4 we extend this analysis
to an infinite family of AD theories of which (A1, Dy) is just the first representative.
Surprisingly then, this sequence of relations gives us a Lagrangian description of certain
observables in a subsector of an infinite series of non-Lagrangian AD theories.
This chapter is based on [2].

4.1 Introduction

Free fields in two spacetime dimensions are versatile: operators, correlation functions,
and partition functions of interacting conformal field theories can often be constructed
algebraically from free bosons via the Coulomb gas formalism, and the simplest unitary
minimal model—the Ising model—has a free Majorana fermion underlying it (see [95]
for a review). Free fields in higher dimensions seem less powerful: in order to have
something useful to say about an interacting CF'T, one must usually labour to connect
such free fields to the CFT in question through a suitably “smooth” path in the space
of couplings.’”

However, one may hope to overcome these obstacles in d > 3 spacetime dimensions

whenever there are relations between quantum field theories in d dimensions and QFT's

52We will not make this notion of smoothness precise here, except to say that, at the very least, there
should not be any accidental symmetries along the resulting renormalization group flow that obscure
the observable one would like to compute.
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in 2D. As we saw earlier in the case of 4D superconformal field theories with at least
N = 2 supersymmetry the sector of Schur operators of the 4D SCFT is isomorphic to
a 2D chiral algebra. In the following we will exploit this correspondence, in particular
the equality between the Schur index of the 4D SCFT and the torus partition function
of the associated chiral algebra (2.57). Note that both of these quantities can be refined
by additional flavor fugacities (i.e., fugacities for symmetries that commute with ' = 2
SUSY in 4D), but such modifications will not play a role in our discussion below.
While we believe that many of the ideas we will present are quite broadly applicable
(with suitable modifications), in this chapter we specialize to a particular infinite set of
strongly coupled SCFTs whose simplest member is the (A1, Dy) theory we encountered
in the previous chapter. In this class, the manipulations we use are particularly simple.
The Schur index for the (A1, D4) theory was computed in [30, 37,38, 84] and was
shown to equal the vacuum character of SE\(S)_ 3 (as conjectured in [96]). More recently,

the authors of [31] proposed that this unflavored Schur index takes the following simple

o0
A1,D 1 g \_ 1 I ¢
n=1

form

and this formula was proven in [79] (see also the discussion in [32]) to be equivalent

—

to the vacuum character of su(3) Interestingly, under the rescaling ¢ — q%, (4.1)

_3.
2
reduces to

1
2 3
1§ P9 (g2) = gsPE. (81‘12 q> = (Igalf‘hmr) , (4.2)

where according to (2.42) the righthand side (RHS) is just the index of eight free half-
hypermultiplets (i.e., the T5 theory [62]) or, equivalently in 2D, the vacuum character
of four symplectic bosons.

While the derivation in [79] proved (4.1)°? along with various generalizations we
will encounter below, we would like to give a physical argument for why this index is so
closely related to the index of free fields. One hint comes from our study in the previous
chapter that shows the (A1, Dy4) theory playing a role in a particular S-duality that is
reminiscent of the role played by free hypermultiplets in the S-duality of [17]. Moreover,

by thinking of (4.2) as a manifestation of a weak-strong “duality”

we speculated that
this connection might be related to modularity.

As we will see below, this intuition is morally correct, although the free fields that
are more closely related to modularity are actually non-unitary (wrong statistics) rather

than the unitary fields appearing on the RHS of (4.2). A strong indication that this idea

5¥More precisely, the authors of [79] proved that the vacuum character of su(3)
RHS of (4.1).

The relation in (4.2) is not a duality in the truest sense of the word since it is a relation between
the Schur sectors of two different theories.

is given by the

_3
2
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is correct comes from noting that (4.1) satisfies the modular differential equation [36]

(fo) - 40E4) 1Py - (Dc(f) - 40]E4) Xo ?=0, (4.3)

where D¢(12) is a modular differential operator, and E4 is an Eisenstein series (we refer
the interested reader to [36] for more details). The characters of so(8), satisfy the
same modular differential equation [44] and are included in the so(2n), series whose

characters are given by [95]:

so2n), _ 1 (634067
Xo = 9\ )
- n
Xso(2n)1 _ 1 0371 - 94n
3 2 n" ’
o(2n o(2n) 150(2n) 165"
T T s - (.0
4 ) 4 ’ 4 T]

where ¢ = e?™7, 5 is the Dedekind eta function, and 6; are the Jacobi theta func-
tions. Since 3/0(\8)1 is unitary and has a representation in terms of eight free Majorana
fermions, it is reasonable to imagine that the 4D ancestor of this theory is a non-unitary
free theory (recall that, in the chiral algebra correspondence, c4q = —1—1202d, S0 cq4q < 0
in this case). Clearly, these free fields then reproduce some of the observables in the
Schur sector of the (A, Dy) SCFT.

4.2 Modular S-transformations and an AKM relation

In order to understand the modular properties of (4.1), it is useful to re-write it as

follows 04
AP _ 9472 (4.5)

S 7]4'

Under a modular S-transformation, we have
1 - 1 -
0 (—7_> =V—=itl4(T), 7 <_7‘> =V—irn(r) . (4.6)

In particular, we see that applying a modular S-transformation to (4.5) yields

4 1
(ADa)\ _o-a0s 54 2 _ 8¢z
S(IS )_2 =2 qu.E.( 1_q>. (4.7)

We immediately recognize the expression on the RHS as also counting (with a (—1)¥
) ) 1

weighting) the so(8), fields generated by acting on the so(8); vacuum with the h = 5

Majorana fermions in the 8, representation, 1! (where I = 1,---,8) [95] (hence, this
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theory is related to eight decoupled Ising models). These fields have the following
singular OPE

5[]
I J
~ i 4.8
P () ~ (49)
At the level of characters, we have the relation
5(3\),% 1 m,% 5@),% m,%
S(o 7)) = gl e ey,
EAY 2 2
su(3)_3 50(8) 50(3)
_ X_%73 g) — 2—4 (X(S)O(S)l _ X;fﬁ) ’ (49)

where, in the second equality, we have used our observation above and, in the first

equality, we have used the modular S matrix acting on the characters of the four

—

admissible representations of Su(3)_%

== : 4.1
e@_g 211 -1 1 1 (4.10)
-1 1 1 1
There are four admissible representations of SZ\(?))_ 3 (the vacuum and three h = —%
2

representations) and four representations of so(8), (the vacuum and three h = 3 repre-
sentations), but in the latter case all four corresponding unrefined characters are finite,

while in the former case only two linear combinations of unrefined characters are finite

/su@tg
(the vacuum and the linear combination of h = —% characters, ¥ ; 2%, appearing
-3

in (4.9)). However, all the unrefined h = 3 characters of s;\(&l are equal (we de-

—

(8)1)

note the corresponding character X’fo , and we find the bijection of finite unrefined
2

=44
characters””

1

Xo ,X %~ Xo , (4.11)

: -}
where the relations hold up to overall constants (see [45] for character relations between
).

other pairs of unitary and non-unitary theories

4.3 A 4D interpretation

We would like to give a 4D interpretation for the unitary so(8); theory described in

the previous section by using the relation discovered in [27] (although, apriori, it is not

S5Ultimately, the fact that there are only two characters transforming amongst each other under
modular transformations in the case of our two AKM algebras is a consequence of the Jacobi quartic
identity 0s(7)* = 02(7)* + 04(7)*.
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clear such an interpretation must exist). As discussed above, this theory should be
non-unitary since
1

C;@l =4 = c4q = —3- (4.12)

Moreover, from the results in (2.57) and (1.7), we see that an obvious candidate for
our 4D theory is a collection of 8 half-hypermultiplets with wrong statistics (i.e., a
“ghost” Ty theory).”® Indeed, the a and ¢ anomalies for such a theory are just minus
the corresponding anomalies for the 75 theory since the wrong statistics leads to an
insertion of a factor of —1 in any quantum loop. In particular, we have

1

a4q = —8 X Apalf—hyper = — =

;- (4.13)

Cad = —8 X Chalf—hyper = —% ;
Note that asq — c4q is then consistent with the ¢ — 1 “Cardy” limit of the index [30,36,
85,86], and the full (unrefined) Schur index is precisely what we want (see the previous
footnote).

To get a map of operators, the chiral algebra correspondence requires us to take 4D
Schur operators, fix them in a plane (with coordinates z, z), and then twist the global
z conformal transformations with su(2)r. Working in the cohomology of a particular
supercharge, @, then gives a map to 2D chiral algebra operators. This procedure is
naturally implemented in the operator product expansion.

For the case at hand, we can build all Schur operators as arbitrary (non-vanishing)
products of the su(2)g highest weight anti-commuting scalars of the non-unitary free
hypermultiplets, ¢/, and their derivatives. These fields are organized as ¢* = Q' and
¢t = Q' (with i = 1,--- ,4) and live in the following su(2)r doublets

). (%) ”

We can write a simple Lagrangian for this non-unitary theory (note that the spinors in

the hypermultiplets commute while the scalars anti-commute)
c—— [ (don’) = [a'o(QU5,0-QT5,@7) . (i)
where we have defined

—1yxa  Oaxa

1
0= (0‘“4 4X4> . (4.16)

Related Lagrangians have been considered in different contexts in [97,98].

The non-vanishing singular OPEs are then (in an appropriate normalization to

56 To get just the 50(8), vacuum module, we should restrict to composite Schur operators built from
an even number of hypermultiplet scalars.

59



CHAPTER 4. A NON-UNITARY SURPRISE

eliminate a common overall constant factor)

~ it 4 54 A 54

Q@) (0) ~ —5 . QU@)Q(0) ~ —— . (4.17)
According to the discussion in [27], we should twist the hypermultiplets with vectors
u; = (1,z) having su(2)g indices ¢ = 1,2 as in (2.48). In particular, we have twisted-
translated fields

(2,2) = cgf(z,z)wéﬂ(z,z),
(272) = QZ(sz)_EQlT(sz)’ (4'18)

with the following singular OPEs

. . §4 - . - 5U
Q" (2,2)Q7(0,0) ~ — Q"(2,2)Q"(0,0) ~ — . (4.19)

z

Passing to @ cohomology gives the same OPEs as above (the identity operator is @
closed but clearly cannot be @Qexact). In particular, we reproduce the free Majorana
OPEs of (4.8).

The theory also has conserved currents sitting as level-two descendants in multiplets

with Schur operators of the form

W =iQQ, i =iQQN, i =iQ'Q (4.20)
where 4,5 = 1,---,4. More covariantly, we can define these operators to form part
of a 28-dimensional adjoint representation with u!’/ = iglq’ and I,J =1,---,8 (this

operator is anti-symmetric in I and J). The charges arising from real currents sitting as
descendants of linear combinations of the above satisfy an so*(8) ~ so(6, 2) Lie algebra,
which is a real form of so(8,C). On the other hand, the operators in (4.20) are related
to currents that are not real. However, these currents give rise to charges that act in

accordance with the reality condition in two dimensions

WS~ QL6Q ~ —Q) 6Q ~ Q5T ~ QT

Relabeling the moment maps with an adjoint index of so(8), we obtain the following
twisted OPE

5AB C
w2 0) ~ i gy (1.21)

where f ABC are the structure constants of so(8). Dropping the @-exact terms then leads
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to the standard so(8), current-current OPE. As a result, we see that a generalization
of the procedure of [27] applied to our non-unitary 4D theory yields the desired unitary
theory in 2D.

4.4 Infinitely many generalizations

One can imagine generalizing our discussion above in many directions. Here we choose
the simplest direction: the (A1, Dy) theory is part of an infinite family of SCFTs called
the Do[SU(2N + 1)] theories [99,100] (where D2[SU(3)] = (A1, D4)). The correspond-
ing chiral algebras were found in [31] and were argued to be su(ﬁ\f\—i— 1)_ 2N 41 The
generalization of (4.1) is

ISDQ[SU(QNJrl)}( ) N(N+1)

g)=q¢ & PE. <4N(N+1)1_qq2> , (4.22)

and one finds that, upon taking ¢ — q%, the index (4.22) reduces to the index of
AN (N + 1) free half-hypermultiplets.

For N > 1, the modular properties of the theory are somewhat different. For
example, the modular differential equation in (4.3) for the N = 1 case becomes third

order for all N > 1. However, we can proceed as before and write

Dy[SU(2N+1)] )92N(N+1)
2 _ 9—2N(N+1)72
1k =2 N (4.23)
Then, performing a modular S-transformation yields
IN(N+1)
s (IDQ[SU(2N+1)]) _ o-2vv+1) i
s = PN+
1
— 9 NN~ p g (—4N(]1V * 1)q2> . (4.24)
-9

This result generalizes the N = 1 result discussed above, since we recognize (4.24)
as also counting (with a (—1)¥ weighting) the so(4m+ 1)), fields generated by
acting on the SO(4W + 1)), vacuum with the 2 = } Majorana fermion in the vector
representation, 1 (its singular self-OPE is the obvious generalization of (4.8) with
I=1,--- /AN(N +1)).

—

The s0(4N(N + 1)), algebra has four representations for all N: the vacuum, the
h = 1/2 representation discussed above, and two h = N(N + 1)/4 representations.

The latter two representations have identical unrefined characters which we denote

as X’;?%ﬁENH))l (for N = 1, the last three unrefined characters are identical). On
4

—

the other hand, the su(2N + 1)_an+:1 algebra has three finite (linear combinations of)
2
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unrefined characters that transform into each other under modular transformations:

one starting with h = 0 (the vacuum), one starting with h = %, and one
starting with h = —W. It is straightforward to check that
uCNTD) _axgia 150(4N(N+1))
Xo Y Xvwa b
4
lsu(2N+1)_2Nf+1 50(4m+1))1
X2-N(N+1) ~ X1 )
4 2
’S“(EN\+1)_2N+1 80(4]@-&-1))
X N(N+1) 2 ~ Xo b (4‘25)
4

These results are simple consequences of the fact that our two chiral algebras satisfy
the same modular differential equation for all N.
The 4D generalization of the N = 1 case is straightforward. For example, we have

that
N(N +1)

6
This anomaly is precisely what we expect for 4N (N + 1) half-hypers with wrong statis-

—2N(N +1) = 49 = — (4.26)

Cso(AN(N+1),

tics (i.e., N(N+1)/2 “ghost” T, theories). Similarly, asq and the superconformal index
are compatible with this interpretation. In particular, our 4D Lagrangian is just the

obvious generalization of (4.15)
L= [ (dione’) = [ato(QU5,07 - Q15,@) . @)

where now I =1,--- ,4AN(N + 1). Note that the real flavor currents in 4D generate an
s0* (4N (N +1)) algebra, but the N(2N —1) Schur operators that are the generalizations
of (4.20) give rise to the so(4N(N + 1)); AKM algebra in 2D.”"

"To get just the so(4N(N + 1)), vacuum module, we should restrict to composite Schur operators
built from an even number of ¢’.
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Chapter 5

Rationalizing CFTs and Anyonic

Imprints on Higgs Branches

In this chapter we continue our exploration of Argyres-Douglas theories through the
study of their chiral algebras. In contrast to the previous chapter, our aim here is
not to find a free field representation, but to study RG flows between the AD theories
(A1, D)) and (Aq, Ap—3) for positive odd p. These RG flows have the natural interpre-
tation of closing a regular puncture on the Riemann surface associated with the class
S construction of (A;, D)) theories.

Even though our goals are ultimately different, our tools will be similar to those of
Chapter 4, and we start with a character relation, this time between the logarithmic
chiral algebras of (A;,D,) and a series of rational chiral algebras. This flavorless
relation has the advantage that both chiral algebras have the same number of flavor
fugacities and we manage to turn on discrete flavor fugacities in Sec. 5.3.1. Motivated
by this correspondence, we analyze the modular data of the modular tensor categories
(MTC) underlying the chiral algebras of these two series of AD theories. We find that
some pieces of this data called quantum dimensions are related via the action of Galois
conjugation. We close the chapter with some implications of this result and connections
to other theories.

This chapter is based on [3], detailed proof of the relation between quantum dimen-

sions can be found in Appendix E.

5.1 Introduction

Quantum field theory in lower dimensions generally seems richer and less rigid than
QFT in higher dimensions. For example, in D < 7 dimensions we readily find many
examples of interacting conformal field theories, while the situation looks somewhat

murkier in D > 7 (however, see [101]). As another example, 2D CFTs readily admit
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non-supersymmetric exactly marginal deformations, while the situation in D > 2 seems
far more constrained. In some sense, the relative richness of lower dimensions is to be
expected: we can compactify higher dimensional QFT's, and the geometry and topology
of the compactifications then enrich the resulting lower-dimensional theories.

Given this picture, we may expect that when a direct algebraic link exists (without
going through a compactification) between certain QFTs in higher dimensions and a
subset of QFTs in lower dimensions, this subset of lower dimensional QFTs will be
“small” in comparison with the full space of lower dimensional theories.

One concrete playground in which to test this idea is given by the 4D /2D chiral al-
gebra correspondence in [27]°%: Schur operators in 4D A = 2 SCFTs are related to sets
of meromorphic currents generating non-unitary 2D chiral algebras. While the resulting
space of 2D chiral algebras is quite large (e.g., see [1,4,19,27,30-33,38,82,103-107])—
reflecting the diversity of 4D N = 2 SCFTs”’—it is a highly constrained subspace
within the space of 2D chiral algebras (e.g., see [19,36,91] for some constraints). More
simply, if we start from unitary 4D theories, then the corresponding 2D theories should
be non-unitary chiral algebras with a hidden notion of unitarity.

Motivated by these ideas and a duality discussed in [75], in Chapter 4 we embarked
on a program to relate the (typically) logarithmic theories that appear via the corre-
spondence in [27]° with a more special set of 2D theories: the unitary rational confor-
mal field theories (RCFTs). These theories, which include the well-known (m,m + 1)
(where m > 3) Virasoro minimal models as well as various affine Kac-Moody theories
and even many of the more complicated higher-spin W-algebra theories (e.g., see [108]
for a review), form a very “small” subspace in the space of 2D CFTs.

More precisely, in Chapter 4 we studied an infinite class of 4D N = 2 SCFTs
called the D3[SU(2n + 1)] theories [99,100]. The corresponding chiral algebras are the
logarithmic su(2/n\+ 1)7% AKM theories (see [30,37] for the n =1 case and [31, 33]
for n > 1). We then showed that the finite linear combinations of unrefined characters

61

for admissible”" representations of su(2n + 1) 2041 coincide (up to overall constants)
2

with unrefined characters of the free 30(477(7?# 1)), theories. For example, in the case
of n =1, D3[SU(3)], we have (up to an overall constant that has been dropped) (4.11)

®8Similar ideas can also be pursued using the more restricted theories in [102].

591t is not clear that the chiral algebra and its representations uniquely specify the 4D theory, so
there may be some coarse-graining involved in this correspondence. Note that even in 2D CFT itself,
the left and right chiral algebras and their representations are not always sufficient to specify a 2D
CFT (e.g., we can have different permutation modular invariants).

%Note that these theories are sometimes non-unitary but rational. For example, the (A1, A,—3)
SCFTs with odd p > 5, which will appear again below, have chiral algebras corresponding to those of
the (2,p) Virasoro minimal models.

'For an introduction to these types of representations, see [95]. Roughly speaking, they are highest
weight representations that transform linearly into each other under modular transformations.
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xo(a) T E ~ x%( "(g) X1 (9~ X (g, (5.1)

@7% 0@, — —

where x, (¢) and x,  ''(g) are the vacuum characters of su(3)_% and so(8),

—

(8)1(

respectively, x5 '(q) is the character for a dimension 1/2 primary of so(8), (there are
2

su(3)_3
three such primaries, and their unrefined characters are all equal), and x , *(q) is

a finite linear combination of characters for the three primaries with scaling dimension
—1/2. In these relations, the non-unitary vacuum is mapped to a unitary primary with
largest scaling dimension, and a linear combination of the smallest scaling dimension
non-unitary primaries is mapped to the unitary vacuum. Given this matching, a main
result in Chapter 4 was to find a 4D interpretation of the s;\(S)1 chiral RCFT (and
similarly for so(4n/(n\—|— 1))

While we will briefly return to this 4D interpretation below, our goals in the present

chapter are different:

e First, we straightforwardly generalize the correspondence in Chapter 4 between
logarithmic theories descending from 4D via the chiral algebra correspondence
and 2D chiral RCFTs to include flavor fugacities as refinements. For simplicity
(and because of their more interesting Higgs branches), we will mainly focus on
a slightly different class of 4D N = 2 theories, the so-called (A;, D)) theories
with p € Zoqq.”” However, we will return to the particular theories in Chapter 4

toward the end of this chapter.

e Second, we will study the topological quantum field theories—or, in a more math-
ematical language, the modular tensor categories (MTCs)"*—underlying the 2D
chiral RCFTs, and we will show that these MTCs contain seeds of the IR physics
that result from certain Higgs branch RG flows in 4D. In all the examples we will

consider, these MTCs are MTCs associated with Chern-Simons theories.

At a naive level, one can see an apparently suggestive topological link between the

admissible representations of the logarithmic su(3)_3 chiral CFT and the representa-
2

tions of so(8); by constructing the naive fusion rules for the logarithmic theory that

follow from applying Verlinde’s formula to the modular S-matrix for the admissible

82We follow the naming conventions of [58].

53We will describe the relevant aspects of MTCs in somewhat more detail below. Roughly speaking,
MTCs consist of a fusion algebra (in this case a commutative multiplication operation) specified by
the action on various simple elements (i.e., elements that are not sums of other elements), a set of
matrices, F', that implement associativity and satisfy a set of polynomial equations called the “pen-
tagon” equations, and a set of braiding matrices, R, that, together with the F' matrices satisfy the
so-called “hexagon” equations (e.g., see [109-111]). Moreover, the associated S and T matrices are
non-degenerate (and hence the theory is modular).
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representations. Indeed, labeling the four admissible representations in this theory as
1,a,b,c (where 1 is the vacuum, and a, b, ¢ are dimension —1/2 representations), one

finds (dropping the trivial 1 ® x = x for z = 1,a,b, ¢)
a®a=1, a®b=—-c, a®c=-b, b®b=1, b®c=-a, c®c=1. (5.2)

Up to some signs, which reflect the fact that these are not the actual fusion rules
of the theory (e.g., see [112-115]),"" we find the fusion rules for Zs x Zg. Still, we
might be tempted to interpret these signs as being related in some way to a projective

representation of Zg x Zs. More formally, we may write
xRy =w(z,y)- 2, (5.3)
where w(z,y) € H*(Za x Z2,U(1)) = Zs is a 2-cocycle”” with
w(a,b) =w(b,a) = w(a,c) = w(c,a) =w(b,c) =w(c,b) =—1, (5.5)

and all other w = 1. In fact, our w is trivial in H?(Zg x Z2,U(1)) (i.e., it is a 2-
coboundary®®) and so we are naively led to interpret the simple elements as leading to
a genuine representation of Zy X Zo.

While the above analysis is suggestive of a link with Zs x Zs fusion rules, we can

make a more direct connection by noting that the su(3)_ 3 theory is related, at the

level of unrefined characters, to the s;(g)l theory via (5.1). This latter theory has
genuine Zo X Zs fusion rules! The underlying MTC is just a theory of abelian anyons
with a one-form Zg x Zg symmetry (see [116] for a discussion of one-form symmetries)
generated by these anyons.””

A different link to abelian anyons appeared in the interesting paper [120] for the

540One issue is that, properly speaking, the admissible modules are not closed under fusion. To find a
set of representations that are (conjecturally) closed under fusion one should consider so-called (gener-
alized) “relaxed” highest weight modules and their images under spectral flow. We thank Simon Wood
for a discussion on this point.

55Tn other words, w satisfies

w(hv k) w(gvhk) = w(gvh) w(ghvk) ) w(lvg) =1, Vg,h,k € Za X Lo . (54)

6This statement amounts to the fact that w(z,y) = w(z)w(y)w(zy)™" with w(1) = 1 and w(a) =
w(b) =w(c) = —1.

67 At the level of the underlying MTC, one way to describe the full set of results in Chapter 4 is that
we associate the two independent MTCs with Za X Z2 fusion rules—the Spin(8)1 MTC and the toric
code MTC (e.g., see [117,118] for a discussion of these MTCs)—with the D2[SU(2n + 1)] SCFTs. In
particular, if n(n + 1) = 0 (mod 4), then we associate the toric code MTC with the 4D theory. On the
other hand, if n(n + 1) = 2 (mod 4), then we associate the Spin(8)1 MTC with the theory. Note that

the number of admissible representations in su(2n +1)_2n+1 is 2™ [119], so this is not, in general, a
2
one-to-one map of admissible representations to simple elements.
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(A1, As) >~ (A1, D3) SCFT and formed some of the motivation for the work described
in this chapter. There the authors studied new TQFTs coming from AD theories
and noted that by “flipping the sign” of a simple object in their (41, A3) TQFT, one
obtains an MTC with Zs fusion rules. In the present context, the naive fusion rules

of the admissible representations of the m
(A1, Az) ~ (A1, D3) theory [30] are

_a chiral algebra associated with the
3

a®b=-1, a®Ra=b, bRb=—a, (5.6)

which, up to two signs, are just Zs fusion rules.”® By solving the hexagon and pentagon
equations, it is easy to check that there are two independent unitary MTCs with such
Z3 fusion rules® (see also [117]): SU(3); and (Eg)1. Therefore, it is natural to wonder

if there is an associated RCF'T whose characters are related to those of the sﬂ\(2)_ 4
3

theory in a way that parallels the relation in (5.1).
In fact, an old result of Mukhi and Panda [45] shows the following proportionality

of unrefined characters

su(2) 4 g su(2) 4 =
R e PR O EPR OF (5.7)
@74 —_— @7é
where 3(q) is the vacuum character of su(2)_s, x ; *(q) is a finite linear
45 X_1

3
combination of the characters corresponding to the two dimension —1/3 representations

— —

“(3)1( )

of su(2)_%, X(S)U(S)l (g) is the vacuum character of su(3),, and Xsl q) is the character
3

of a dimension 1/3 representation of s/u-\(3)1 (there are two such representations, and
their unrefined characters are equal). As in (5.1), the non-unitary vacuum is mapped
to a unitary primary with largest scaling dimension, and a linear combination of the
smallest scaling dimension non-unitary primaries is mapped to the unitary vacuum.
Therefore, we see that the (@1 theory is the desired theory related to an MTC with
Zs fusion rules.

It will be somewhat more useful to think about the SZ(\3)1 characters in terms of
the D-type modular invariant ﬁf\sza) 4 [121,122], which we will denote as Dy.”’ This

theory can be obtained from su(2), by gauging the Zs symmetry.”" In particular, one

58 As in the (A1, D4) case, it is easy to check that these two signs give rise to a 2-coboundary. This
statement is consistent with the fact that H>(Zs, U(1)) = @. In particular, by formally taking a — —a
in (5.6) we recover Zs fusion rules.

59There are infinitely many CFTs associated with each of these MTCs since we can take any theory
satisfying these fusion rules and tensor in arbitrarily many (és); RCFTs.

"OWe add the tilde on top of Dy to distinguish this D from the one appearing in the related (A1, D3)
4D N =2 SCFT.

" At the level of the underlying MTC, this procedure corresponds to the evocatively named “anyon
condensation” [123,124] (see also the recent [125]) and leaves over an MTC with Zjz fusion rules
consisting of anyons having trivial braiding with the anyons generating the Zs one-form symmetry in
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finds [45]
su(2)_y : o) su(2)_y : o) o)
Yo @~ @ =6"" 0 xS @~ @ =0 @0+ d @)
(5.8)

where the SZ(E) 4 characters appearing on the RHS of the above expressions are indexed
by an su(2) Dynkin label subscript.

The interpretation in terms of SZ(\2) 4 is particularly useful, since now there is a
canonical way in which we can try to turn on flavor fugacities in (5.8) (the number of
fugacities on the LHS and RHS match). As we will see below, there is a discrete subset
of fugacities we can turn on so that the characters of D, are equal to those of sZ\(Q)_ 1
up to overall ¢g-independent functions. These g-independent functions generalize the
constants of proportionality we supgfsed in writing (5.8). As we will see, a similar

story holds for the more general su(2)2(1_p) /p chiral algebras corresponding to the

(A1, Dy) theories with p € Zoqq and the Zo gauging of su(2)2(p71), Dyt
The existence of such a matching set of fugacities then motivates us to study RG
flows onto the Higgs branch of our (A1, D)) theories from the perspective of the related

2D rational chiral algebras and their representations. For su(2)2a—p) , the 2D avatar of
P

the 4D Higgs branch RG flow is just quantum Drinfeld-Sokolov (qDS) reduction [49]
(see also [27,126] for earlier discussion in other theories).

Instead of performing qDS on the unitary side, we will show that the MTCs under-
lying our unitary theories “know” about certain quantum dimensions (or expectation
values for Wilson loop operators) in the non-unitary MTCs related to the IR Higgs
branch theories. More precisely, we will argue that these quantum dimensions can be
computed after performing a suitable “Galois conjugation” [127] (see also [128,129])
that takes the unitary RCFT data and makes it non-unitary.

The plan of this chapter is as follows. In the next section, we review the (A1, Dp)
theories and place them in a slightly larger context. We also describe how the chiral al-
gebra correspondence is applied to these theories. We then review the 2D logarithmic /
rational correspondence of characters in [45] and introduce non-trivial flavor fugacities.
In the following section we describe how to see topological aspects of the 4D RG flow
in the 2D chiral RCFT. Along the way we review relevant aspects of MTCs and Galois

conjugation. We conclude with some comments on generalizations of our analysis.

the SU(2)s MTC.
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5.2 The 4D theories and their associated non-unitary chi-

ral algebras

Our primary theories of interest are the so-called (A1, D)) theories with p € Zoqq. These
are 4D Argyres-Douglas theories’ of class S whose construction we now describe.

To get the (A1, D,) theory from the A; 6D (2,0) theory, we perform a twisted
compactification on a twice-punctured CP!. One puncture is an irregular puncture and
one is a “full” regular puncture. The “full” regular puncture supports the su(2) flavor
symmetry of the theory, while the irregular puncture does not have any flavor symme-
try associated with it. This picture is useful for us because it gives rise to a natural set
of RG flows in 4D: by turning on an expectation value for the moment map operator
in the multiplet corresponding to the su(2) flavor symmetry, we can Higgs the regular
puncture. In so doing, we go onto the one-quaternionic dimensional Higgs branch of
the theory.”> Moreover, the remaining irregular singularity supports an (A1, A,_3) the-
ory. There is also a decoupled axion-dilaton hypermultiplet for spontaneous conformal
symmetry breaking. As a result, our flow is, up to the decoupled hypermultiplet which
we drop”

(A1, Dy) = (A1, Apos) (5.9)

The latter (A, A,—3) SCFTs have no Higgs branches or flavor symmetry themselves
and are again strongly interacting Argyres-Douglas theories (the p = 5 case is the
original theory in [52]).

In order to unify the results of this chapter with Chapter 4, it will be useful to
slightly generalize the theories we are studying and consider the (AN _,[p — NJ, F)
SCFTs with p and N co-prime integers (e.g., see [31,33]). The above discussion was

for the case of N = 2. In particular
(A1, Dp) ~ (Afp =2, F) , (A1, 4y3) ~ Af[p—2]. (5.10)

However, the pattern for general IV is similar: these theories are compactifications of
the Ay_; 6D (2,0) theory on a CP! with an irregular and “full” regular puncture. This
latter puncture supports an su(N) flavor symmetry with level

s 2N(p-1)

prd = TP 5.11
su(N) p ( )

while the irregular puncture does not have any flavor symmetry associated with it. We

"The p = 3 case originally appeared in [17] generalizing the earlier work in [52].

"Note that we define the Higgs branch to be the moduli space on which only the su(2)r C su(2)r x
u(1)r UV superconformal R symmetry is broken. We do not necessarily mean a branch of moduli
space on which there are only free hypermultiplets at generic points.

"For further details, see [31,33,49].
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can again fully Higgs the regular puncture and obtain the following RG flow (where
again we drop decoupled free hypermultiplets) to a theory with just an irregular punc-

ture
(AN_1lp— NI, F) = AN _4[p— N] . (5.12)

The AN _,[p — N] theory is again an interacting SCFT only if p > N.”> The central

charges of the theories appearing in the above flow are [31,33]

_p—1 _(N=1)(p—1-=N)(p+(p—N)N)
Cay_ NP = g VD ey p-nr) = o :

(5.13)
We can also consider more general RG flows than (5.12) in which we only partially
Higgs the regular puncture (and break the associated global symmetry group to some
more general subgroup). In these cases, we can have more complicated theories in the
IR. These flows will play a role when we return to discuss the theories in [2].
The 2D chiral algebras corresponding to the (A]N\,1 [p — N],F) and AY_,[p — N]
SCFTs, were found to be [31,33,38]

AN _1[p = N )] = su(N)y 1o, X[AN_1[p— N = Wy (N,p),  (5.14)

p

where Wy _1(N,p) is the chiral algebra of the Ay_; W-algebra minimal model. In
particular, for the case of N = 2, Wi(2,p) is just the algebra of the (2,p) Virasoro
minimal model. Interestingly, the indices for the UV theories take a particularly simple
form [31,33]7°

q—q"
z =PE | ————Xuadai 5.15
sca i) = P (=) 19
where x,qj is an adjoint character for su(N). Indeed, this result has been mathemati-
cally proven (assuming the correspondence in (5.14)) for so-called “boundary admissi-
ble” theories in 2D [32,79] (this class of theories includes the su(N),1-p theories).
p

5.3 From logarithmic theories to RCFT

For much of the remainder of the chapter, we will be concerned with the case of N = 2.

In particular, the relevant logarithmic chiral algebras will be

—

X[(A1, Dp)] = X[(AF[p — 2], F)] = su(2)20-p) (5.16)

P

">This statement is not an if and only if: the theory with p = 3 and N = 2 is trivial.
"6See [30,38] for earlier work on subsets of these theories (and also closely related work in [66,84,130]).
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with positive p € Zyqq. As we briefly mentioned in the introduction, unrefined charac-
ters for these chiral algebras and their admissible representations were studied in [45],
where the authors found an interesting connection with unrefined characters of the
rational and unitary SZ\(Q)Q(p_l) algebras and representations.

These latter AKM algebras have 2p — 1 primaries, ®; (here £ € {0,1,--- ,2(p — 1)}

is an su(2) Dynkin label), with conformal dimensions

(0 +2)
h(®,) = . 5.17
@) =1 (5.17)
The @, satisfy the following fusion algebra [131]
min(|€1+€2|,4(p71)f€1742)
Dy, @ By, = > Dy . (5.18)

=101t

Note that the ®y(,_1) field satisfies Zo fusion rules, ®5(, 1) ® Py(,_1) = Po, and is asso-
ciated with the non-trivial element of Zy (here &y = 1). More precisely, the associated
topological defect (see [132] for a recent discussion) implements the Zy symmetry of the
(sg(\Q)Q(p_l) CFT. Equivalently, we can think of ®5(,_1) as corresponding to the abelian
anyon in the related Chern-Simons theory (e.g., see the classic works [109,133]) that
generates the Zs one-form symmetry.

As discussed in the introduction, the /pgticular theories that the authors studied

in [45] are actually Zgy oribfolds of the 5u(2)2(p_1) theories. We label these theories

as Dpi1 (or psu(2)2(p_1) ~ 50(3)2(;9—1))» and they are the chiral parts of the D-type
modular invariants in [121,122]. Gauging the Zy symmetry projects out fields that are
not invariant under the action of the corresponding topological defect, i.e. those fields

satisfying

Sa(p-1),¢ 1 [(t+ 1)ty + D
o, #1, Sy, = 7 sin o , (5.19)

where Sy, ¢, is the modular S-matrix of SZ\(2)2(

p—1) [131]. This projection immedi-
ately eliminates the (half-integer spin) odd ¢ fields. Next, one organizes primaries into
representations of a larger chiral algebra by associating each representation with the
orbit under fusion with ®5(, ;) and treating fixed points separately. There is one fixed
point under this fusion since <I>2(p,1) ® ®,—1 = ®,_1, and so one associates |Zy| = 2
representations of the enlarged chiral algebra with this representation, @iD7p—1 where

it = 1,2. In other words, our theory after Zs gauging is just given in terms of the
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following representations of the original theory’’
q)D,e = (pf 2] (I)Q(p,1)74 ) le {07 27 47 IRy Zia 3} ) iD,pfl - ;fl : (520)

As a result, there are (p + 3)/2 representations and (p + 1)/2 independent characters

since the characters for @;71 are equal

su(@)y(y
XDp-11(0) = XDp-12(0) =X, 1 " (q) - (5.21)

— ~

On the other hand, the su(2)2a_,) algebra has p admissible representations, ®;,

p
with j =0,1,2,--- ,p — 1 and scaling dimensions

h(®;) = —% (p_j) . (5.22)

In the limit that we turn off flavor fugacities, all the corresponding characters except
the vacuum character are divergent. However, the following linear combinations of
non-unitary characters are finite

p—1

X-0(0) =x0(@) » Xx-3=x3(0) = xp-j(0) s T=1200 T (5.23)

Clearly, there are (p+ 1)/2 such characters, which matches the number of independent
characters in the unitary case.
Given these sets of characters on the unitary and non-unitary sides, one of the main

results of [45] is that, up to overall constants, we have

—

5“(2)2(1—;;)

xXpp-1-2i(@) ~x_; 7 (q). (5.24)

In other words, the unrefined character for the Dynkin label p — 1 — 25 primary of

55(\2)2(1)71) is proportional to the unrefined character of the j*! non-unitary primary.
In the next subsection we will briefly expand on this result and introduce discrete

flavor fugacities for su(2). This matching then motivates us to study RG flows onto

the 4D Higgs branch from the perspective of the unitary 2D theory.

5.3.1 Flavoring the correspondence

Let us consider turning on the su(2) flavor fugacity, y, in the above correspondence.
For simplicity, we will limit ourselves to j = 0. This case is the most immediately

interesting from the 4D perspective since the 7 = 0 non-unitary character is the 4D

"In the condensed matter literature, the corresponding Chern-Simons MTC is said to have undergone
anyonic condensation.
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Schur index of the (A, D) SCFT (see (2.57) and (5.14)).
For generic y € u(1), the refined characters are related in relatively complicated

ways. However, it is straightforward to show that the two characters agree up to a

g-independent function of y when y is a (p + 1)%* root of unity.” More precisely, we

have

su(2) 2(1-p) 2k

XDp—1(2:Y) = Xou@),p—1(¥) - Xo " (qy), y=yp=ertl, (5.25)

p—1

where Xy 2)p-1(y) = 222 bt y' is a spin (p — 1)/2 character of su(2). At the dis-

1=—
2mik '
crete points yp = ert1 £ 1, we have Xsu(2),p71(yk) _ (_1)1+k while Xsu(2),p—1(y0) _
Xsu(2),p—1(1) = p, and so

su(2)2(1-p)
—1)1+k‘X7 ? (Q7yk) ) if 1 §k<p

J— 70 -
XDp—1(0,Yk) = @ st (5.26)

Px—o " (@ur), ifk=0.

To prove (5.26), we start by writing the explicit forms of the two characters. For

the non-unitary vacuum character, we have [45,95,134]

"0 0" (0.97) — 0% (g.y7)
X-0 r (q7 y) = 2) 2) ) (527)
@1 (q') y) - @—1(Q7 y)
where y = e72™% and
@(k)( _ 132(]‘““ Z:L,kn kn2+4nj ) (528)
nez
Similarly, the rational character is given by [45,95,134]
05" (a,9) - 0% (q,9)
Xo—1)p (@:9) = — : (5.29)

0% (q,y) — @(2)(q Y)

In particular, the denominators in (5.27) and (5.29) agree. The numerators are closely

related as well. Indeed, the numerator of (5.27) is

1 1 P 1\2
o) (q, yp) - @(_25)(q7y5) = Z <y2”+§ — y—(2”+%)) B n3)" (5.30)

nel

"8 This statement holds somewhat more generally.
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while the numerator of (5.29) is
@éZP) (q’ y) _ @(_25) (q’y) — Z (yp(2n+%) _ y—p(2n+%)> q§(2n+%)2 . (5.31)
nez

Asking that the characters be proportional to each other up to a function that is
independent of ¢ requires that we choose values of y such that the ratio

yp(2n+%) — y—p(2n+%)

—(2nt3) 7

r(y,n) = : (5.32)
y27’L+§ _ y

is independent of n. This condition is satisfied when y = y;. To verify this statement,

first suppose k # 0. Then, the numerator and denominator in (5.32) do not vanish,

and
1 . on+1)k
sin (271.%) Sin <27Tk‘ (2n + %) — 27T( p+%) >
r(y,n) = = ; = (=)' (5.33)
. (2n+§)k . (2n+§)k
sin (27r s ) sin (271' s >

If k = 0, then we find r(yo, n) = limy_,1 r(y,n) = p as desired (the characters themselves
do not degenerate, because the denominators in (5.27) and (5.29) also vanish at the
same order).

The simple relations in (5.25) and (5.26) for y # 1 suggest that D, should know
something about the Higgs branch of the (A;, D)) SCFT. Indeed, from the 4D perspec-
tive, we can learn about the index of the Higgs branch theory by considering poles in

the flavor fugacity, y [47].”

5.4 MTCs and the RG flow

In section 5.2, we saw that there were interesting RG flows emanating from the (A1, D))

fixed points that take us onto their Higgs branches
(Al,Dp) — (Al,Apfg) . (534)

In writing (5.34), we have dropped a decoupled hypermultiplet containing Goldstone
bosons and their superpartners. Since moving onto the Higgs branch requires breaking
flavor symmetry, and since we showed in the previous section that l~)p+1 knows about
certain (discretely) flavored observables in the (A, D) SCFT, one might be tempted
to guess that we can learn about the 4D Higgs branch using the 2D chiral RCFT.

We will see that this intuition is indeed correct, although perhaps not in the most

™In fact, we will see that for general p we most directly learn something about the 4D theory in the
presence of a surface defect.
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obvious way one might first imagine. Indeed, as a first guess, one might try to perform
gDS reduction on the Derl theory, since this reduction applied to the 2D chiral algebra
of the (A1, D) theory gives the 2D chiral algebra of the (A;, A,_3) theory (e.g., see
the discussion in [49]). Instead, we will describe a simpler connection.

The idea is to consider some of the most basic data in the Chern-Simons theories
underlying the l~)p+1 theories: the S expectation values of Wilson loops, Wﬁp_l,
corresponding to the highest-spin primaries, ®p, , 4 (we will see that the answer does

not depend on 1)
Sor(pfl)i

Wi = =
< D,p—1> S0,0 I

(5.35)
where S, is the modular S-matrix for Ep+1. We will show that this data can be
related—via Galois conjugation—to the expectation value of a Wilson loop in the TQFT
underlying the chiral part of the (2,p) Virasoro minimal model (i.e., the 2D theory for
the IR (A1, Ap—3) SCFT in the sense of [27]). More precisely, the expectation value in
question is for the Wilson loop corresponding to the lowest scaling dimension primary,
P(1(p-1)/2)-

In order to understand these statements and their implications, we review basic
aspects of MTCs and Galois conjugation in the next subsection. We then move on to

discuss the action of the RG flow on (5.35).

5.4.1 MTC / TQFT basics

Roughly speaking, to the representations of any 2D rational chiral algebra, we can
associate a corresponding MTC (or 3D TQFT depending on one’s preference) [109,133].
In our cases of interest, these MTCs are MTCs associated to Chern-Simons theories.
The general data that defines an MTC is a set of simple objects with corresponding
commutative fusion rules, a set of F' matrices that implement associativity and satisfy
“pentagon” equations, and a set of braiding or R matrices that satisfy, together with
the F' matrices, the so-called “hexagon” equations [109]. The MTC is modular because
it has associated with it non-degenerate S and T matrices. Since our MTCs arise
from representations of 2D rational chiral algebras, the resulting simple objects are
in one-to-one correspondence with the representations of these chiral algebras. In a
Chern-Simons theory, one thinks of these simple objects as tracing out Wilson lines
in some representation of the gauge group. As can be seen by studying their braiding
properties, these objects are generally anyonic.

For us in what follows, the most important data in the MTC will be the S and T
matrices. The T matrices we use consist of the twists (unnormalized by the standard
RCFT prefactor, e‘2m’i)

T;; = 06;50; = 8;5*™M | (5.36)
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where h; is the conformal dimension of the corresponding primary, ®;, of the 2D rational

chiral algebra. Another important piece of data for us is the set of quantum dimensions

_ Soi

di — )
Soo

(5.37)

corresponding to the expectation value of a Wilson loop of type ¢ on S3. Since our
starting point is unitary, we have

di>1, (5.38)

where d; = 1 if and only if the corresponding anyon is abelian, i.e. if there exists 7

(which may or may not satisfy i = i) such that
it®i=1. (5.39)

Note that this fusion rule corresponds to the RCF'T fusion ¢; ® ¢; = ¢, where the ¢,
are RCFT primaries (¢q is the identity). The proof of this statement follows from the
fact that dy = 1, d; = d;, and the fact that the quantum dimensions satisfy the fusion
rules of the theory [95,135]

d;dy, = Zkadg , (5.40)
k

where the integers ka > 0 are the fusion multiplicities. As a result, the ¢ anyon
generates (part of) the abelian one-form symmetry of the theory (and 7 is i’s “inverse”).
We call such an anyon an “abelian” anyon to distinguish it from the anyons, a, with
d, > 1, whose fusion rules are not those of a group (a x a will involve at least two

non-trivial fusion channels).

Galois conjugation

Given an MTC, we may define various natural actions on it. One particularly important
action is that of Galois conjugation. While the precise action of Galois conjugation at
the level of the full MTC is subtle,”’ a Galois action at the level of the generalized
quantum dimensions®! is simpler to describe [128,136].

The main point is that the quantum dimensions can be thought of as taking values
in some “cyclotomic” field, Q(&), for & = e%, which consists of appending kth roots

%2 The cyclotomic field admits the action of a

of unity to the rational numbers, Q.
Galois group, G = Z;;, consisting of the multiplicative units between 1 and k (e.g.,

Z} = {1,3}). The action of G is simple to describe: it leaves the base field (i.e., the

800ne reason is that some of the data in the F' and R matrices depends on certain gauge choices.

S; Sij . .
SO?} but also the SOJj with j # 0.

82A similar story holds for the modular S and T data, although the cyclotomic field is, in general,
different [128]. We will comment further on this fact below.

81These include not only the d; =
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rational numbers) invariant and acts non-trivially on £ as
§—¢&, pely, (5.41)

for p and k co-prime. In general, Galois conjugation takes unitary theories to non-
unitary ones (although there are exceptions). The most basic example being the Galois
action that takes the Lee-Yang MTC to (G2)1, (F1)1, and the complex conjugate of Lee-
Yang. We will return to this example shortly. Note that in the non-unitary conjugates
of a unitary theory, the quantum dimension bound in (5.38) is typically violated.

Before proceeding, let us emphasize that the examples of Galois group we discuss
here can be naturally related to one that acts on the full S and 7T matrices in an
RCFT [128,137] by a surjective restriction (and similarly for the natural Galois action
descending from the quantum group structure underlying the MTC).

5.4.2 Galois action, RG flows, and quantum dimensions

In this section, we study the action of a Galois group on some of the data underlying the
[)p+1 theory. We start with the special cases of p = 3 and p = 5 before discussing the
general case. As we will see, some additional interesting phenomena occur for p = 3, 5.

To that end, consider the case of p = 3. As discussed in section 5.3, the resulting
D, theory is a theory with abelian fusion rules. Indeed, after anyon condensation in
SU(2)4, the resulting Chern-Simons theory has abelian anyons and Zs fusion rules.
From (5.34), we see that the resulting 4D IR theory is the trivial (A1, Ag) theory.®
Later we will see that this phenomenon appears in other examples as well: when the
UV theory consists of abelian anyons, the 4D Higgs branch theory is either trivial
(after removing the decoupled hypermultiplet of spontaneous symmetry breaking) or
free (at generic points). This statement is also consistent with the matching of quantum

dimensions alluded to in the introduction

1 1 1
i S0,2; D 1
(Who)=dy, = "2 =1, S°= 1 w | . (5.42)
’ t 500 3
V3 1 w? w

In writing the S-matrix, we have taken the second (third) row / column to correspond
to 21 (22). These rows and columns correspond to the anyons that generate Zs. Indeed,
as we explained in the previous subsection, anyons whose fusion rules are abelian have
quantum dimension one. The IR theory is trivial (after considering the 2D theory

related to the 4D theory we get by dropping the Goldstone multiplet) and so the only

830ne can also see from (5.13) that the corresponding central charge with p = 3 and N = 2 vanishes
(in the discussion below (5.14), this is because the IR chiral algebra is for the trivial (2,3) Virasoro
minimal model).
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IR field is the vacuum, ¢(j 1), with quantum dimension one.

Next let us consider the case of p = 5, i.e., Dg. The corresponding modular S-matrix

is™*
1 1 1 1
15 (5-v5) 15 (5+V5) 7 7
1 1 1 1
o |B6vE B6-vE) Sk e -
1 1 1 1 :
7 -7 w6-Vv5) (V)
1 1 1 1
7 7 w(+Vv5) —15(5-V5)
Now, using the Verlinde formula
v S)MUSMUS; v
Ny = Z T Sope (5.44)
we find that
Op 4y X Py =Ppo+Ppy - (5.45)

In particular, we see that {<I> D0, <I>iD’ 4} are closed fusion subcategories (one two-element
subcategory for each value of i; without loss of generality, we will drop ¢ from now on).
Moreover, their fusion rules are the so-called “Fibonacci” fusion rules (e.g., see [138]
for a review) shared by the Lee-Yang, conjugate Lee-Yang, (G2)1, and (Fy); fusion

categories. In our case, after normalizing the sub-S-matrix for {®¢,,, ®4,,}, we obtain

1 1 141+
S = —8 1 E 5 y dqu(]:l, dq;i :€_1+]—+€ 3
4346\ +1+¢ -1 ’ D
T = diag(1,6%), &=c5 . (5.46)

These are the S and T matrices for the (Fy); MTC [117]. Using Galois conjugation as
in (5.41) at the level of the S and T matrices, we can transform the above data into
the data for Lee-Yang. More precisely, if we Galois conjugate by the element 2 € Z:,
we obtain®’

diy =1, dY =ePgiae?, TH = diag(1,¢) (5.47)

84The modular S-matrix can be derived from the one for mg as follows. First, note that the

primaries of the Dg chiral algebra are fixed in terms of the mg primaries as in (5.20). This observation
fixes the first three rows / columns in the modular S-matrix in terms of the entries in the S-matrix
in (5.19). The remaining two rows and columns (i.e., for the two ®% primaries) can be fixed by
demanding symmetry of the S-matrix, reality of the first row (and column), unitarity, and the sl(2,7Z)
conditions S? = (ST)* and S* = 1.

% Note that the Galois group studied in [129,137] is Z;. The reason for this difference is that the

27mic

authors of these latter works consider the CFT-normalized T matrix (i.e., with the e™ 24 prefactor).
There is no inconsistency in using these two different groups since we have an appropriate surjective
restriction Zg, — ZZ .
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uv IR

E—E

(p-1), (1.(p-1)/2)

Figure 7: The anyonic imprint on the Higgs branch. The expectation value for the
Wilson lines corresponding to the Dynkin label (p — 1) fields in the rational 2D theory
related to the UV (41, D) SCFT are mapped, via Galois conjugation, to the expectation
value for the Wilson line corresponding to the lowest scaling dimension primary in the
(2, p) minimal model related to the IR (A1, Ay,—3) SCFT on the Higgs branch.

which is the complex conjugate of the Lee-Yang category. On the other hand, if we
conjugate by the element 3 € Z:', we obtain

dEY =1, dEY =14, T = diag(1,¢%) (5.48)

which is the Lee-Yang category. Note that both Lee-Yang and its complex conjugate

have the same spectrum of quantum dimensions since

LY  _ -3 3 _ ¢—2 2 _ LY
diy =P +1+8 = +1+8=4df) (5.49)

From this discussion, we see that the rational theory contains a sub-category that is
Galois conjugate to the MTC for the IR chiral algebra in the flow discussed around (5.34)
(the Lee-Yang or (2,5) minimal model Virasoro algebra corresponding to x[(A1, A2)]).
Therefore, the rational UV theory “knows” about the IR MTC.

More generally, one may ask if the MTC for the ﬁpH theory contains a closed
fusion subcategory corresponding to the representations of the (2,p) Virasoro algebra
for p > 7. It turns out that for general p € Zgyqq, the Dp-l-l MTC does not have a
non-trivial closed subcategory. However, we can partly generalize what happens for
p = 5 as follows. The vev of the Wilson line in the .Dp+1 Chern-Simons theory that
corresponds to the maximal spin representation (and therefore, via the correspondence
discussed above, to the 4D Schur operators) is related, via Galois conjugation, to the
vev of a Wilson line in the (2, p) MTC corresponding to the 4D IR theory (see Fig. 7).

86Note that we are not claiming the UV and IR MTCs are Galois conjugate. Indeed, the number of
simple elements is different.
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In other words
; 1 Solp-1), SunLe-n2 (-1
Whp-1) = = — S g = = W, (p-1)/2)) 5
r 9 sin (%) St I Sa,a 2 cos (g) (=072
(5.50)

where “—>2€Z; ” denotes Galois conjugation by the element 2 € Z; (since p € Zoad,

this is always an element of the Galois group), and

S(r,5),(py0) = 5}3(—1)5”'”” sin <%rp) sin (i?sa) . (5.51)
is the (2, p) minimal model S-matrix [95]."" Note that the Z) Galois group we discuss
here can be obtained from the appropriate surjective restriction of the ZQXp Galois group
(if p—1=0mod 4) or ZZP Galois group (if p — 1 = 2 mod 4) one finds by applying
the discussion in [137] to the full D,y; RCFT modular data (a similar statement holds
for the Galois group that naturally arises when considering the underlying quantum
group).

For the interested reader, we give the proof of (5.50) in Appendix . Here we

mention a few observations before discussing some generalizations in the next section:

e The identification in (5.50) leads to some simple rules that one can easily verify
for the theories in question. For example, if <Wf)7p71> # 1, then both the UV
and the IR theory have non-abelian anyons. The reason is that such a quantum
dimension cannot equal one when raised to any power and so the corresponding
Wilson line / anyon cannot satisfy group-like fusion (this statement holds even
though the IR theory is non-unitary, and the quantum dimension bound in (5.38)
is violated in the TR). Indeed, the D1 and (2, p) theories with p > 5 have non-
abelian anyons (in fact, any non-unitary MTC must have non-abelian anyons).
When <WB,p_1> = 1, the UV theory has an abelian anyon, and the IR (after
removing the decoupled hypermultiplet) must also have an abelian anyon in its
MTC or be trivial. As we have seen, the only such case in our theories is the
p = 3 case, where the UV has Zs3 abelian anyons and the IR is trivial (after con-
sidering the theory related to the 4D IR in which we have removed the Goldstone
multiplet). In the next section, we will comment on some generalizations of these

observations to other theories.

e The quantum dimension on the LHS of (5.50) is related to the field in the D,
theory whose character reproduces the Schur index of the UV (A;, D,) SCFT.

8"Note that, as in the p = 5 example, the Galois conjugate of the (p — 1); twists generally do not
agree with the twist for (1, (p—1)/2) in the IR MTC. On the other hand, conjugating by 3 € Z,5 (when
p is not a multiple of 3) does yield an equality of the twists. However, for general p not a multiple of
three, we do not have a relation of quantum dimensions as in (5.50) if we choose 3 € Z,;.
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On the other hand, the quantum dimension on the RHS of (5.50) is related to
the field whose character reproduces the Schur index of the IR (A;, A,_3) theory

in the presence of an N = (2, 2)-preserving surface defect [49].

e It is interesting to note that in the MTCs that are related to our 4D N = 2
SCFTs, all bosonically generated one-form symmetries (i.e., the corresponding
generators have integer spin) have been gauged: the Zs one-form symmetry in
SU(2)9(p—1) has been gauged, and the corresponding bosons have condensed. In
the p = 3 case we have a left-over one-form symmetry, Zs, after the Zs gauging
(note that the anyons generating the Zs symmetry have spin 1/3). However, this
symmetry has a 't Hooft anomaly—and hence cannot be gauged (e.g., see the

recent discussion in [125]).

5.5 Connections with other theories

It would be interesting to understand how general the observations in the previous
section are in the space of 4D N = 2 SCFTs. As a modest first step, let us revisit the
Dy[SU(3)] = (A3[—1], F) SCFT* we discussed in Chapter 4 and recounted briefly in
the introduction. Recall from the introduction that the associated non-unitary chiral
algebra is SZ-\(3)_ 3 [30] and that the associated unitary RCFT is 3/\@)1- The corre-
sponding MTC is Spin(8); (e.g., see the recent discussion in [118]).

As in the examples mentioned in the previous sections, the Spin(8); TQFT has
no one-form symmetries generated by bosons. Indeed, all the non-trivial lines are
fermionic. One can gauge a Zs one-form symmetry generated by one of the fermions
and obtain the SO(8); spin-TQFT.*

More generally, as explained in footnote 67, the results of Chapter 4 imply the
following MTCs are associated with the Do[SU(2n + 1)] = (A3"*'[1 — 2n], F) 4D
N = 2 theories

Spin(8); MTC if n(n+1) =2 (mod4)

Dy[SU(2n+1)] — (5.52)
D(Zs) (toric code) MTC , if n(n+ 1) =0 (mod4) .

The toric code MTC has two non-trivial bosons that can condense. However, this
condensation leads to a trivial theory.”” Therefore, we see that all the MTCs that
are related to the doubly infinite classes of 4D N = 2 SCFTs discussed in the present

chapter do not allow for further non-trivial gauging of bosonic one-form symmetries. It

88We use the language of section 5.2 in writing (A3[—1], F).

89Tt might also be interesting to pursue ideas along the lines of [139].

99 This statement follows, as in the related discussion around (5.19) for SU(2)s(,—1), from the modular
S-matrix [117] of the toric code MTC; see also [124].
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would be interesting to understand if this is a general feature of MTCs related to 4D
theories in the way we have described.

As in the case of the (A1, D3) theory, the MTCs described in (5.52) are abelian: they
have Zg X Zso fusion rules. Moreover, as for the (A1, D3) theory, the Higgs branches of
these theories at generic points are free: they consist of decoupled hypermultiplets (the
would-be Ay_; W-algebra minimal models in (5.14) do not exist, since p < N). There-
fore, we see that, by again dropping decoupled hypermultiplets, UV and IR quantum

. . . - C
dimensions can be related as in (5.50)"

So,0,-,1] 50,0, ,1,0] Soo
— 1 — 51V — 51V « — 1 —

0,+,1,0]) Soo Soo ez S0 (Wo) ,

(5.53)

where the representations on the LHS correspond to the highest conformal weight
primaries in the respective so(4n(n + 1)), chiral RCFTs. As in the case of the (A1, Ds3)
theory, the quantum dimension on the RHS is for the trivial theory without an N =

(2, 2)-preserving surface defect included.

There is an additional subtlety we should note for the Do[SU(2n +1)] theories with
n > 1. In this case, we have non-generic flows to theories of the type Da[SU(2n' + 1)]
with n’ < n and decoupled hypermultiplets. As a result, we have interacting IR factors.
However, as we have shown above, the related chiral RCFTs have only abelian anyons.
Therefore, we again have a matching as in (5.53) if we also “rationalize” the IR theory.
The fact that the IR chiral RCFTs have only abelian anyons is consistent with our
Galois action described above: the relevant Galois groups for Spin(8); and D(Zs) are

trivial.

91For n = 1, it is natural to include (W,0,0,07) since this line corresponds to the so(8), primary with
(co-highest) conformal weight.
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Chapter 6

Flowing from 16 to 32

Supercharges

We now turn to exploring certain RG flows which start from a family of AD theories that
include the ’7}) 3 theory we first encountered in Chapter 3, and lead to supersymmetry
enhancement from AN/ = 2 to N/ = 4. In Sec. 6.2 we introduce in detail the class S
construction of our UV starting points. We then specialize to the case of 7;) 3 and
describe its various connections to free fields and N' = 4 theories. We turn on certain
mass deformations in the direct S' reduction of 75 3 and find that it triggers an RG
flow to an N' = 8 SYM theory in the IR. The corresponding RG flow in 4D is then
argued to result in the aforementioned N' = 2 to N' = 4 supersymmetry enhancement.
To find out more information about the N' = 4 theory which sits at the IR endpoint
of the flow, we study the Seiberg-Witten curve of 7?,), 3 and discover a particular limit
which leads to the SW curve of N' = 4 SU(2) gauge theory tuned to a weak coupling
cusp. However, we cannot detect the exactly marginal deformation that is necessarily
present in any N = 4 theory. We ponder about the implications of this result, including
the possibility that the IR theory is in fact an exotic N' = 4 theory. In Sec. 6.4, we
extend our analysis to an infinite family of generalizations of T3 5

This chapter is based on the paper [4].

6.1 Introduction

Emergent symmetries are ubiquitous in quantum field theory:”” along renormalization
group flows, couplings that break certain symmetries are sometimes renormalized to

zero at long distance. The resulting infrared theory then has accidental symmetries

92Throughout this chapter we use “emergent” symmetries and “accidental” symmetries interchange-
ably.
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that are not present in the ultraviolet theory.”® **

Often, supersymmetry is one of these emergent symmetries. For example, in three
dimensions, one may potentially find accidental A/ = 1 SUSY in certain condensed
matter systems [145,146] (see also [147] for a discussion of emergent N' = 2 SUSY).

More generally, additional SUSY can emerge in RG flows that are already supersym-
metric. Instances of this phenomenon in three dimensions include the N =3 — N =6
(or N = 8) enhancement in the ABJM flows starting from certain deformed super
Yang-Mills theories in the UV [148] as well as N' = 1 — N = 2 enhancement studied
in other contexts [149,150] (see also [151] for a recent discussion in the context of 3D
N =2 — N = 4). In four dimensions, enhancement from A’ = 1 — A = 2 has also
received considerable attention recently [59-61,152-155].

In this chapter, we study SUSY enhancement along an infinite class of RG flows
starting from strongly interacting 4D A = 2 SCFTs labeled by integers (n, k) > (2,3)"”

96

that do not have known Lagrangians’® and ending at IR fixed points with thirty-two

(Poincaré plus special) supercharges.”” In particular, we provide evidence that these
N = 2 SCFTs flow, upon turning on “mass terms””® and compactifying the theories on
an S! of radius 7, to the 3D A = 8 SCFTs one gets by turning on the gauge couplings
of u(n) 3D N = 8 SYM for arbitrary (n,k) > (2,3). In the case of (n,k) = (2,3), we
provide arguments that the r — oo limit of the flow is to a 4D theory with N/ = 4
SUSY.

While we believe it is likely that the r — oo limit of these flows for any (n, k) > (2, 3)
has 4D N = 4 SUSY (with a 3n complex dimensional moduli space) in the IR, we leave
a detailed study of this question and an analysis of the resulting spectra to future
work. One motivation for this chapter is simply to identify a space of theories in which
SCFTs with N/ = 4 SUSY in four dimensions may plausibly emerge somewhat more
unconventionally. We hope these constructions will shed light on the space of possible
N = 4 theories (perhaps even on the question of whether these theories are necessarily
of SYM type).

The plan of this chapter is as follows. In the next section we describe how our UV

theories are engineered starting from the Ay_1 (2,0) theory. We then discuss the case

9In general, it is an interesting but difficult question to try to find constraints on the amount of
accidental symmetry (e.g., see [140-143] for a discussion in the context of certain classes of RG flows).

94Here we have in mind symmetries that act on local operators. One may generalize the concept of
emergent symmetry to include higher-form symmetries as well (e.g., see [144]).

9More precisely, as we will see below, these theories are specified by Young diagrams that are
determined by (n, k).

9These theories lack A/ = 2 Lagrangians because they have N = 2 chiral operators of non-integer
scaling dimension. Moreover, they do not have known UV Lagrangians in the sense of [59-61,152-155].

97Several examples of four-dimensional flows from N = 2 — N = 4 were studied at the level of
Coulomb branch geometries in [94].

9More accurately, these are deformations of the superpotential by dimension two holomorphic mo-
ment maps in the same N = 2 multiplets as certain flavor symmetries.
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of (n,k) = (2,3) and motivate certain expectations for the corresponding RG flow from
the superconformal index discussion of [1]. We comment on the nature of the 4D IR
fixed point that emerges in the r — oo limit. Finally, we generalize our discussion to
arbitrary (n, k) > (2, 3).

6.2 The UV starting points

Our particular UV 4D N = 2 SCFTs are obtained from certain twisted compactifica-
tions of the Ax_; 6D (2,0) theory on a Riemann surface, C = CP!. A co-dimension
two defect intersects C at z = oo giving rise to an irregular puncture at this point [53]
(see also [63,156]). In our class of theories, C has no additional punctures.

One convenient way of studying certain aspects of the irregular puncture at z = oo
and the resulting 4D theories is to first compactify the parent 6D theory on an S'. We
can then describe the irregular puncture in terms of the singular behavior of a twisted
element of the vector multiplet of the corresponding Ax_1 5D maximal SYM theory—
the sl(N, C)-valued (1,0)-form, ®,dz the Higgs field.”” In particular, after performing
a gauge transformation, we have (for the particular class of theories we are interested
in)

1
b, = Z£_2Tg_2 + Z£_3Tg_3 + o+ Ty + ;T,1 + e, (61)

where the second set of ellipses contain non-singular terms in the limit z — oo, and the
T; are traceless N x N matrices. In the above equation, ¢ > 1 is an integer (the case
¢ = 1 describes a regular singularity and is not relevant to our discussion below; the
case { ¢ 7 is also not relevant).

Combined with a gauge field on C, the configuration in (6.1) forms a solution to
Hitchin’s equations and describes the Higgs branch of the mirror of the S! reduction
of our 4D theories of interest (the reduction of the 5D theory on C). Therefore, it
describes the Coulomb branch of the direct S' reduction and also, via the base of the
corresponding fibration, the Coulomb branch of the 4D theory itself. The Seiberg-
Witten curve of the 4D theory may be read off from the spectral curve (2.62)

det(x — ®,)=0. (6.2)

In order for the description of the moduli space to not jump discontinuously as a
function of the parameters residing in the 7T;, a sufficient condition on the T; is that they
are regular (note: C’s puncture is still irregular!) semisimple (see [157] and references
therein for a discussion in a closely related context). In particular, this statement

means that the T; can be brought to the form of diagonal matrices with non-degenerate

9, is sI(N,C)-valued instead of su(N,C)-valued since it comes from Y* +iY? where Y and V>
are two adjoint scalars in the 5D SYM. It is a (1, 0)-form because of the twist.

85



CHAPTER 6. FLOWING FROM 16 TO 32 SUPERCHARGES

eigenvalues. These singularities give rise to 4D theories with Coulomb branch operators
of non-integer scaling dimensions and generalize the theories described in [52,54].'""

The above class of theories, while very broad, is (modulo some caveats we will
discuss) not closed under the natural SCFT operation of conformal gauging [75] or
under the RG flow. In fact, these SCFTs form a part of a much broader but still
relatively poorly understood class of theories called the “type III” theories [53] (these
theories are expected to exhibit various interesting phenomena; e.g., see [67,158, 159]
or Chapter 3).

To define the type III SCFTs, we relax the condition of regularity of the 7;. In this
case, the requirement of smoothness away from the origin of the moduli space implies
that [157]

L1CLyC---CLyo, (6.3)

where the L, are the Levi subalgebras associated with the 7;.'°" This restriction can

be conveniently described in terms of certain Young diagrams [53]

ki
T < Yi=[ni,nig, s nik],  Nia 2 Niat1 € Zso Zni,a =N, (6.4)
a=1
where the columns of height n; , represent the eigenvalue degeneracies of the T;. The
condition (6.3) amounts to the statement that Young diagram i and Young diagram
i — 1 are related by taking some number of columns (possibly zero) in diagram ¢ and
decomposing each of them into columns in diagram i — 1.

In this picture, the T_; matrix has a special status: it contains mass parameters (or,
equivalently, vevs for the corresponding background vector multiplets) of the theory. By
N =2 SUSY, such mass parameters correspond to elements of the Cartan subalgebra
of the N' = 2 flavor symmetry group. In particular, we see that the rank of the flavor

symmetry group, G, satisfies
rank(G) > k_1 — 1, (6.5)

where the inequality is saturated for cases in which all symmetries are visible in the
Hitchin system description (see the next section for an example with hidden symme-
tries).

As we will discuss below, one particular piece of progress in understanding type I11

theories relevant to us in this chapter is the first computation of the superconformal

100 Just as in the case of regular singularities, irregular singularities may be enriched by the presence
of certain co-dimension one symmetry defects. Such a construction can lead to 4D SCFTs if there is
also a regular singularity present [68].

1017 particular, L, is defined as the centralizer (in Axy—_1) of the T; with a < ¢ < £ — 2. Note that
the conditions in (6.3) are necessary but not sufficient to have a sensible SCFT.
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index (and determination of the associated chiral algebra in the sense of [27]) in the
non-regular case we described in Chapter 3.
In the remainder of this work, the particular theories we will be interested in have

type III singularities of the form
}/E),l:[nv"'an]7 Yflz[na"'7nan7171]7 (66)

where n > 2, there are kg1 = k > 3 columns in Yp 1, and there are k_y =k +1 >4
columns in Y_; (so that N = nk). We discuss the case of (n,k) = (2,3) in the next

section.

6.3 The (n,k) = (2,3) case
In this section, we specialize to the UV N = 2 SCFT given by the Young diagrams
Yi=Yy=12,2,2], Y ;=1[2,2,1,1]. (6.7)

This theory was originally described implicitly in [53]. However, the construction in [75]
makes it clear that, although such a type III non-regular theory might seem exotic,
it actually arises quite naturally when one uses more traditional SCFTs as building
blocks. Indeed, as we saw in Chapter 3 the setup in [75] starts by taking two copies of
the isolated (Aj, D4) SCFT, adding nine hypermultiplets, and conformally gauging a
diagonal su(3) flavor symmetry.'’” Then, as one dials the su(3) coupling to infinity, a
dual weakly coupled description emerges with a diagonal su(2) of an (A1, D4) theory
and the 7},% theory gauged. The ’75 3 theory is another name for the SCFT with
Yoi=[2,2,2] and Y_; = [2,2,1,1].

The 75 3 theory has su(2)? x su(3) flavor symmetry (of which a diagonal su(2) C
su(2)? is gauged in the above duality), although only an su(2) x su(3) symmetry is
visible in (6.7) (according to our analysis in section 3.2, this theory splits into an
interacting piece, Tx, with su(2) x su(3) flavor symmetry, and a free hypermultiplet
with su(2) flavor symmetry). More precisely, we see from (6.7) that k_; = 4, and so
the visible flavor symmetry has rank three.

One remarkable feature of the duality described in [75] is that, even though the
theory in question is constructed from various strongly interacting non-Lagrangian
building blocks (the (A1, Dy) and 7})% SCFTs), each of these building blocks has certain

observables that are closely related to the corresponding observables in free theories,

102Note that the resulting theory has Y_1,0,1 = [2,2,1,1] and is non-regular type III even though
the various isolated SCFT building blocks are not: the hypermultiplet is described by Y_1,0,1 = [1,1],
while (A1, Dy4) is described by Y_1,0,1 = [1,1,1]. As alluded to above, this discussion shows (modulo
potential dualities involving theories with one irregular singularity and a regular one) that the theories
described by regular semisimple T; are not closed under conformal gauging.
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as we saw in Chapter 3. In the case of (A1, D4) SCFT (and its generalizations), we
explored this connection in Chapter 4.

In the case of the ’75 3 theory, the connection with free fields can be seen by exam-
ining its Schur index. After removing a decoupled free hypermultiplet to obtain the Tx
SCFT discussed above, we have the following Schur index (3.29)

o 3 2q2 2 3
I= ZquP.E. [1_(] +2¢ — 2¢' Chﬁ( )(q,w)cthi(’A)(q, 21,22) , (6.8)
A=0

where X is an integer, ¢ is a superconformal fugacity, and w, 21 » are flavor fugacities

for su(2) and su(3) respectively. In (6.8), ch‘;%(z) and chﬁ@)

are characters for modules
of SZ\(Q)_2 and SZ\(?))_:S affine Kac-Moody algebras at the crtitical level with primaries
transforming with Dynkin labels A and (A, \) of su(2) and su(3) respectively.

The formula in (6.8) is closely related to the index for 8 free half-hypermultiplets

(the so-called T3 theory [62])

> A 2(]2 su(2 su(2 su(2
Ir,= > ¢ P.E. [1 o2t chy® (g, 2)eh® (g, y)eh P (g,2) . (6.9)
A=0

where z,y, z are fugacities for the su(2)® C sp(4) flavor symmetry (the particular re-
writing of the T, index above was suggested in [82]). Indeed, in both cases we sum over
a “diagonal” set of representations (of su(2)? in the Ty case and of su(2) x su(3) in the
Tx case), and the structure constants (the plethystic exponential factors) are identical.

The T theory has a natural connection with su(2) N' = 4 SYM. Indeed, by di-
agonally gauging an su(2) x su(2) factor we are left with su(2) N/ = 4 SYM and a
decoupled free hypermultiplet. Note that the remaining N' = 2 su(2) flavor symmetry
becomes part of the su(4)g symmetry of the N' = 4 theory.!"” The deformation that
connects T to N' =4 SYM is exactly marginal (although if we just want to get N' = 4,
then we should also turn on a mass parameter for the hypermultiplet or else add a
decoupled u(1) N = 2 vector multiplet).

The 7; 3 SCFT also has a connection to N/ = 4. For example, as in the case of
su(2) N'=4 SYM, the su(2) C su(4)g N = 2 flavor symmetry of the interacting piece
(the Tx C 75, 3 theory) has a global Witten anomaly.'”* More generally, it follows

103 Technically this is a diagonal flavor symmetry that acts both on the SYM theory and the decoupled
hyper. Note that the su(2) symmetry of the A/ = 4 factor has a Witten anomaly [78]: it has 3 doublets
charged under it (the corresponding holomorphic moment maps are > Q“Q“,>, Q*Q, > Q*Q%).
This anomaly translates into the fact that, at generic points on the moduli space, we have a massless
u(1) N = 4 theory: the singlet hypermultiplet is a doublet of su(2) and therefore also gives rise to a
Witten anomaly.

1041 the su(2) N' = 4 case, this statement follows from the fact that the adjoint hypermultiplet
transforms as three doublets of the su(2) C su(4)r symmetry. By similar reasoning, there is a non-
vanishing Witten anomaly for this symmetry in su(2r) N = 4 theories.
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:

Figure 8: The quiver corresponding to the S reduction of the 7;% SCFT [1]. Here the
closed loop attached to the gauge node denotes an adjoint hypermultiplet of u(2). This
adjoint breaks up into a 3+ 1 of su(2) C u(2), with the singlet corresponding to the free
decoupled hyper in 7;% = Tx @ hyper [1].

@ -®1

Figure 9: The quiver corresponding to the mirror of the S' reduction of the T3
theory [1,53]. The Young diagrams describing the 7;% theory are Y10 = [2,2,2], Y_1 =
2,2,1,1] [53].

from anomaly matching that any N' = 4 theory (Lagrangian or not) with a rank one
Coulomb branch (by which we mean that the low energy theory consists of a massless
U(1) N = 4 vector multiplet at generic points along the three-real-dimensional moduli
space) must have a non-vanishing Witten anomaly for the su(2) C su(4)g N = 2
symmetry. 109

Another connection between the 75 8 SCFT and N = 4 can be found by, instead of
introducing dynamical gauge fields (for su(2) x su(2)) as in the T5 case, introducing vevs
for background gauge fields (i.e., mass terms) for the su(3) symmetry. This statement
is most obvious by first considering the S' reduction of the 7;)% theory. At the level of
the index (6.8), this reduction is implemented by taking ¢ — 1 (which corresponds to
taking the radius of the S C S x $2 factor in the index to zero) and throwing away a
flavor-independent divergent prefactor that encodes certain anomalies of the 4D theory
(see [30,37,66,85,86]). Performing this procedure, we showed in Appendix C that (6.8)
reduces to the S3 partition function of the 3D theory in Fig. 8. This result confirms
the rules conjectured in [53], which produce the mirror quiver gauge theory in Fig. 9
(e.g., see [160]).

From Fig. 8, it is clear that if we turn on any superpotential mass term for the
fundamental flavors we will flow to an N/ = 8 SCFT that is the IR endpoint of the
usual N = 8 u(2) SYM flow.'"" This theory is then the same as the dimensional

105 This statement generalizes for odd rank A = 4 theories (again without appealing to the existence
of a Lagrangian).

1067t is also clear that the Witten anomaly of the 4D Tx theory is reflected in the fact that there are
three doublets of the flavor su(2) arising from the adjoint hypermultiplet of su(2) C u(2).
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Figure 10: The quiver describing the endpoint of the flow initiated by turning on generic
su(3) mass parameters in Fig. 8. We find a u(2) N' = 8 theory (the u(1) piece becomes
a direct sum of a twisted hypermultiplet and a conventional hypermultiplet).

|

Figure 11: The quiver corresponding to the IR endpoint of the RG flow from Fig. 8
after turning on masses for two fundamental flavors (these are non-generic su(3) mass
parameters in (6.10)). This theory has accidental N' = 8 supersymmetry in the IR as in
Fig. 10 [161].

reduction of the u(2) 4D N = 4 theory.

To see that we end up with 3D A/ = 8 for any value of the superpotential mass terms,
note that these mass terms are valued in the adjoint of su(3) and can be parameterized
as follows

m = diag(mi, mg, —mi — ma) . (6.10)

Therefore, turning on generic mjo results in giving masses to all the fundamental
flavors, and we are left with the N’ = 8 quiver in Fig. 10. On the other hand, if we
choose my # 0 with mg = 0, m; = 0 with ma # 0, or my2 # 0 with m; +mo = 0, we
give mass to two out of the three fundamental flavors and obtain the quiver in Fig. 11.
However, as is well-known (e.g., see [161]), this theory flows to the N = 8 quiver of
Fig. 10 in the IR.

Combining the procedure of putting the theory on a circle with turning on su(3)
mass terms gives us our desired RG flow from sixteen to thirty-two supercharges (see
Fig. 12 with (n,k) = (2,3)). Indeed, this procedure is unambiguous since the 4D su(3)

holomorphic moment maps get mapped to gauge-invariant bilinears of the 3D theory

1 =0 Q1Q — Q3Q% . pi2 =0 Q207 — Q3Q°% (6.11)

where r is the S radius, and @, @ are fundamental flavors of u(2). In these expressions,
gauge indices have been contracted, and the remaining indices are su(3) flavor indices.
Moreover, since there are no non-perturbative N/ = 4-preserving deformations we can

contemplate that arise from putting the theory on a circle,'’” and since our mass

107This situation is unlike the one considered in [162] for 4D N = 1 theories. Note that in our case,
flavor symmetries are all non-anomalous in both 4D and 3D due to the larger amount of SUSY.
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TUV oW ~ ml,ul—i—...—l—mk_luk\_l TIR
4d - 4d

S! S
oW =~ my (Q1Q1 - Qk@k) +oo Mg (Qk—l@k—l - Qka)

(o ~

Figure 12: The RG flows described in this chapter, with 7,5 the non-Lagrangian
4D N = 2 SCFT described around (6.6). Horizontal arrows indicate superpotential
deformations by holomorphic moment maps / mass terms of su(k). Vertical arrows
indicate S* reductions from 4D to 3D. All arrows preserve eight Poincaré supercharges.
As described in the text, we expect this diagram to commute.

deformation does not induce Chern-Simons terms in 3D, we expect the limit of reducing

the theory on a circle and turning on mass terms to commute.

6.3.1 The 7 — oo limit and (exotic?) 4D N =4

Two natural questions arise from the above discussion:
e Is the IR of the 7 — oo limit of the above RG flow (i.e., T ) a 4D N = 4 SCFT?
e If T/F has 4D N =4 SUSY, is this theory u(2) SYM?

Note that the presence of a 3D Lagrangian does not immediately shed light on these
questions since, in principle, it is possible that the N’ = 8 SUSY is accidental in 3D.
Moreover, the existence of a 3D Lagrangian does not obviously imply a 4D Lagrangian.
Indeed, the ’75 3 theory does not have a Lagrangian even though the S! reduction does
(as in Fig. 8).

One way to explore these questions is to construct the Seiberg-Witten curve for the
’7‘37 3 theory'"® and define a scaling limit that produces the Seiberg-Witten curve of the
IR theory, T (e.g., see [57] for a successful recent application of this technique).

The Seiberg-Witten curve corresponding to an SCF'T describes the Coulomb branch
that one obtains by deforming the SCFT by relevant or marginal prepotential couplings,
mass parameters (i.e., background vector multiplets), and expectation values of N’ = 2
chiral operators. In general it is not clear whether a particular marginal or relevant

parameter of the UV SCF'T must necessarily appear in the curve, since the curve is an

108By (6.2), the Seiberg-Witten curve for this theory is guaranteed to exist. In general, it is not clear
whether a given N/ = 2 SCFT must have such a curve.
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effective description of the theory.'”’ However, all parameters appearing in the curve
are of the type just described.

To obtain the curve in the case of the ’7; 8 theory, we start by writing the Higgs
field as in (6.1)

¢, = zdiag(ai,a1,a2,a2, —a1 — a2, —a; — az) + diag(by, by, ba, ba, —b1 — by, —by — b2)
+ diag(m1, m1, ma, ma, —my — mg + m3, —mi — mg — m3)
1 . _
+ = diag(cy, g, ¢3,c4,C5,—C1 — o —c3 —cq —¢5) + O(z 3) , (6.12)

where the degeneracies of the eigenvalues in each singular term correspond to the Young
diagrams in (6.7) (the non-singular pieces, starting with the ¢;, describe vevs of NV = 2
chiral operators). In principle, since we are interested in studying the RG flow along
the top arrow in Fig. 12, we may turn off the su(2) mass parameter. At the level

of (6.12), this manoeuvre corresponds to setting ms = 0 so that

(I)z = Zz diag(a17 ai,az,a2,—a; — a2, —a1 — aQ) + di&g(bb b17 627 b27 _bl - b27 _bl - b2)
+ - diag(mq, m1, ma, m2, —m1 — ma, —m1 — ma)
1 .. .
+ ] diag(cy, ¢o, €3, ¢4, C5,—C1 — €2 — 3 — ¢4 — ¢5) + O(273) (6.13)

Indeed, we then see that the terms in (6.13) are subject to a natural action of the S
Weyl group of su(3), which acts via permutation of the degenerate two-by-two blocks
(in particular, the curve we get from (6.2) will be invariant under this action). When
we study the Seiberg-Witten curve of the UV theory we will keep track of the su(2)
mass parameter as well.

To write the curve for the 7; 3 SCFT, it is convenient to first shift x and z by
constants''” so that the O(2%) matrix in (6.13) is of the form diag(0,0,0,0,b,b). Now,
plugging this result into (6.2) yields

ug + ((x —a1z)(x — agz)(x + (a1 + a2)z) + %(m —a1z) + %(m — agz)

2
—b(x —a12)(x — agz)) + M2(x —a12)(z — agz) (6.14)

+ u1( —bay — a2)(z — a12)(x — a2z) — (x — a12)?(z — azz) (a1 + 2as)

a1 — az

2

+ (x — a12)(x — az2)*(2a1 + az) + (My(z — arz) + Ma(x — GQZ))) =0,

109For example, in the case of the T, 3 theory, there are actually two independent su(2) mass param-

eters (since we have flavor symmetry su(2)? x su(3)), but, as discussed in [1], only one appears in the
curve coming from (6.2). Note that this additional mass parameter might become visible through an
alternate construction of the curve that does not go through the particular Hitchin system we described
above.

H1ONote that these shifts affect the 1-form only by exact terms, and BPS masses are unchanged.
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where

M, = — 2(0,1 + 2a2)m2 , My = —2(2@1 + ag)ml s
Mg =—(2a1 + a2)(a1 + 2a2)m§ ,  up = —(2a1 + a2)(e1 + c2) + 2bmy
ug =(a1 — a2)2((2a1 + az)er — bmy)((2a1 + ag)ca — bmy)

+ (a1 — a2)(2a1 + a2)(a1 + 2a2)m1m§ ) (6.15)

In the above equations, u is the vev of the N/ = 2 chiral ring generator of dimension
3/2, while us is the vev of the A/ = 2 chiral ring generator of dimension 3. The
parameter b is the relevant coupling of dimension 1/2. The dimensionless parameters,
a;, are not physical since they are absorbed by changing coordinates,  and z. Note
also that, when the su(2) mass parameter is turned off, we have m3 = 0 and therefore
M3 = 0. The above curve transforms homogenously (with the couplings and vevs acting
as spurions) under the u(1)g scaling of the UV SCFT.

To study the RG flow described by the top arrow in Fig. 12, we would like to turn
on some RG scale, m, in (6.14) and take m — oo.''! We can make contact with a curve
resembling that of the su(2) N' = 4 theory (we expect to have an additional N' = 4
u(1) decoupled) if we set

u =0, Mi=m, My=0, M3=0, b=qm?,

x—alz:Qm_%X, :c—agz:m%Z, up = —Um . (6.16)

Here, X and Z act as good coordinates describing the curve of E@R and do not scale
with m (they have scaling dimension one and zero respectively) while U is a dimension
two vev. We interpret some of the terms that are turned off as decoupling or becom-
ing irrelevant along the RG flow (although, as discussed below, additional quantities
decouple).''? Keeping only the leading terms in (6.14) as m — oo and solving for X,

we obtain

U
X2 = : (6.17)

(2(2‘1174”2)22 —2q7 + 1>2

a1—a2

This equation is the su(2) N' = 4 curve' '’ tuned to a cusp (i.e., a weak gauge coupling
limit). Indeed, although there is an apparently dimension zero parameter, ¢, arising

in (6.16) (reflecting the fact that the dimension half coupling in the Hitchin system

11Note that this method is a rather indirect way of studying the RG flow: we try to carve out the
Coulomb branch of TF as a subspace of the Coulomb branch of 75" rather than considering the flow
starting from the UV SCFT and then deforming by 6W ~ mqpu1 + mapse with zero vevs (the 3D picture
of the RG flow suggests that we should remain at the origin of the 4D Coulomb branch).

12 As we will see, the fact that Mz — 0 in (6.16) is simply interpreted as the fact that our curve will
be tuned to a cusp.

H3By (6.16), the 1-form is (modulo exact terms) also the 1-form for su(2) N = 4 (up to a constant
we can tune).
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forms a dimensionless combination with the square-root of the mass parameter), this
naively marginal parameter is irrelevant in the IR description given above.

Note that we may also exchange a; <> az and M; <> M5 and obtain a similar limit
of the curve. Finally, we may also construct a closely related limit of the curve by
taking the linear combination (2a; + az)Mj + (a1 + 2a2) Ms to vanish.'

We have not been able to find a more general non-trivial scaling limit than the one
described above. In particular, we are not able to see the putative EIdR marginal defor-
mation (away from the cusp) in the Seiberg-Witten description we have found. Note
that if ’7ZIdR has A/ = 4 SUSY, it necessarily possesses an exactly marginal deformation
residing in the stress-energy tensor multiplet (this statement follows from N' = 4 SUSY
and is not related to the existence of an N/ = 4 Lagrangian). However, there may
be several reasons for the absence of this marginal direction in the Coulomb branch

effective action:

e A radical option is that 7ZdR is an exotic 4D N = 4 theory without a Lagrangian
description. In a Lagrangian theory, we expect that W-boson masses will vary as
a function of the marginal gauge coupling (this statement follows from the Higgs
mechanism). These changes in mass are reflected in the periods of the curve,
since the W-bosons are BPS particles. On the other hand, as far as we are aware,
there is no argument that the most general exactly marginal parameter in an
N =2 or N =4 SCFT must appear in the IR effective action captured by the
Seiberg-Witten description. If the IR effective action is indeed given by (6.17), it
means that the exactly marginal parameter of the UV SCFT becomes irrelevant
in the IR (as opposed to being related to a marginal coupling in the IR). In this
case, varying the exactly marginal parameter may have a more profound effect

on the non-BPS sector.

e A less radical option is that the exactly marginal parameter of 7?de is a stan-
dard gauge coupling, but it is hidden in the flow from ’75 3 This option is not
implausible since the existence of a conformal manifold is accidental in this case.
If this possibility is realized, then perhaps the marginal coupling becomes visible

. . . . UV
by choosing a different UV starting point than 7,;" .

e The most conservative option is simply that there is a more general scaling limit
that describes the curve of EIdR for all values of the exactly marginal parameter.

In this case, ’ﬂldR may again be a standard A/ = 4 Lagrangian theory.

We hope to conduct a more detailed study of these options using additional tech-
niques.''” In the next section we set this goal aside for now and present infinitely many

generalizations of the above discussion.

114Gaid more invariantly, when we take the scaling limit in (6.16), Tr T2; — oo and Tr T3, — 0.
15The F-theory realization of Tx in terms of D3 branes probing an A» singularity in [71] seems to
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@-@ :

Figure 13: The quiver corresponding to the mirror of the S! reduction of the type III
AD theory with Y10 = [n,n,n], Y1 = [n,n,n—1,1] [53].

:

Figure 14: The quiver corresponding to the S* reduction of the type III AD theory
with Y10 = [n,n,n], Y_1 = [n,n,n — 1,1]. The closed loop attached to the gauge node
denotes an adjoint hypermultiplet of u(n).

6.4 Generalizations

It is rather straightforward to generalize the above discussion to other values of n and
k. For example, we can take any n > 2. 7:1%‘/ is now described by the following Young

diagrams, which generalize (6.7)
Yi=Yy=[n,nn|, Y i=[nnn-11]. (6.18)

Applying the discussion in [53], one can easily check that this theory has rank n with

N = 2 chiral ring generators of scaling dimensions

3 9 3n
A_{2,3,2,---,2}. (6.19)

Note that, as in /' = 4, the scaling dimensions of chiral operators are integer multiples
of the dimension of the lowest dimensional chiral operator (although here, unlike in N =
4, the scaling dimension of the lowest dimensional chiral operator is half-integer).''"

In this case, the 3D mirror quiver generalizing Fig. 9 is given in Fig. 13 following
the rules in [53]. The mirror of this quiver (i.e., the direct S* reduction) is the u(n)
theory with an adjoint hypermultiplet and three fundamental flavors as in Fig. 14 (e.g.,
see the discussion in [160]).

We may then reproduce the discussion for n = 2 for general n > 2 by turning on

suggest one of the first two options is being realized. This type of construction may also shed light on
the more general T,LF theories considered in the next section.

161n fact, the scaling dimensions of the operators in (6.19) correspond to those of u(n) N =4 SYM
up to an overall multiplication by 3/2.
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Figure 15: The result of turning on generic su(3) masses in the quiver in Fig. 14.

|

Figure 16: The result of turning on masses for two out of the three flavors in Fig. 15.
Quantum mechanically, this remaining fundamental flavor also gets a mass [161].

masses for the three fundamental flavors in the S reduction. For generic masses, we
end up with the quiver in Fig. 15. For non-generic su(3) masses, we end up with the
quiver in Fig. 16, which, by the discussion in [161], flows to the 3D N = 8 quiver in
Fig. 15. By combining the procedure of S' reduction with turning on masses, we again,
as in the more detailed discussion of the n = 2 case, get the commuting RG diagram of
Fig. 12 with accidental enhancement to thirty-two (Poincaré plus special) supercharges
in the IR. We again suspect (but have not proven) that the » — oo limit of this flow
has N/ = 4 SUSY.
Finally, note that we can have an even more general UV starting point given by

Yio=[nn,---,n, Y 1=[n,--,nn-11], (6.20)

)

where, as in (6.6), n > 2, there are k& > 3 columns in Yy, and there are k +1 > 4
columns in Y_; (so that N = nk, where we obtain our theory from the Ay_; (2,0)
theory). Here the mirror looks as in Fig. 13, but now there is a k-sided polygon of
u(n) nodes with one node coupled to a fundamental flavor. The direct reduction of
the theory is given in Fig. 17. Just as in the previous cases, we may give masses to
these k fundamental flavors and flow to a theory with thirty-two (Poincaré plus special)

supercharges, thus obtaining the RG diagram in Fig. 12.

()|

Figure 17: The quiver corresponding to the S* reduction of the type III AD theory
with Young diagrams described in (6.20). The closed loop attached to the gauge node
denotes an adjoint hypermultiplet of u(n).
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Chapter 7
Conclusions and Outlook

The wider theme of this thesis was the investigation of strongly coupled QFTs using
modern nonperturbative techinques. More precisely, we explored various powerful tools
such as the superconformal index, the chiral algebra correspondence, or the class S
construction in the context of 4D N = 2 SCFTs called Argyres-Douglas theories. These
techniques allowed us to uncover many interesting properties of these rather mysterious
non-Lagrangian theories, including their duality structure and renormalization group
flows. In the remainder of this chapter, we review our main results, present some open
questions and comment on recent developements.

Using very little data, in Chapter 3 we found the Schur index and chiral algebra of
the exotic isolated irreducible SCFT, Tx,"'” that emerges in the simplest AD general-
ization of Argyres-Seiberg duality. Tx was later identified in [71] as the rank-two SU (3)
instanton SCF'T, and its chiral algebra was given a free field realization. We also saw
that this theory has a remarkable resemblance to its cousin 7y theories. This connec-
tion has recently been explained in [70], where Tx and (A1, D4) (plus a hypermultiplet)
was given a surprising class & construction as a trinion theory based on the twisted
Az (2,0) theory. This construction utilized only regular punctures, contradicting the
common lore that irregular punctures are necessary to generate non-integer Coulomb
branch dimensions.''® This class S construction explains our index formula written in
terms of AKM characters in (3.29) simply as the TQFT-expression for the index of the
twisted A, trinion theory. Moreover, as a result of the class S construction of Tx and
(A1, Dy), our duality finds a satisfying place within the geometric framework of class S
S-duality.

Our results in Chapter 3 raise many open questions. In particular the Tx chiral

algebra has only bosonic operators. It would be interesting to know if this is part

17Note that this chiral algebra lies outside the classes of AD chiral algebras considered in the literature
before (e.g., see [19,30,32,33,38,39]).

118 As the authors of [70] note however, Coulomb branch dimensions of class S SCFTs based on twisted
Aay, theories seem to be restricted to half-integers.
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of some larger pattern for isolated 1 < N' < 3 SCFTs. We also saw that Tx has
SU(3) x SU(2) x U(1) flavor symmetry (when viewed as an N’ = 1 theory). We are
not aware of another way to find this symmetry group in string or field theory from
a minimality condition (recall that in our case, this symmetry emerges from requiring
that we study the minimal generalization of Argyres-Seiberg duality to A/ = 2 SCFTs
with non-integer chiral primaries). Can the minimality we are discussing be made
more precise so that one can find this SCFT using the conformal bootstrap (perhaps,
in light of (3.43) and (3.28), it will be useful to study the (JIWgJLW?E,) four-point
function)? What if we gauge the flavor symmetry—can this SCFT act as a hidden sector
for beyond the standard model physics (since the U(1) is not asymptotically free, this
gauged theory can, at best, be part of an effective field theory)?

It would also be interesting to find a manifestation of the 4D Witten anomaly for
the (inconsistent) SCFT in Fig. 6 in the corresponding 2D chiral algebra (as discussed
in Sec. 3.8). It is also interesting to observe that the expression in (3.29) makes it rather
trivial to write down simple formulae for the indices of conformal manifolds built out
of Tx theories (as in the case of the Ty theories). For typical conformal manifolds built
out of AD theories (e.g., as in the case of the (Ay, Ajsr) conformal manifolds studied
in [66]), this procedure is considerably more complicated.

In Chapter 4 we followed up on our observation made in Chapter 3 that there seems
to be some kind of a connection between the (A1, Dy) Argyres-Douglas theory and free
fields. In particular, we have seen that the simple non-unitary 4D Lagrangian (4.27)
allows us (through manipulations in two dimensions) to exactly compute the unrefined
Schur indices for the D3[SU(2N + 1)] SCFTs, including the (A1, Dy4) = D2[SU(3)]
theory. We were also able to compute other (linear combinations of) characters of
the associated chiral algebras via the, to our knowledge, novel mathematical identities
in (4.25). Based on known relations between chiral algebras in 2D and 3D QFT, it
is reasonable to expect that aspects of the physics of the non-vacuum modules of the
chiral algebras are captured by (worldvolumes of) 4D objects that have non-trivial
braiding statistics as in [163]. Indeed, there is considerable evidence that this intuition
holds [49, 164], and it would be interesting to study surface and line defects in our
setup. In particular, the Lagrangian in (4.27) seems to compute the Schur indices
of the Do[SU(2N + 1)] SCFTs in the presence of certain surface defects''”, while we
presumably need to introduce defects in our non-unitary theory in order to compute—
directly in 4D—the other Schur indices of the Do[SU(2N + 1)] theories.

As another future direction, we may hope to find information about new observables
that are closely related to the chiral algebra as in [40, 165, 166]. Moreover, since we

have a Lagrangian description of certain Schur observables, it is tempting to see what

190r, more precisely, it computes linear combinations of the usual Schur indices and the Schur indices
in the presence of certain surface defects.
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(if anything) the corresponding correlation functions / OPE coefficients compute in
the original strongly interacting theory. Even more simply, it would be interesting to
understand if it is possible to map flavor symmetries between our two sets of theories.

We also expect that our procedure of starting with a unitary 4D theory, mapping
to 2D using [27], conjugating / permuting the characters, reinterpreting the characters
as objects in a unitary 2D theory, and then lifting to a non-unitary theory in 4D could
generalize (with certain modifications) to other N' = 2 theories. While we do not expect
that the non-unitary 4D theories will in general have a completely free description in
terms of hypermultiplets, gauge fields and perhaps the constructions in [13] could play
a role (possibly when the original 4D theory has a conformal manifold [19,66,104, 158,
159]). Indeed, we expect non-unitary Lagrangians to be a more diverse and flexible
group of objects than their unitary counterparts, and so we anticipate them to describe
“more” theories.

Still, we should point out that our non-unitary 4D theories described in Chapter 4
have an avatar of 2D unitarity: a modified notion of reflection positivity exists in our
theories. Related 2D constructions have played a role in non-unitary extensions of
Zamolodchikov’s c-theorem [167]. Such structures, involving “hidden” unitarity, may
also shed more light on the question of which non-unitary theories in 2D are able to
encode the unitary 4D physics in the original construction of [27].

It would also be interesting to understand any relation between our construction
and the Lagrangians appearing in [59-61, 152, 154]. While our Lagrangians govern
only a particular sector of the theories we study (and perhaps only a particular set of
observables in such a sector), they are considerably simpler than the “full” Lagrangians
in these latter works.'”’ Also, our approach is different: we sacrifice unitarity instead
of the N' = 2 superconformal algebra. More generally, it would be interesting to
find connections between our discussion and other effective Lagrangian descriptions of
sectors of QFTs (e.g., as in [168]).

Finally, we mention that the Dy[SU(2N + 1)] series of theories have recently been
given a class S interpretation in [70] as trinion theories based on the twisted Asn (2,0)
theories. It would be nice to see if there are any connections between this construction
and our results in Chapter 4.

In Chapter 5 we investigated the natural RG flows between the AD theories (A1, D))
and (Aq, Ap—3), that we get by closing the regular puncture involved in the class S
construction of (A1, Dp). Motivated by a partially flavored character relation between
the logarithmic chiral algebras of (A1, D,) and a series of rational chiral algebras, we
found that certain pieces of the modular data underlying the chiral algebras of the IR
(A1, Ap—3) theories are related to those of the UV (A1, D)) theories, via the action of

120 Although, at present, there are no known “full” Lagrangians for the D2[SU(2N + 1)] theories with
N> 1.
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Galois conjugation.
Here we mention some additional observations, comments, and open questions.

Another way to find a unitary interpretation of the x[D2[SU(3)]] = SE\(?))_ s characters
2
discussed around (5.1) is as follows. Consider the chiral su(3); CFT. Three of the

ten primaries of this theory (transforming under su(3) representations [0, 0], [3,0], and
[0,3]) are related to the abelian lines that generate the Zs one-form symmetry of the
SU(3)3 MTC. Gauging this one-form symmetry projects out the lines in representations
[0,1],[1,2],[2,0],[0,2],[2,1],[1,0]. The remaining [1,1] representation is a fixed point
under Zg fusion, and so we add two more copies of it. This object then gives rise to
the three unitary dimension 1/2 chiral primaries in the associated chiral RCFT whose

characters match the su(3)_s vacuum character.
2
This approach is reminiscent of the Zo gauging in the case of su(2)2(p71) discussed

at length in Chapter 5 and also in [45]. As in the SZ\(2) case, it potentially gives us a
canonical way to relate the unitary and non-unitary theories when we turn on (discrete)
flavor fugacities. This example, combined with those in the rest of this chapter, suggest
a link between the physics of the (AY_,[p— NJ, F) theories, the admissible characters of
their associated chiral algebras, su/(\N) Niz, and the Zy,_1) gaugings of s?(\N) N(p—1)-
The relation is already somewhat more elaborate in the case of N = 2n + 1 > 5 and
p = 2, since the anyons related to the one-form symmetry correspond to 2D RCFT
chiral primaries of conformal dimension larger than 1. For general p and N one must
also take into account the fact that some of the admissible characters of the logarithmic
theories have negative coefficients.'”! Perhaps these can be related to rational theories
after turning on some flavor fugacities (or, more generally, fugacities for generators
corresponding to a unitary W-algebra). Clearly it would be interesting to understand
this point better

In our examples, we “rationalized” UV chiral CFTs constructed via [27] by asso-
ciating rational theories with them. On the other hand, the IR was already rational,
though non-unitary, at the (A, A,—3) endpoints (since it was a (2, p) minimal model).
More generally, to allow for an anyonic imprint on the Higgs branch as in (5.50) and
Fig. 7, we have to “rationalize” the IR theory as well. Indeed, we saw an example of this
phenomenon in the Dy[SU(2n + 1)] — Do[SU(2n’ + 1)] flows. It would be interesting
to understand this process more generally.

Our most non-trivial correspondence (i.e., the one with a non-trivial Galois action)
was between UV chiral RCFTs and IR chiral algebras that are Ca-cofinite. In physics
language, this means that we are studying IR theories on the Higgs branch that have
no Higgs branches themselves [43] (e.g., the (A, A,—3) theories with p € Zygqq do not

121This statement can be easily seen by considering the linear modular differential equations satisfied
by the Schur index (e.g., see [43] for an introduction in the context of the 4D /2D correspondence of [27]).
For other interesting recent work on LMDEs and their implications for 2D CFT, see [46,169,170].
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have Higgs branches). The authors of [43] and their collaborators have embarked on a
program to classify 4D N = 2 SCFTs using these Cs-cofinite theories as basic building
blocks. It would be interesting if our work sheds light on this program.

We did not pursue qDS reduction on the RCFT side. Clearly this is interesting to do.
Perhaps the recent notion of Galois conjugation at the level of RCFT characters [129]
will prove useful to make contact between the UV and IR. The LMDE-based discussion
in [46] may also play a role.

In Chapter 6 we studied an infinite set of RG flows that start from 4D N/ = 2 SCFTs
that lack a Lagrangian description and end up, after turning on generalized mass terms,
flowing to theories that have thirty-two (Poincaré plus special) supercharges. We are
able to demonstrate this fact compellingly when we also compactify these theories on
a circle (and we have the flow diagram in Fig. 12).

We also gave some preliminary, but far from conclusive, arguments that these the-
ories flow to 4D N = 4 SCFTs (at least for (n,k) = (2,3)) when we take the radius
of the circle to infinity. One important matching quantity was the Witten anomaly for
the Tx C 7;)7% SCFT.

In Chapter 3, we wondered how to construct such Witten anomalous theories di-
rectly in terms of punctured compactifications of the (2,0) theory. Recently, there has
been progress on this topic [68,171]. Moreover, the authors of [68] find an N/ = 4 theory
starting directly from an irregular singularity (and a regular singularity, both in the
presence of a co-dimension one defect). It would be interesting to see if their theory is
related to 7,1 in the case of (n, k) = (2,3).

We have also seen that the scaling limit we chose does not reproduce the standard
N = 4 curve, since the IR description seems tuned to a cusp. As discussed in sec-
tion 6.3.1, this result may have various causes ranging from the existence of an exotic
N = 4 non-Lagrangian theory to the presence of a hidden marginal direction or to the
existence of a more general scaling limit that describes the curve of E&R. It would be
interesting to find out which of these options is realized.'”” The F-theory construction
of Tx in [71] suggests that one of the latter two options take place, at least in the case of
(n,k) = (2,3), but this type of construction might also shed light on the (n,k) > (2,3)
theories.

Our construction in Chapter 6 has also been extended in [175] to SCFTs obtained
from marginal gaugings of Dy[SU (2N + 1)] theories, suggesting that this type of SUSY
enhancement from 16 to 32 supercharges might be more prevalent among class S the-

ories with 3D mirrors than previously thought.

1221t would also be interesting to understand if our RG flows shed any light on the question of
classifying su(N) N = 4 SYM theories [72,172,173] and if we can understand some of our theories
from a holographic point of view (along the lines of [174]).
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Appendix A

Proof of the XYY formula

In this appendix we review the fact that the conjectured XYY formula for the Schur
index of the (A1, Dy4) theory [31] reproduced in (3.13) can be proven using Theorem
5.5 of [32] (in fact, this result follows directly from (11) of [79]).'*

To that end, we start with the XYY formula

q SU(3
I(A17D4)(q,a,b) = P.E. |:1 — q2 XAdj( )(a,b)]

= P.E.[l_ (2+ — b b2+b+ +a‘b+ab”)| . (A1)

Expanding the plethystic exponentials, we obtain

o

P.E. [1 - b] - Hl_lab : (A.2)

and we can then rewrite (A.1) as

)
q SU(3 1 1 1
P.E. U@ g, ] X
1— q2 Adj H 1 _ q2n+1 (1 o a%bq2n+1) (1 _ aéQ q2n+1) (1 _ %q2n+1)

n—O
1 1 1
X (1 _ gq2n+1) (1 — a2bq2n+1) (1 _ ab2q2"+1) . (A.3)

It is then straightforward to show that (A.3) becomes the Schur index of the (Aj, Dy)
SCFT given by Theorem 5.5 of [32] (setting p = 2 and with the ¢'/3 prefactor stripped

125Note that the authors of [79] also demonstrate more general conjectures [31] for theories closely
related to the (A1, D4) SCFT.
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off)

oo 1 — 202(n+1)Y (1 — 42(n+1) 2 1 y=2g2(n+1)
I(Al,D4)(Q7xay) = H ( y4a ) ( . 4 ) ( Yy ~q ) :
n=0 (1 —y2¢"*1) (1 — qn )" (1 — y—2¢"+1) (1 _ xyqz(n+§))

1
X
(1 — x_lyq2(n+%)> (1 — xy_l 2(n+ )) (1 —x~ y_lqz(n+ ))
-1 ; ! , (A4)
2n+1 )2 (1 — yE2g2n+1) (1 — aEyEg2n+1)
under the fugacity map
a=yaz'/? b=y tal/?, (A.5)

The relation in (A.5) corresponds to the decomposition of the SU(3) fugacities into
fugacities of SU(2) x U(1). Before concluding, note that, as in (3.16), the “+” super-
scripts in (A.4) are understood as a product over each sign, e.g.

1 1 1

= ) A6
1 — yE2g2n+l = 1 — q2g2nt1 | — 2420 +1 (A.6)
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Details of the Inversion Formula

In this appendix we find an integral expression for the superconformal index of the 7})3
theory in the Schur limit by employing the inversion theorem proved in [80]. Our use
of the inversion theorem is similar to its use in the case of the Fg SCFT by the authors
of [81], but there are some technical differences here since our SU(2) duality frame in
Fig. 3 has, in addition to the 7})% theory, a strongly interacting (A;, Ds) SCEFT instead
of a pair of hypermultiplets as in the Eg case. Nonetheless, we will argue that, using
the results reviewed in Appendix A and an argument about analytic properties of the
index, we can invert the gauge integral of the index in the SU(2) duality frame.

In order to find the index in the two duality frames we need the index of the basic
building blocks in Figs. 2 and 3. To that end, we reproduce here the single letter Schur
index of the N' = 2 vector multiplet (transforming in the adjoint of the gauge group)
and half-hypermultiplet (transforming in representation R of the combined gauge and
flavor groups) (2.42) dressed with characters for their respective gauge and flavor rep-

resentations

Ivect(Q7x) = _quadj(X)v

I%H(%Xaz) = fXR(sz)' (B.1)

We can “glue” these indices along with the index of the (A, Ds) SCFT given in (3.13)
by integrating their product over the Haar measure of the diagonal subgroup we are
gauging just like we did for Lagrangian theories in (2.32). We start with the SU(3) side
of the duality where we are gauging the diagonal part of the SU(3) flavor symmetries
of the two (A1, Dy) theories along with 3 fundamental hypermultiplets as in Fig. 2.
The latter degrees of freedom supply the U(3) symmetry, which is decomposed as
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U3)=SU(3),®U(1)s. The index on this side of the duality is then given by

dxk Ty 2
T — ;) (=) X
SU(S)((LS 21, 22) 7%0 1;[ 2mxk Ti — ) (qxj7q>
q SU(3) 2 2513 - -
i7j
where T is the positively oriented unit circle, [[;_; 2%;;@ 3 11L 2j(zi — x;) is the Haar

measure of SU(3), and the z; (i = 1,2, 3) satisfy the constraint H _,x; = 1. We can

rewrite (B.2) slightly using elementary computations described in Appendix A

-1
q SU(3 1 -
P.E. 1_ q2 Xadj( )(wlaxZ :| — -2 Ll ( ) , I3 =1, 1x2 1 . (B3)
17

Substituting (B.3) into (B.2) and performing some simplifications yields the following

explicit formula

(a%

Tsus)(q, 8,21, 22) =

Sl
N

~
S~
b
£F
8

|

u&
~~
)

(V)
AR
<

(V)
~

N
A/
S
A/
&
8 |
N =

P
~

H;
<
~_

(B.4)

Since the index is invariant under duality transformations, (B.4) has to equal the index
on the SU(2) side of the duality where we are gauging the diagonal SU(2). of the
(A1, D4) and Ty s theories as in Fig. 3. We can write the index in this duality frame as

(q; Q)2 de 19 2 +2
T === 7{ : 1—
SU(2) (Q7 S, %21, 22) 92 - Irie (6 q; q) ( € )X

1
xP.E. [1_qq2 ng(s) (ess e~ ls3 s 3)}17 (e, 21, 2) (B.5)

where Qi‘ze $(e —e 1) (e7! —e) is the Haar measure of SU(2). Rewriting the plethystic

exponential as in (B.3) and performing some simplifications leads to

+2 . +2. 2
(qQ;QQ)Zj{ de (€GOS )IT 4 (g, €,21,22) 56)

ISU(?)(Q)szluzz) = 9

T 2mie (gste*; ¢?)

Finally, to make contact with the inversion theorem, we replace ¢ — /¢

(Q;Q)Qj{ de  (e*%q)

Tsu(2)(a, 8, 215 22) g g = 2 P 2mie (ygsteriq) (e Vg \/5)17'3% (q,€,21,22) g7 - (B.7)

Now we will explain how to use the inversion theorem in order to extract Z7, , from this
2
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equation. Extracting I7- 3 is highly non-trivial since it is not at all obvious why (B.7)

preserves all the 1nf0rmat10n about this quantity.

B.1 Inversion Theorem

This section closely follows Appendix B of [81]. The input to the inversion theorem
of [80] is the following type of contour integral

flw)=r § sl T pa) ) (B3)

where k = %(p; p)(q; q), w is on the unit circle, and the integral kernel is defined as

[(Ts*'w;p,q)

o wiTop,0) = L(T%p, )T (s*2;p,q) - (B.9)
In (B.9), T is a function of p, q,t € C satisfying
max ([pl, lq)) < |T]* <1, (B-10)
['(z;p,q) is defined as
1 — o= 1yitl kt1
D(zip.q) = jgo e (B.11)
and f(s) = f(s,p,q,t) is a function that is holomorphic in the annulus
A={T|-c<|s|<|T|" +¢}, (B.12)
for small but finite € > 0 and also satisfies
fls)=f(s) . (B.13)

The contour Cy, = Cy;! lies in the annulus A with the points 7~ 1w¥ in its interior (and
therefore the points Tw? in its exterior). If these conditions are all satisfied, then the

inversion theorem states that f can be recovered from the contour integral

£6) = § (e s T fe) (B.14)

As first applied to the index in [81], this inversion theorem is used as follows. First,
one finds a representation of the conformal manifold index that is of the form of the
RHS of (B.14). In particular, f(e) should contain the index of the isolated SCFT (the
Es theory in [81] or the 75% SCFT in the case at hand) we wish to determine. One then
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makes an analytic assumption that f(e) can be written as in (3.8) for some function
f(s) satisfying (B.13) while being analytic in the annulus, A. Then, the inversion
theorem implies that f(s) is the index of the conformal manifold. However, in general,
one is not guaranteed that the analytic assumption described above holds.'**

As a result, to apply this theorem in our case, we first need to choose f (e) in (B.14)

so that (B.14) coincides with (B.7). To that end, using

z—pq/z
I'(z:p,q) = P.E. [} , B.15

Fp ) =B [0 g R
and (A.2) one finds that the “delta function” in (B.14) satisfies (for our choice of T'

discussed below)

(T? q)(e*2; q)

(TetsE: q) o(e; T, p,q) , (B.16)

é(e,s;T,p,q) =
where S(e; T,p,q) contains p-dependent terms. By comparing (B.7) with (B.14), one
can see that if we choose T' = ,/q and

fle) = (22 Vs /@) x (epsp) ' X Ty, (g €,21,22) g0y (B.17)

the two expressions coincide.
However, there is an additional wrinkle in our application of the inversion theorem
relative to the Eg case in [81]. Indeed, under the analytic assumption described in the

paragraph below (B.14), we have

ds (5:9)(57%9)

. ¢ q)(p; p
(W= /g; /) x (wF2p;p)™t x I, 3 (0,0, 21, 22) g5 = ()2() 8 %c

~ 1
X 5(5710;77107‘]) XISU(3)(q787Z1722)|(14>\/6 )

V4

where, as in (B.16), we have separated ¢ into a p-independent part and a p-dependent

part, 5. While the p-dependence in (B.18) can be cancelled so that

1 +2
+2 (g9 ds (5;(1)(5 1q)

EEVD X Tyl e = B0 SR

X ISU(3)(Q75721722)|q~>\/§’ (B.19)

the condition (B.10) fails for T = /g, and 5(s,w;ﬁ;p, q) = 0 (since (%;q) = 0).

124 herefore, the authors of [81] performed many non-trivial consistency checks of this procedure in
the Eg case. Our results in the main text can be viewed as highly non-trivial consistency checks of this
procedure for the 7’3% SCFT.
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Therefore, the RHS of (B3.19) vanishes.'?’

To get a more sensible answer, we can consider taking T' = ,/q(1 + &) for ¢’ < 1.

(1;(]) . (1—25';(]) 0. (B.20)
q q

and the expression on the RHS of (B.19) is non-vanishing since it becomes

In this case, we have

: ds (5259)(s%2q)
@9) X 740 1 X Lsu3)(q: 8,21, 22) g /g - (B.21)

2 2ms (%Siwi;q)

In particular, note that the double poles at s = T 'w*! and s = ¢7""'w™! in (13.19)
are resolved into eight single poles in (B.21) with one of each pair still taken to be in
the integration contour (for a total of four) and a factor of =1 from the residues that
cancels the factor of &’ arising from (B.20) (all other contributions will be parametrically
smaller in ¢’). Taking the ¢/ — 0 limit then gives us a prescription for computing the

Schur index with

1-2¢' . +2.
42 . (g9 ds (7(1 ;) (5755 q)
(W= V) x IE%@’w’zl’@)’q_)‘/a - elflgb 2 8 ]{cw 2mis (‘1f/’8iwi;Q) g

q
X ISU(3)(q787217z2)|q—>\/§ . (B22)

The contour integration around an infinite number of poles thus reduces to the residues

of just four poles whose contribution gives us the simple expression

1 1 w?
ISU(3)(q’wq7 21, ZQ) + wQ 1

q
ISU(3)(q7 w’ 21, 22)
(B.23)

We can justify the above discussion a posteriori by noting that the non-trivial checks

I’G%(q,w,zl,,@) = (wﬂq; Q) |[1—w?

in the main text strongly suggest that (I3.22) is a consistent prescription. While a
similar procedure works for the Schur index of the Eg SCFT discussed in [81], our case
at hand is somewhat more special. Indeed, we used the fact that the (A1, D4) SCFT
has a Schur index whose s dependence (after taking ¢ — ,/g) in (13.7) is the same
as for d(e, s;1/q,p,q). On the other hand, when we take ' — /(1 + €’), we do not
necessarily expect that the (A, Ds) SCFT has a limit of the index whose s dependence
matches the s dependence in (e, s;/q(1 +€’),p,q) to all orders in ¢’. However, the
O(€') resolution of the double poles into single poles described above should correspond
to a shift in the fugacities of the index so that previously degenerate contributions from
sets of operators are no longer degenerate (this statement is quite natural since generic
single letter contributions to the index will be shifted at O(¢') if we identify 7" with

125 A similar situation occurs in the Fg example of [81] if one first takes the Schur limit and then
performs the integration.
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a fugacity) and that higher-order differences with respect to d(e, s; \/q(1 +¢),p, q) do

not affect the validity of our computation in the limit of small &’.
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Appendix C

g — 1 and S° partition function

The superconformal index can alternatively be viewed as a partition function on S3xS?.
Moreover, the fugacity ¢ = e~? introduced in the main text controls the relative radii
of the S3 and S! factors. In particular, in the 8 — 0 limit, the S factor shrinks relative
to the S3 factor and, up to divergent terms, we expect the index to reduce to the S°
partition function, Zgs.

In the limit of 5 — 0, our expression for the Tx index in (3.29) can be described by

the rules in [88]. In particular, the sum over A is replaced by an integral on m, where

A=z (C.1)

B
and the group fugacities are w = e™"¢, z; = ¢7%% . We drop group fugacity indepen-
dent factors in (3.29) and only work to leading order in 3. The § — 0 limit of the

remaining quantities are given by the following dictionary [88]

P.E.[-2¢" — (1-¢>™)%,
dim, RfU(Q) —  sinh(mm) ,
dim, ng(?’) —  sinh(27m) sinh?(7m) |
q (G — Sk
PE. | —Xudi —
[1 — df] R Ererremrey

(B

Figure 18: The quiver diagram describing the S! reduction of the 7;% theory (it is

mirror to the mirror in Fig. 4). The closed loop beginning and ending at the U(2) node
denotes an adjoint hypermultiplet of U(2).
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s sin(2rm(
33(2)(10) - sin(2mmd)

sinmm(¢y — C2) sinmm(2¢; + C2) sinmm(2¢s + (1)

U3)
( G- G20+ GG+ a)

S
XRA,)\

21, 22, 23) . (C.2)

Using (C.2) and replacing the sum over A with an integral over m, the § — 0 limit

of (3.29) becomes

o dm sinmm(¢1 — C2) sinm(2¢; + (2) sin mm(2¢s + (1) sin 2rm(
/_OO sinh 2rmsinh mm  sinh w(¢; — (o) sinh w(2¢; + (o) sinh (22 + ¢1) sinh27¢
(C.3)

One can integrate (C.3) by turning it into a contour integral and using the residue

theorem. The result is the following

3%se(:h ¢ (2csch (¢ — (o) esch (¢ + 2¢2) sech (¢ — 2¢1 — (2) sech (¢ + 2¢1 + (2)

—cschm(2¢) + () esch ({1 + 2¢2) sech (¢ + (1 — (2) sech (¢ — (1 + (2)
—cschm(eschm (¢ — (2) eschm (¢1 + 2¢2)

X ((2¢ + 3¢ +5¢2) sechm (¢ — (1 — 2¢2) sechw (C+ ¢ — (2)

— (4€+ 3G + 5Ca) sech (¢ — C1 + C2) sechm (¢ + (1 + 2¢2))

— %csch m¢ eschm (2¢1 + C2) esch (C1 + 2¢2)

X ((4¢ + ¢+ C) sechm (¢ — (1 — 2¢2) sech 7 (¢ — 2¢1 — (o)
— (2¢+ ¢1 + ¢2) sech m (¢ 4 2¢1 + (o) sech 7 (¢ + (1 + 2¢2))
+(C1 ¢ G2) - (C.4)

This answer can then be compared with the partition function of the S! reduction of

Tx or of the mirror theory in Fig. 4. The direct S reduction of 75 3 is described by
2

an N = 4 U(2) gauge theory whose Lagrangian quiver is illustrated in Fig. 18 [160].

Once we decouple the contribution of the SU(2) gauge singlet part of the adjoint

1
Y coshmm/’

can write down the partition function of the 3D reduction of Tx [176] [177]

hypermultiplet which is the 3D descendant of the decoupled hyper of 7; 3 we

gduiver 1 [ dand sinhz(w(xl - xg))e%iﬂ(mﬂzz)
S3 — 5 r14x2 I — — ; — — :
—o0 coshm(x1 — 29 —m/) coshm(xg — x1 —m/)

cosh mm/ cosh w(x1 — my) cosh(xe — my) cosh w(z1 — mg)

1
y (C5
cosh(xg — may) cosh w(x1 + mq + mg) coshm(xe + my + ma) (C.5)

This integral can be evaluated similary to (C.3) with the same result (up to an unim-

portant overall constant and after using the map ¢ — m/, {; — m;) as in (C.4) (again, a
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similar statement holds for the partition function of the mirror in Fig. 4, which involves

six integrations and for which one should use the fugacity map in (D.4)).
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Appendix D

The Hall-Littlewood index of Ty

In this appendix, we derive the HL index in (3.42). In the language of [22], the HL
operators are a subset of the Schur operators, we encountered them earlier in 3.7 when
discussing the HL limit of the index to which they contribute.

When a 4D N = 2 theory is put on a circle, we can often compute the HL limit of
the index from the 3D N = 4 Higgs branch Hilbert series provided the compactification
is sufficiently well-behaved. Equivalently, mirror symmetry allows us to compute the
HL limit of the 4D theory from the Coulomb branch Hilbert series of the mirror theory.

T, 3
Indeed, we can try to compute I;g)j: by first computing IH3 ;> from the 3D mirror
gauge theory that follows from the rules reproduced in Fig. 4 and described in [53].'%°

Using the results in [178], we can write this index as follows

Ty

: 1 + + +
Ty (1) = (1—1t)3 Z GBI Plan g, aB.i, aca) 17

[N[eV)

a1,04,i,08,€%/We

(D.1)
where the arguments of P denote integral GNO flux (restricted to a Weyl chamber
of the weight lattice of the GNO dual gauge group as described in [178]), (4 B,c are
fugacities for the U(1)? topological symmetry, A is a monopole scaling dimension for

operators charged under the GNO flux, and

1

P(CLA,l =aA1,aB1 = ap;2,ac,1 = GC,2) = m )

P(aag > aan,ap) = apa,ac1 = acp) = Plaaa 12 aa,1,aB,1 > aBp,ac, = 4C2) =
P = = > g

(aa1 =aa1,aB1 = ap2,ac,1 > acz2) A—na—m2
P(aag > aan,ap1 > apa,ac1 =ac2) = Plaai > aai,ap1=apa,acy > acp) =
1
P(aag =aan,ap1 > apa,ac1 > acp) =

- 21—

126Note that we found substantial evidence in favor of this proposed quiver in the main body of the
text.
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P(aay1 > aan,ap1 > ap2,ac, > acz) = TEDER (D.2)

The monopole scaling dimension in (D.1) is given by [75]

1 1
A - (|GA,1\ +laaz ) +3 (|aA,1 —ap,|+laae —api| +laar — a2+ las2 — ap2
+ Jaa1 —aca|+laaz —aci| +laa1 —aca| + a2 —ace| + a1 — ac
+ a2 —acal+ a1 —acz|+ |lap2 —acz|) — (laa1 —aaz| + a1 — ap 2|
+ |ac71 — ac,2|) . (D.3)

After identifying fugacities according to

CA = le_2252_1 ’ CB = leg ) CC = 2122_1 ) (D4)

we can then expand the HL index in ¢ to find

3 1 3
T2 (1) = 14 xat? 4+ (2x2 + x1,1)t + (x1 + 2x3 + 2x1x1,1)t2 + (2 + X2 + 3xa+
+ 2x11 4 3x2x11 + X22)t + (3xs + x3(2+ dxa1) + x1(2 4+ x1a+
5
+ X30 + Xo03 + 2x2.2))t2 + O(t?) (D.5)

We immediately see a free hypermultiplet at (’)(t%) as expected from our discussion in
the main text. Stripping off this free hypermultiplet, we get the putative HL index of
the Tx theory

Tx _ 3 2
Iy (tw, z1,22) = 14 (x2+ x1,0)t +xaxi,1t2 + (14 xa + x1,1 + Xoxi,1 + x22)t°+
5
+ (xax11+ X3X11 + X1X3.0 + X1X03 + X1X2.2)t2 + O(tY) ,  (D.6)

described around (3.42).
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Appendix E

Proof of (5.50)

In this appendix, we will prove (5.50). For ease of reference, we reproduce it below

D 1
1 Sp-u Sun,ae-n2) _ (1)

<WE,p71> =

2p p

(E.1)

—

To obtain these elements we will use the S-transformation properties of the su(2)2(p_1)
primaries given by the S-matrix in (5.19) which we reproduce below
1 (ll + 1)([2 + 1)7‘(

Silo = %sin 2 } . (E.2)

As discussed in (5.20), primaries of the condensed Dp+1 theory take the following form

in terms of primaries of su(2)y(,_;)
q)D,Z = @g S (DZ(pfl)fZ ) le {07 2747 P 3} ) iD,pfl - (b;fl ’ (ES)

where i = 1,2. To calculate elements of the first row of the Dp+1 S-matrix we need
to write the S-transformation of the condensed vacuum in terms of condensed fields
using (£.2)

= —oezX = (Wa,(p-1)/2)) -
2 sin (L) S(l)?o 2€2p 5(1,1),(1,1) 2 cos (3> (=072

p—3 2 2(p—1) —
su(2) g,
(SPxp)o = ) SExXDL+ Y ST XD, -1 = D (S0 + Sopn )X, Y
1=0,0€Z0ven i=1 =0

2(p—1) — 2(p—1) —
1 1 su 1 2p —1 1 su
- Y L (6;; W) @2 3 Sm(( p— 1)+ )ﬁ) o

/=0 \/23 =0 \/179 2p
—1 —
_ PZ: 2 sin <2€ +1 ﬂ_> XSU(Q)MFU
Sve N ) |

In going to the last equality, we have used the relation sin <MW> = (—1)’sin <”—17r .

2p 2p
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Now, we can solve for the first (p — 1)/2 entries of the first row of the S matrix

2 . 20+1
S({)e = % Sin <2p7r> . (E5)

The last two entries of the first row are also constrained to obey

+ 8P _ 2 g w ER, (E.6)

D
SO:( 0,(}7*1)2 \/ﬁ ’ Ov(pfl

p—1)1
where the reality of these entries is required by the reality of the quantum dimensions.
Unitarity of the S-matrix requires the first row to have unit norm and so

1
D D
SO,(p—l)l - SO,(p—l)z - ﬁ : (E.7)

In particular, we see that the quantum dimension in the UV theory is indeed

sbo 1
Ol _ : (E.8)
SO,O 2sin (%)

as claimed in (E.1).
Now let us study the quantum dimension of ¢(1 (,—1)/2). This quantity is easily
computed from the (2,p) S-matrix

2 Sp+ro p . 21w
S(r,s),(p,a) = \/}3(—1) P77 sin (777)) sin (psa) . (E.9)
Indeed, we find
ptl
Seue-n2) _ (=1) 2 (E10)
S ~ .
(1,1),(1,1) 2 cos <5)

as claimed in (E.1).

Now we would like to discuss the Galois action that relates the two quantum di-
mensions. First, we claim that the Galois group acting on the quantum dimensions
(and also the T matrices) can be taken to be G' = Z, (see the main text for a discus-
sion of the reduction to G from the larger groups one finds using the methods of [137]
and also from the underlying quantum groups). For the T matrices (defined with the
normalization in (5.36)), this statement follows from (5.17) since ¢ € Zeyen and so the
6, are p'" roots of unity (a similar statement holds on the (2, p) minimal model side).

At the level of the quantum dimensions, it is sufficient to show that sin (%#W) can

be written in the field Q(&), where £ = e 7.

To see this statement is correct, note that since p is odd, we have either p+2/(+1 =
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4dng or p+ 20 + 1 = 4ny + 2 for ny € Z. In either case, we have

sin (%—i_ 17r> = % <ei§(2£§l_ ) +6_i;(2é;r1_1)> . (E.11)

2p

Let us now suppose p + 2¢ + 1 = 4ny. We then have

s J4 i 4 2mwin 2min
sin (%;_ 17r) = —1 (€2<21’+1+1) —|—e2<2pﬂ+1>> = —% (e - +e Z)

D 2
()7
5 (

£ +E7M) € Q) , (E.12)

as desired. Similarly, for p 4+ 2+ 1 = 4ny + 2, we have

2£ 1 1 2wi(L—mny) _ 2mi(f—ny) —1 21
(1)« ) - o) e,
(E.13)
which completes our proof of the claim that G = 7.
Let us now apply the Galois action 2 € GG to the unitary quantum dimension. We

have from the previous two equations that

1 (-1 +1
— 2
R , n= VJ . (E.14)
2sing; M+ 4

Now, applying the Galois action yields

1 (-1 (-1 (-1 (-1)"=
in L &n -n 2n “on = (E15)
28111% &+ ¢ & +§ 2 cos (‘i;”) 2 cos (%)
where in the last equality we used the relation cos (47m> = —cos ( ) — COS%

for p = 4n 4+ 1. This completes the proof of our assertion in (£.1)
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